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Abstract
The Euler-Eytelwein equation indicates that the tension from one end of the rope to the other end decays exponentially 
with the wrapping angle after wrapping around a target object, and the tensions at two ends can differ by several orders of 
magnitude. The ability to scale the force magnitude of this wrapping structure may be exploited for space captures. This 
paper simplifies the modeling of the actual scene of space capture, analyzes the kinematic characteristics of the wrapping 
process of tethered projectile systems, and obtains the trajectory equation of the projectile. Carrying out the force analysis 
of the element, forces acting on the satellite and the target object under different friction coefficients are obtained. Finally, 
considering two constraints of rope tension and wrapping time, as well as the number of wrapping turns for safe, a design 
scheme of projectile velocity and initial rope length required for successful capture is proposed.

Keywords Space capture · Tethered projectile systems · Wrapping · Force analysis

Introduction

In space, debris removal, satellite maintenance (Inaba et al. 
2006), spacecraft docking and planetary exploration are 
important needs in space engineering. A variety of capture 
schemes in space can be used to meet these needs.

Contact capture schemes in space are divided into two 
types (Shan et al. 2016): stiff captures and flexible captures. 
Stiff captures, such as tentacles capturing, single robotic arm 
capturing, multiple robotic arms capturing (Xu et al. 2019) 
and mechanical effectors, are already used in on-orbit ser-
vicing missions. Flexible captures have advantages of large 

capture range, small impact force when capturing and saving 
storage space after folded. Most of flexible captures, such as 
net capturing (Xu et al. 2020), tether–gripper mechanism, 
harpoon mechanism, etc., stay in the conceptual design 
stage. RemoveDebris mission (Aglietti et al. 2020; Forshaw 
et al. 2020) funded by European Commission is the world's 
first Active Debris Removal (ADR) mission. Its mission flow 
includes conceptual design-manufacture, assembly integra-
tion and testing of payloads-launch-operations in orbit. And 
it successfully demonstrated technologies of net capture and 
harpoon capture in orbit in 2018.

In addition, there are some recent researches in captures 
in space. References (Liu et al. 2014; Pan et al. 2020) studied 
a rope end mechanism of space manipulator through simu-
lation, and compared various strategies for space capture 
using three wire ropes to wrap a target together. Based on 
origami principle, reference (Sun et al. 2019) designed an 
adaptive capture mechanism that can be unfolded to form 
different grasping configurations according to different sizes 
of space debris.

One can see that most of the mechanisms of flexible cap-
tures belong to tether systems. Concepts of the Active Tether 
System (AST) for planetary exploration were systematically 
modeled by the reference (Quadrelli et al. 2017), in which 
tether dynamics, end effector dynamics, contact interactions, 
and tether materials were described, and three scenarios 
were considered: a tether made of switchable materials, a 
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tether for close operation and a tether connected to small 
objects for rendezvous/landing. Inspired by the reference 
(Quadrelli et al. 2017), this paper studies in detail the pro-
cess of a tether-projectile system wrappng targets in space 
and the preliminary capture scheme based on wrapping.

Many researches have been done on the wrapping dynam-
ics of tethered projectile systems on the ground. A Hyper-
Flexible Manipulator (HFM) is made up of one-dimensional 
ultra-flexible elements that are highly deformable cable-like 
elements such as wires, tethers, ropes, and whips. The refer-
ence (Suzuki et al. 2005) divides the casting and winding 
manipulation with HFM into four stages: casting, contacting, 
winding and holding. And the HFM was modeled using a 
multi-link system connected by inelastic joints, and cast-
ing methods such as sinusoidal actuation and sudden halt 
were simulated. The reference (Suzuki et al. 2006) studied 
the casting method of single swing actuation used by HFM 
for wrapping through experiments and simulations. Com-
pared with traditional parameter-recognized, feed-forward 
controlled casting operations, the reference (Ito et al. 2017) 
experimentally studied a casting operation based on high-
speed visual feedback control, which can generate a suit-
able trajectory and achieve a robust winding. In references 
(Hill et al. 2015; Hill 2018), a tethered projectile was formed 
from an end-weighted cable, and the rebound ability of the 
tethered projectile is used to successfully wind targets in 
experiments and simulations.

However, as far as we know according to the literature 
research, there are little researches on wrapping using teth-
ered projectile systems in space. The reference (Quadrelli 
et al. 2017) briefly mentions the problem of wrapping targets 
by a tether in space in the form of an simulation example, 
but does not analyze it in detail in the aspects of movement 
and force.

The research in this paper includes the analysis of kin-
ematic behaviors of tethered projectile systems wrapping in 
space (Chapters 2 and 3), the force analysis (Chapter 4), and 
designs of preliminary capture based thereon (Chapter 5). 
The so-called initial capture means that the capture scheme 
we designed is the first step in a complete capture. The use of 
tethered projectile systems to establish connections between 
spacecrafts and targets is conducive to the smooth progress 
of subsequent tasks, such as momentum exchange to elimi-
nate the relative velocity, closing the distance, rendezvous 
and dock, drag and remove debris out of orbit.

Kinematic Analysis

In practical engineering, if target objects are cooperative, the 
cross-sections of them can be designed to required regular 
shapes. But shapes of non-cooperative target objects may 
be arbitrary. For the convenience of theoretical analysis, we 

simplify the target object to a cylinder here, first studying 
the case of a circular cross-section, and then expanding it to 
the case of a regular N-sided cross-section.

The target and satellite considered in this paper are 
assumed to be massive objects, so the effect of ropes on the 
motion of satellites and targets can be ignored during the 
wrapping process. In this chapter and the 3th chapter, it is 
assumed that positions of the satellite and target are fixed. 
Here, the cylindrical capture target can be considered as a 
bulge on a massive object.

The research in this paper is limited to the above two con-
ditions, while applications of this paper can be very wide, 
which lays the foundation for researches of more complex 
situations in the future.

Target Objects with Circular Cross‑Section

The trajectory of projectile during a wrapping process is 
analysed here. As shown in Fig. 1a, a satellite A throws a 
tethered projectile system to wrap around and capture a tar-
get object B in space. The initial length of rope for wrapping 
is L0 , and the distance between A and B is LAB . As shown 
in Fig. 1b, assuming that the target object is a cylinder with 
a radius rB , a length LB , and the center of circle at point O. 
The contact point between the rope and the cylinder is C, 
and the length of wrapping rope is L. A coordinate system 
OXY is established to be stationary relative to the satellite, 
the origin is at point O, and the X-axis points to C at the 
initial contact. When wrapping, the angular displacement 
of point C around point O, that is, the angle between OC 
and X-axis, is θC . The corresponding angular velocity is ω. 
The angle between rope CP and X-axis is �R . The lateral 
dimension of rope is ignored as it is much smaller than the 
target object's radius.

The motion of projectile is decomposed first. In this prob-
lem, the "Wrapping spiral motion" (WSM) of projectile P 
in the coordinate system OXY can be decomposed into two 
motions, namely the Archimedean spiral motion (ASM) 
(Heath 1921) and translational motion along a circle. As 
shown in Fig. 2a, a coordinate system  CX1Y1 is established, 
where  X1∥X,  Y1∥Y. The motion of projectile P in the coor-
dinate system  CX1Y1 is ASM, and the trajectory equation is

of which the expression in polar coordinates ( �1 , �1 ) is 
�1 =

(
L0 + �rB∕2

)
− rB�1 . The coordinate system  CX1Y1 

performs translational motion as a whole along with point 
C and along the contour of the target B. The trajectory equa-
tion of point C is

⎧⎪⎨⎪⎩

x1 =
�
L0 − rB ∫ t

0
�dt

�
cos

�∫ t

0
�dt +

�

2

�

y1 =
�
L0 − rB ∫ t

0
�dt

�
sin

�∫ t

0
�dt +

�

2

� ,
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In the coordinate system  CX1Y1, ASM can also be 
decomposed into two motions, namely linear motion and 
rotational motion. A coordinate system  CX2Y2 is estab-
lished as shown in Fig. 2b, where  X2∥CP,  Y2⊥CP. The 
motion of projectile P in the coordinate system  CX2Y2 is 
a linear motion, of which the motion equation is

⎧⎪⎨⎪⎩

x = rB cos
�∫ t

0
�dt

�

y = rB sin
�∫ t

0
�dt

� .

At the same time, the coordinate system  CX2Y2 rotates 
around point C as a whole with an angular velocity of ω.

Then, superimpose the decomposed motions in turn. As 
shown in Fig. 2b, the velocity of ASM of projectile P in 
the coordinate system  CX1Y1 is

{
v�1 = −�(t)rB

L = L0 − rB ∫ t

0
�(t)dt

.

{
v�1 = −�(t)rB

v�1 = �(t)
(
L0 − rB ∫ t

0
�(t)dt

)
.

Fig. 1  Schematic diagram of a 
satellite using the wrapping of 
a tethered projectile system to 
capture a target object. a The 
plane π1 determined by the sat-
ellite A, the target objects B and 
the longitudinal directions of 
B; b the plane π2 determined by 
the satellite A, the target objects 
B and the cross-section of B

Fig. 2  Decomposition and superposition of WSM. a  In coordinate 
system OXY, ASM and translational motion of coordinate system 
 CX1Y1 are superimposed to form WSM; b  in coordinate system 

 CX1Y1, linear motion of projectile and circular motion of coordinate 
system  CX2Y2 are superimposed to form ASM
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As shown in Fig. 2a, the projectile superimposes a velocity 
rω(t) along the direction of ����⃗CP in the coordinate system OXY, 
because the coordinate system  CX1Y1 as a whole performs a 
translational motion along the circumference around point O 
with angular velocity ω(t). The velocity of projectile in the 
coordinate system OXY is

As a summary, the following three features of WSM is 
obtained:

1. WSM is a compound motion obtained by superimposing 
three simple motions twice.

2. In WSM, the projectile has only a tangential velocity 
��⃗v𝜃  perpendicular to rope CP, and no normal velocity ��⃗v𝜌 
parallel to rope. Therefore, on the trajectory of WSM, 
the tangent at any point is perpendicular to rope, and the 
normal is parallel to rope and tangent to the cylinder.

3. The projectile is not subject to external forces other than 
the tension of rope. The tension satisfies �⃗T ⟂ ��⃗v𝜃  , so the 
magnitude of velocity v� remains unchanged during 
wrapping, which is

Next, the trajectory equation of projectile P is solved. When 
the rope is just in contact with the target, the angular velocity 
of rope rotation is ω0 = v∕L0 . During the wrapping process, 
the rope is always tangent to the cylinder, so the rotation angle 
and angular velocity of point C around point O are the same 
as that of the rotation of rope itself. The governing equations 
of the length of wrapping rope L are

Solving this differential equation yields the rope length as

where, L̃ = (1 − t∕tend)
0.5.

From L = 0, the end time of wrapping is obtained as

And the angular velocity is

{
v� = v�1 + rB�(t) = 0

v� = v�1 = �(t)
(
L0 − rB ∫ t

0
�(t)dt

)
.

(1)v� = �1

(
LAB + L0

)
= v

⎧⎪⎨⎪⎩

dL

dt
= −rB�

� =
v

L

L(t = 0) = L0

.

(2)L = L0L̃,

(3)tend =
L2
0

2vrB
.

� = �0L̃
−1.

As shown in Fig. 3, the rope length L gradually decreases 
until it reaches 0 and the angular velocity ω becomes faster 
and faster as the wrapping progresses.

The rotation angle of point C around point O is

where �c = rB∕L0 whose physical meaning will be given 
later. The angle between rope and X-axis is �R = �C + �∕2 . 
Therefore, the parametric equation of trajectory of point C 
and trajectory of projectile are

and

respectively. Define the number of wrapping turns as

then trajectories of WSM of projectile with numbers of 
wrapping turns (a) n = 1, (b) n = 2 and (c) n = 4 are shown 
in Fig. 4.

Target Objects with Regular N‑sided Cross‑Section

More generally, consider target objects with regular N-sided 
cross-section. Figure 5 presents schematic diagrams of 
wrapping with (a) a regular triangle, (b) a regular pentagon 
and (c) a regular heptagon in cross-section. Consider an 
inscribed regular N-gon (N ≥ 3) of a circle with radius rB , 
then its side length is fN = 2rBsin(�∕N) . Each time the rope 
wraps around a side, the angle swept by projectile in one arc 

(4)�C = ∫
t

0

�dt =
1

�c

(
1 − L̃

)
,

{
x = rB cos �C
y = rB sin �C

,

{
x = rB cos �C + L cos �R
y = rB sin �C + L sin �R

,

(5)n =
L0

2�rB
,

Fig. 3  Variation of the wrapping rope length L and the rotational 
angular velocity ω with time. rB = 0.1 m, v = 1 m/s, L0 = 1 m
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movement is �N = 2�∕N . Therefore, the time for projectile 
to complete the m-th arc movement is

The cumulative wrapping time for the projectile to com-
plete m arc motions is

tm =
�
N

�
m

=
�
N

[
L0 − (m − 1)f

N

]
v

Assuming that the wrapping ends in the m-th arc motion, 
the rotation radius Rm = L0 − (m − 1)fN satisfies

resulting in the range of the number of arcs m as

And m is an integer, so m = ⌈L0∕fN⌉ , where ⌈⌉ is a symbol 
of round up, that is, m is the smallest integer greater than or 
equal to L0∕fN . Therefore, the cumulative wrapping time is

The number of wrapping turns is n ≈
L0

fN

�N

2�
=

L0

2NrB sin
(

�

N

).

Considering the limit case N → ∞, then lim
N→∞[

L
0
∕
(
2r

B
sin

(
�

N

))]
= ∞ , so the rounding symbol ⌈⌉ can be 

ignored. The following result

is obtained, which is consistent with the conclusion of the 
circular cross-section.

Each time the rope wrapping around a side of length 
fN , the trajectory of projectile is an arc. When N → ∞, 
fN → ds = rBd�C , and the regular polygon approaches to 
a circle. Therefore, in the process of rope wrapping around 
each micro-arc rBd�C of the cylinder (the angle at which rope 
rotates is d�C ), the trajectory of projectile is also an arc. That 
is, the projectile performs circular motion at every instant, 
while the rotational radius and angular velocity of the circular 
motion keep changing with time as shown in Fig. 3.

Simulations

Method of Simulation

Simulations are performed using a method of Dynam-
ics of Multi-body System (MSD), and the model is built 
as shown in Fig. 6. Projectile P is a box with the size of 
100 mm*100 mm*200 mm, a density of 7.8*10^3 kg/m^3, 
and an applied initial velocity v of 1 m/s horizontally point-
ing to the left (Fig. 6b). The target B is a pulley as shown in 
Fig. 6c, of which the position is fixed, the longitudinal lengths 

tmEnd =
∑m

1
tm =

�N

v

�
mL0 − m(m − 1)

fN

2

�
.

0 < R
m
≤ f

N

L0

fN
≤ m <

L0

fN
+ 1.

t
mEnd

=
2�

Nv

⎛⎜⎜⎜⎝

⎡
⎢⎢⎢⎢

L
0

2r
B
sin

�
�

N

�
⎤⎥⎥⎥⎥
L
0
−

⎡⎢⎢⎢⎢

L
0

2r
B
sin

�
�

N

�
⎤⎥⎥⎥⎥

⎛⎜⎜⎜⎝

⎡⎢⎢⎢⎢

L
0

2r
B
sin

�
�

N

�
⎤⎥⎥⎥⎥
− 1

⎞⎟⎟⎟⎠
r
B
sin

�
�

N

�⎞⎟⎟⎟⎠
.

lim
N→∞

tmEnd =
�L2

0

2vrB

1

lim
N→∞

N sin
(

�

N

) =
L2
0

2vrB

Fig. 4  Trajectories of the projectile's WSM. The number of wrap-
ping turns and the initial rope length are (a) n = 1, L0 = 0.6283 m, (b) 
n = 2, L0 = 1.2566 m, and (c) n = 4, L0 = 2.5132 m, respectively. rB = 
0.1 m, v = 1 m/s

Fig. 5  Schematic of the wrapping a target object with regular N-sided 
cross-section. The numbers of sides are (a) N = 3, (b) N = 5, (c) N = 7, 
respectively
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is LB = 0.04 m and the radius is rB = 0.061 m. Considering 
the diameter of rope is 0.02 m, the equivalent radius is r̃B = 
0.071 m. A sphere with a radius of 0.0707 m represents satel-
lite A with a fixed position, which acts as a fixing effect on the 
rope. Only the friction contact between the rope and the pulley 
is set (μ = 0.6). Because the rope does not come into contact 
with itself, ropes belonging to different turns that contact the 
pulley in the same position can overlap without accumulating 
thickness and then without increasing the equivalent radius ̃rB . 
The density of rope is 10 kg/m^3. The Young's modulus of 
pure material of rope is Erope = 10 ̂  9 Pa. And a pre-tension of 
100 N is applied to make the rope tense at the initial moment.

The rope is modeled using a discrete method, in which the 
continuous rope is discretely divided into multiple elements 
of rigid body (represented by green spheres in Fig. 6) and 
connected by elastic beams between two adjacent elements. 
Element carries the information of mass of rope while elastic 
beams are responsible for controlling deformation behaviors 
of rope such as stretching, bending and twisting. The length 
of discrete elements of rope is set to be 0.0243 m.

The force on rope is calculated by

where, F, F0, K, C, X, Ẋ are the force matrix, the initial 
force matrix, the stiffness matrix, the damping matrix, the 
displacement matrix and the velocity matrix, respectively. 
Since rope is not a pure material, but a structure of multi-
levels, the stiffness matrix K that describes rope’s mechani-
cal properties needs to be corrected. According to equations 
of Euler–Bernoulli beam, the stiffness matrix is

F = −KX − CẊ + F0,

K =

|||||||||||||

K11

K22 K26

K33 K35

K44

K53 K55

K62 K66

|||||||||||||

,

where,

where, kx , kb , and kt are stiffness multipliers in directions of 
stretching, bending and twisting, respectively. And they rep-
resent that the rope is an orthotropic material. The bending 
stiffness of rope is much smaller than the tensile stiffness, 
and the torsional stiffness is less than the tensile stiffness. 
Therefore, kx = 1, kb = 10 ^ (-8), and kt = 10 ^ (-3) are set.

The inertial effect of rope is taken into account and the 
time step is 10 ^ (-3) s.

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

K11 = (EA∕L) ∗ kx
K22 =

�
12EIzz∕(L

3(1 + py))
�

K26 =
�
−6EIzz∕

�
L2
�
1 + py

���
K33 =

�
12EIyy∕(L

3(1 + pz))
�
∗ kb

K35 =
�
6EIyy∕(L

2(1 + pz))
�
∗ kb

K44 =
�
GIxx∕L

�
∗ kt

K55 =
�
(4 + pz)EIyy∕(L(1 + pz))

�
∗ kb

K66 =
�
(4 + py)EIzz∕(L(1 + py))

�
∗ kb

,

Fig. 6  The simulation model. a, b  are views in plane π1 and π2, 
respectively. Inset c shows the contact details of the rope and target B

Fig. 7  Simulation of n = 1. a Movement trajectory of which the time 
interval between two adjacent frames is 0.15 s. b The time-dependent 
displacements of projectile in x and y directions are compared with 
theoretical results. Vertical dashed lines represent the moments cor-
responding to integer numbers of turns. L0 = 0.4461 m

Fig. 8  Simulation of n = 2. a Movement trajectory of which the time 
interval between two adjacent frames is 0.15 s. b The time-dependent 
displacements of projectile in x and y directions are compared with 
theoretical results. Vertical dashed lines represent the moments cor-
responding to integer numbers of turns. L0 = 0.8922 m
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Results of Simulation

Trajectory results of simulations with numbers of wrap-
ping turns n = 1, n = 2 and n = 4 respectively are shown in 
Figs. 7a, 8a, 9a. As shown in Figs. 7b, 8b, 9b, contrasts 
between the displacements in the x and y directions of 
simulations and that of theory index and the theory indi-
cate that simulation results are in good agreement with the 
results of theoretical analysis in Chapter 2.

Moreover, combining Eqs. (3) and (5), the relationship 
between the total time of wrapping and total number of 
turns is

During the wrapping process, the time required to com-
plete the n-th turn countdown to the end of wrapping is

As shown in Fig. 10, the above two wrapping times form 
simulations are in good agreement with that of theory.

(6)tend =
2�2rB

v
n2.

tsingle = tend(n) − tend(n − 1) =
2�2rB

v
(2n − 1).

Force Analysis

In space, satellites and targets cannot be completely fixed 
like objects on the ground. Therefore, analyzing forces on 
satellites and targets during the rope wrapping process when 
satellites and targets are fixed is of important reference sig-
nificance for considering the mechanical response of satel-
lites and targets.

Force Analysis of Satellite

The force on satellite is analyzed first, which is equal to 
the tension of rope Tholdt between the target object and the 
satellite. The projectile performs circular motion at every 
instant, so the tension of rope between the target and the 
projectile is

where, mP is the mass of projectile. During the wrapping 
process, the projectile is subjected to centrifugal force and 
tends to move away from the target radially. Therefore, 
the direction of movement trend of rope relative to the 

(7)Tloadt =
mPv

2

L
,

Fig. 9  Simulation of n = 4. 
a Movement trajectory of which 
the time interval between two 
adjacent frames is 0.15 s. b The 
time-dependent displacements 
of projectile in x and y direc-
tions are compared with theo-
retical results. Vertical dashed 
lines represent the moments 
corresponding to integer num-
bers of turns. L0 = 1.7844 m

Fig. 10  Comparison between 
simulation and theory: a the 
relationship between the total 
wrapping time tend and the total 
number of turns n; b the time 
required for the n-th last turn 
during the wrapping process
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target points towards the projectile. According to the Euler-
Eytelwein equation (Shi et al. 2017), there have

Where, μ is the coefficient of friction (COF) between the 
rope and the target. Solving simultaneous Eqs. (2), (4), (7), 
(8), it is got as

which is proportional to the tension T0 = mPv
2∕L0 at the 

initial moment. From d◦Tholdt∕dt = 0 , the time corresponding 
to extreme value is obtained as

The critical COF obtained from tex = 0 is

Combining the expression of extremum time tex and the 
characteristics of force–time curves as shown in Fig. 11a, 
it can be seen that in the range of t ∈ (0, tend ), the monoto-
nicity of Tholdt is: when � ≤ �c , the extremum time is less 
than or equal to zero and Tholdt increases monotonically; 
when 𝜇 > 𝜇c , the extremum time is greater than zero, Tholdt 

(8)Tholdt = Tloadte
−��C ,

(9)Tholdt = T0L̃
−1exp

(
−
�

�c

(
1 − L̃

))
,

tex = tend

(
1 −

(
�c∕�

)2)
.

�
c
=

r
B

L0

decreases first (t ∈ (0, tex )) and then increases (t ∈ (tex , tend)). 
This feature of monotonicity in Eq. (9) is due to the competi-
tion between the exponential decay term determined by the 
Euler-Eytelwein equation and the increase term L̃−1 with 
singularity determined by the angular velocity ω. In practi-
cal applications, it is hoped that the smaller the force on 
satellite, the better. So, 𝜇 > 𝜇c is required, and the larger 
the COF, the better. It can be seen from Fig. 11b that the 
extremum time tex increases with the increase of the COF, 
and gradually approaches tend.

As shown in Fig. 11a, there are extreme points, after 
which the tension Tholdt increases rapidly due to the singular-
ity of L̃−1 . However, as shown in Fig. 12a, in practical situ-
ations, three points of the center of projectile P, the contact 
point C between rope and the target and the contact point D 
between projectile and the target will not be overlapped, but 
to form a stable triangle ∆PCD. Therefore, the singularity 
as the length of rope equal to zero will not be reached. 
Assuming that the projectile is a sphere with a radius rP . 
When the projectile is in contact with the target, rope will 
not be completely wrapped on the target, but a small section 
will be left, whose length is L�

end
=
√

r2
P
+ 2rBrP  . From 

Eq. (2), the actual end time corresponding to L′
end

 is

t�
end

= tend

(
1 −

r2
P
+ 2rBrP

L2
0

)
.

Fig. 11  a Variation of force 
acting on the satellite with time 
under different COFs. Red 
points represent positions of 
extremum time; b The change 
of extremum time tex with the 
COF μ. rB = 0.1 m, v = 1 m/s, L0 
= 1 m, mP = 0.003 kg, μC = 0.1

Fig. 12  a The actual contact 
between the projectile P and the 
target B at the end of wrap-
ping. b The force–time curves 
of satellite considering the 
actual end time t′

end
 = 4.99 s 

when μ > μC. rP = 0.01 m, other 
parameter values are consistent 
with Fig. 11
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As shown in Fig. 12b, when 𝜇 > 𝜇c , values of Tholdt at 
time t′

end
 are limited within a finite range and the values are 

small. Moreover, when μ is large (for example, the curve 
corresponding to μ = 0.6), it can be approximated that Tholdt 
decreases monotonically in the range of t ∈ (0, t′

end
).

In addition, when sizes of the projectile and the target 
are much smaller than the initial length of rope, there is (
r
P

2 + 2r
B
r
P

)
∕L2

0
≪ 1 . So,

Force Analysis of Target Object

The force acting on the target is analyzed then. As shown 
in Fig. 13, force analysis of the rope element belong to the 
wrapping section is carried out as

t�end ≈ tend.

⎧⎪⎨⎪⎩

Tcos
d�

2
+ dFf = (T + dT)cos

d�

2

dFN = Tsin
d�

2
+ (T + dT)sin

d�

2

�dFN = dFf

.

From d� ≈ 0, cos(d�∕2) ≈ 1, sin(d�∕2) ≈ d�∕2 , the sys-
tem of differential equations is simplified to

Solving the system of equations yields the supporting 
force of unit angle qN1 and the frictional force of unit angle 
qf  as

According to Newton's third law of motion, the normal 
force of unit angle that rope acts on the target object is

In the coordinate system  OX3Y3 shown in Fig. 13, per-
form the following vector decomposition of �����⃗qN2

The upper equation is then integrated as follows to 
obtain the vector form of resultant force of the normal 
force

The magnitude of normal resultant force is

Combining Eqs. (4) and (9), the function expression of 
FN2 for the wrapping angle �C is

As shown in Fig. 14, FN2 varies with the wrapping angle 
�C under different COFs in the range of μ ∈ [0.01, 0.6]. The 
overall trend of FN2 is to grow slowly in the initial large 
range (0,80) and then grow rapidly in the final smaller range 
(80, �C

(
tend

)
 ). FN2 is proportional to Tholdt , so there is also 

⎧
⎪⎨⎪⎩

dFf = dT

dFN = Td�

�dFN = dFf

.

{
qN1 =

dFN1

d�
= T = Tholdte

��

qf =
dFf1

d�

.

⎧⎪⎨⎪⎩

�����⃗qN2 =
d ���⃗FN2

d𝜃
= −�����⃗qN1

qN2 = qN1
0 ≤ 𝜃 ≤ 𝜃C

.

⎧⎪⎨⎪⎩

�����⃗qN2 = (qN2x, qN2y)

qN2x = qN2cos𝜃

qN2y = qN2sin𝜃

.

⎧⎪⎨⎪⎩

�����⃗FN2 = (FN2x,FN2y)

FN2x = ∫ 𝜃C
0
qN2xd𝜃 = Tholdt

1

1+𝜇2

��
sin 𝜃C + 𝜇cos 𝜃C

�
exp

�
𝜇𝜃C

�
− 𝜇

�

FN2y = ∫ 𝜃C
0
qN2yd𝜃 = Tholdt

1

1+𝜇2

��
𝜇 sin 𝜃C − cos 𝜃C

�
exp

�
𝜇𝜃C

�
+ 1

� .

FN2 =
√

F2

N2x
+ F2

N2y
= Tholdt

√√√√
(
exp

(
��C

)
− cos �C

)2
+
(
sin �C

)2
1 + �2

.

FN2 = T0
exp

(
−��C

)
1 − �c�C

√√√√
(
exp

(
��C

)
− cos �C

)2
+
(
sin �C

)2
1 + �2

.

Fig. 13  Force analysis of the interaction between the rope and the tar-
get object
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a singularity of L̃−1 when the wrapping angle �C is close to 
�C

(
tend

)
 . In the same way, the actual end angle �C

(
t′
end

)
 can 

be considered to eliminate this singularity.
The comparison shown in Fig. 14f shows that, there 

is always a peak of FN2 in the first turn (0, 2π) of wrap-
ping, and the magnitude of the peak decreases with the 
increase of the COF. However, the order of magnitude of 
FN2 is not greatly affected by the COF overall. In addi-
tion, when μ = 0.01 as shown in Fig. 14a, FN2 exhibits a 
period-like oscillation behavior with an oscillation period 
of 2π, i.e. a turn of wrapping. When the COF is in the 
range of μ ∈ (0.1, 0.6) as shown in Fig. 14b–e, the ampli-
tude of oscillation decays rapidly with the increase of 
wrapping angle, and the greater the COF, the faster the 
decaying.

Define that

�C1 is the first wrapping angle that makes the equation 
f
(
�C1

)
 = -1 true, and �C2 is the second wrapping angle 

after 0 that makes the equation f
(
�C2

)
 = 1 true. Then the 

direction of �����⃗FN2 can be expressed as the azimuth angle

f
(
�
C

)
=

F
N2x

F
N2

=

[(
sin �

C
+ � cos �

C

)
exp

(
��

C

)
− �

]
√(

1 + �2
)
[
(
exp

(
��

C

)
− cos �

C

)2
+
(
sin �

C

)2
]

The subsequent change of �N2 repeats the feature in the 
range (0, �C2 ) periodically.

As shown in Fig. 15, Tables 1 and 2, the azimuth angle 
�N2 of �����⃗FN2 acting on the target object changes with the wrap-
ping angle in the range of (0, �C2 ). in the first turn of wrap-
ping. It can be seen that within the first turn of wrapping 
( �C ∈ (0,2π)), �N2 increases with the increase of the COF at 
the same wrapping angle.

As shown in Fig. 16, arrows indicate the directions of 
force �����⃗FN2 , and the corresponding arcs indicate the wrapping 
ranges of rope. It can be seen that when the COF is small 
(μ = 0.01), the azimuth angle �N2 has a good linear relation-
ship with the wrapping angle �C as �N2 ≈ �C2 /2 in the range 

𝛼
N2 =

{
arccos

(
f
(
𝜃
C

))
, 0 ≤ 𝜃

C
≤ 𝜃

C1

2𝜋 − arccos
(
f
(
𝜃
C

))
, 𝜃

C1 < 𝜃
C
≤ 𝜃

C2

Fig. 14  The magnitude FN2 of 
resultant force of the normal 
force acting on the target object 
varies with the wrapping angle 
under different COFs. rB = 
0.1 m, v = 1 m/s, L0 = 10 m, 
mP = 0.003 kg, μC = 0.01. The 
COFs are (a) μ = 0.01, (b) 
μ = 0.1, (c) μ = 0.2, (d) μ = 0.3, 
(e) μ = 0.6. (f) is the comparison 
of five curves in (a–e), and the 
red arrow indicates the direction 
of COF increase

Table 1  Values of �
C1 and �

C2 
for different COFs in Fig. 15

μ �
C1 (rad) �

C2 (rad)

0.01 5.931 6.635
0.1 5.242 7.251
0.2 4.892 7.433
0.3 4.660 7.459
0.6 4.240 7.303
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of ∈ �C(0, 3π/2). This is because that the distribution of nor-
mal force �����⃗qN2 is more uniform. However, the amplitude of 
change of �N2 is larger in the range of �C ∈ (3π/2,2π), which 
is almost equivalent to that in the range of �C ∈ (0,3π/2).

Combined with curves in Fig. 15, it is found that the 
greater the COF, the more the curve tends to be a straight 
line in the entire range of �C ∈ (0, �C2 ). This is because that 
the distribution of normal force �����⃗qN2 is more uneven under 
the condition of large friction force.

Design of Preliminary Capture

Based on the mechanical analysis of wrapping process, it is 
possible to design a scheme for the initial capture in space 
using wrapping of rope. Initial capture, which is based on 
a satellite or space station, establishes a preliminary con-
nection with a distant target by some means. The targets 
here can be non-cooperative space debris, asteroids, etc., or 
other cooperative satellites, space stations, etc. As a means 

of space manipulation, the initial capture is a preparatory 
operation which facilitates the smooth progress of subse-
quent operations such as deorbiting space debris and precise 
docking with other spacecrafts.

According to the Euler-Eytelwein equation, when rope is 
at the edge of the sliding after the wrapping ends, there is 
the following relationship

where, Tloadp is the critical tension of the rope between the 
satellite and target, Tholdp is the support force of rope pro-
vided by the projectile on the other side of rope. The total 
angle that rope wraps at the end of the wrapping is

Without losing its generality, following capture situ-
ation is assumed: the direction of movement of target is 
consistent with the longitudinal direction of target, and 
the rope of segment LAB is perpendicular to the longitu-
dinal direction of target. In the initial period of time after 
wrapping ends, target B remains moving at a velocity vAB 
relative to satellite A, and the two forms a new system of 
momentum exchange via a tether. The motion of the new 
system is characterized by overall translation while two 
bodies A and B rotate around certain centers. Due to the 

(10)Tloadp = Tholdp exp (μ �
end

)

(11)�end =
L0

rB
= 2�n.

Fig. 15  The azimuth angle �N2 of �����⃗FN2 varies with the wrapping angle 
�C under different COFs within the scope of �C ∈ (0, �C2 ). The param-
eter values are consistent with Fig. 14

Table 2  Values of azimuth angle �
N2 corresponding to wrapping 

angles π/2, π, 3π/2 and 2π under different COFs in Fig. 15

�
C

π/2 π 3π/2 2π

μ = 0.01 0.787544 1.5808 2.38975 4.72239
μ = 0.1 0.806848 1.67046 2.68322 4.81206
μ = 0.2 0.828236 1.76819 2.96743 4.90978
μ = 0.3 0.849501 1.86225 3.19445 5.00385
μ = 0.6 0.911981 2.11122 3.62292 5.25281

Fig. 16  Orientations of �����⃗FN2 plotted from the data in Table 2. The red, 
blue, green and purple arrows represent the direction of force �����⃗FN2 
acting on the target object when the wrapping angles are π/2, π, 3π/2 
and 2π respectively. And the red, blue, green and purple arcs are the 
wrapping situations of rope correspondingly. μ = 0.01
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difference of velocity between the satellite and target, 
the section LAB of rope is tightened with the tension TAB 
which causes the satellite and target one to slow down 
and the other to accelerate. For the sake of convenience, 
we estimate the expression of post-wrapping tension by 
dimensional analysis as

where, mAB is a function of mA and mB with a dimension of 

mass, which we consider as mAB =

{
mB,mA ≥ mB

mA,mA < mB

.

Solving simultaneous Eqs. (10)–(12), the constraint on 
the number of wrapping turns at the aspect of force (rope 
does not slide after the wrapping ends) is

In addition, the time to finish the wrapping needs to be 
less than the time it takes for the target to pass through its 
own longitudinal length, that is, tend ≤ LB∕vAB . Combining 
with the Eq. (6), the constraint on the number of wrapping 
turns at the aspect of time is obtained as

From Eqs. (13) and (14), compositive constraints on the 
number of wrapping turns are

(12)Tloadp = TAB = mAB

v2
AB

LAB
,

(13)

{
n
c1 =

1

2��
ln
(

m
AB
v
2

AB

TholdpLAB

)

n ≥ n
c1

(14)

{
nc2 =

√
vLB

2�2rBvAB

n ≤ nc2

.

The constraint on the velocity of projectile is obtained 
from nc1 ≤ nc2 as

Figure 17 presents a design scheme for the number of 
wrapping turns. Consider an additional number of turns nsafe 
for safety, and the designed number of turns n is the mean of 
two critical values, i.e.

which results in

Combining the upper equations and Eqs. (2) and (5), 
designed values of the velocity of projectile and initial 
length of rope are got as

⎧
⎪⎪⎨⎪⎪⎩

nc1 ≤ n ≤ nc2

nc1 =
1

2��
ln
�

mABv
2

AB

TholdpLAB

�

nc2 =
�

vLB

2�2rBvAB

.

{
vc =

2�2rBvAB

LB
n2
c1

v ≥ vc

.

{
n =

(nc1+nc2)
2

nsafe =
(nc2−nc1)

2

,

{
nc2 = nc1 + 2nsafe
n = nc1 + nsafe

.

{
v =

2�2rBvAB

LB

(
nc1 + 2nsafe

)2
L0 = 2�rB

(
nc1 + nsafe

) ,

Fig. 17  The design schemes of 
the number of wrapping turns 
using (a) vAB and (b) LAB to 
represent the information of 
target object, respectively. rB = 
0.1 m, LB = 1 m, μ = 0.45, Tholdp 
= 0.3 N, mAB = 50 kg, nsafe = 2. 
LAB = 100 m in (a) and vAB = 
5 m/s in (b)

Fig. 18  The design velocity and 
critical velocity of projectile 
using (a) vAB and (b) LAB to rep-
resent the information of target 
object, respectively. nsafe = 0.5 
and other parameter values are 
consistent with Fig. 17. LAB = 
100 m in (a) and vAB = 2 m/s 
in (b)
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of which visualized results are shown in Figs. 18 and 19.
In summary, the design procedure of preliminary capture 

is:
1. Observe or estimate material parameters 

(
m

AB
, �

)
 and 

geometric parameters 
(
vAB, LAB, LB, rB

)
 and calculate the 

critical number of wrapping turns nc1.
2. Set the number of turns nsafe for safety, and calculate 

design parameters 
(
v,L0

)
 of the tethered projectile system 

accordingly.

Summary and Discussion

In conclusion, the process that a tethered projectile system 
wraps around a target object in space is studied.

Through the decomposition and superposition of motion, 
characteristics of the WSM of projectile are analyzed when 
the rope wraps around a target object with circular cross-
section are analyzed. The equations of motion for rope 
length, angular velocity, angle and trajectory are solved. The 
expression of total time is derived when wrapping around a 
target with regular N-sided cross-section, and consistent with 
the conclusion in the case of a circular cross-section when 
N tends to the limit of infinity. Displacements of projectile 
and wrapping times obtained by simulations of multibody 
dynamics are in good agreement with theoretical results.

Through force analysis, forces acting on the satellite 
under different COFs are obtained, and the extremum time 
and singularity are discussed. It is found that the greater the 
COF, the less the force on the satellite. And when the COF 
is large, it can be approximated that the force decreases with 
time, that is, the rope of section LAB gradually relaxes. The 
vector form of resultant force of the normal force �����⃗FN2 acting 
on the target object is obtained by the element force analysis. 
How the magnitude FN2 and azimuth angle �N2 change with 
the wrapping angle �C are compared under different COFs, 
and it is found that: (a) FN2 exhibits an oscillation behavior 
at the small COF, and the oscillation decays quickly when 
the COF is large; (b) There is a peak of FN2 in the first turn 
of wrapping which decreases with the increase of the COF; 
(c) �N2 increases with the increase of the COF within the first 

turn of wrapping ( �C ∈ (0, 2π)); (d) �N2 is approximately half 
of �C in the range of �C∈(0, 3π/2) when the COF is small; 
(e) The greater the COF, the better the linear relationship 
between �N2 and �C in the entire range of �C ∈ (0, �C2).

There are two constraints at the aspects of force and time in 
the design of preliminary capture, and the number of wrapping 
turns needs to be between two critical number of turns. Tak-
ing into account the number of turns nsafe for safety, designed 
values of the number of wrapping turns n, the velocity of pro-
jectile v and initial length of rope L0 are obtained. Finally, the 
design procedure of preliminary capture is proposed.

With regard to the future work, with reference to the exist-
ing casting schemes that considers gravity, it is possible to 
study the casting scheme in space that facilitates the subse-
quent realization of wrapping of a tethered projectile system.
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