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ABSTRACT
Toroidal droplets are inherently unstable in viscous oils; they either shrink to a single drop or break into several spherical droplets due to
Rayleigh–Plateau instability. In this paper, the breakup dynamics of toroidal droplets in immiscible viscous oils have been numerically inves-
tigated. A two-dimensional model combined level-set method is proposed. Numerical results reveal that the initial aspect ratios, interfacial
tensions, and outer liquid viscosities play important roles in determining the breakup dynamics of toroidal droplets. The initial aspect ratios
dominate the number of split droplets, which is consistent with a linearly scaling law n = 0.57 R0/a0. By considering key factors of interfacial
tension in this process, it is found that interfacial tension is crucial in the initial morphology of the toroidal droplet and helps to retard the
unstable breakup dynamics. Interestingly, reducing the interfacial tension stabilizes it against breakup. We further study the effect of viscosity
on the breakup dynamics. The surrounding viscous oils contribute to stabilizing the interfacial-tension-driven instabilities and extending the
breakup time. Thus, for a toroidal droplet in high viscosity oils and a sufficiently low interfacial tension system, the unstable breakup dynamics
could be delayed. Our findings provide a novel fundamental understanding of toroidal droplets and are beneficial to applications involving
the manipulation of toroidal droplets.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0123867

I. INTRODUCTION
Toroidal droplet is inherently unstable in immiscible viscous

oils due to their nonminimal surface shapes. Driven by surface ten-
sion, the unstable morphologies tend to a perfectly spherical shape
to minimize the surface area for a given volume.1–3 The rich dynam-
ics of toroidal droplets in viscous oils are ubiquitous in nature,
such as falling raindrops, underwater ring bubbles, biofilms, and
self-assemble copper rings.4–7 Among the above-mentioned appli-
cations, forming a stable torus in an immiscible phase and resisting
their morphologies deformation in the absence of external fields
remain a big challenge; for instance, in the three-dimensional (3D)
bioprinting process, maintaining the initial shape relatively stable
and retarding the original deformation time in an aqueous two-
phase system are essential for forming desired 3D architectures in

the rapid curing stage.8 Indeed, it is common to generate toroidal
droplets by injecting fluids within a rotating container filled with
another immiscible liquid.9,10 Then, the challenge still exists in con-
trolling the dynamic evolutions of an initially unstable morphology
of the torus. Therefore, it is of great importance to understand the
dynamics of a toroidal droplet in viscous oils to manipulate their
on-demand breakup for various applications.

When a toroidal droplet was suspended in a viscous phase, two
distinct phenomena depending on the aspect ratio were experimen-
tally demonstrated.11 For thin torus, it breaks into several spherical
droplets through the capillary driven by Rayleigh–Plateau instabil-
ity. If the torus is sufficiently fat, it shrinks toward the center to
form a single droplet due to shrinking instability. Motivated by the
experiments of Pairam and Fernández-Nieves,11 many theoretical
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and numerical models have been performed, implying that the pres-
ence of viscous stress and surface stress dominated the evolution
process.12–17 Zhao and Tao18 developed a theoretical model of a
liquid ring in a gas medium, and the weakly nonlinear instability
indicated that surface tension, an external force from ambient fluid,
and viscosity significantly affected the breakup dynamics. Mehra-
bian and Feng19 established a Cahn–Hilliard diffuse-interface model
to compute the capillary breakup. They found that toroidal droplets
rupture depended on the competition of two-time scales, i.e., torus
retraction and neck pinch-off. The final breakup pattern was deter-
mined by the initial amplitude of the disturbance, initial aspect
ratio, and torus-to-medium viscosity ratio. The previous models19–21

mainly focused on the linear and nonlinear stability analyses and dis-
cussed the variation of the growth rate or growth disturbance, which
were difficult to measure in the experiments. However, the dominant
factors of aspect ratio and breakup time on the breakup dynamics
are still inadequately understood. Thus, the stabilization of toroidal
droplets by controlling the interfacial tension and viscosities of outer
phases needs to be investigated exclusively.

In this work, we propose a two-dimensional (2D) model to
simulate the breakup dynamics of toroidal droplets in immiscible
viscous oils numerically. The effects of initial aspect ratios, interfa-
cial tensions, and outer liquid viscosities are systematically studied.
The initial aspect ratios dominate the number of split droplets,
which is consistent with a linearly scaling law. Interestingly, we find
that the toroidal droplets with a low interfacial tension system are
different from those with high interfacial tension systems. It suggests
that interfacial tension plays a significant role in initial morphol-
ogy, and low interfacial tension stabilizes it against breakup. We
further investigate the effect of viscosity on the breakup dynam-
ics, indicating that surrounding viscous oils contribute to stabilizing
the surface-tension-driven instability and extending the breakup
time. Our results provide important missing pieces to enrich the
fundamental understanding of toroidal droplets in a variety of vis-
cous systems and could be beneficial for applications involving the
manipulation of toroidal droplets.

II. MATERIALS AND METHODS
A. Problem statement

In the experiments, a toroidal droplet is formed by injecting
inner liquids into a rotating bath containing immiscible viscous oils,
as shown schematically in Fig. 1. A container (d = 36 mm) filled
with silicon oil (ρo = 963 kg/m3) is located on the top of the rotating
stage (Zolix, China), which drives the container to rotate at the same
angular speed. The inner liquid of glycerol (ρi = 1252 kg/m3 and
μi = 945 mPa⋅s) is pumped into the viscous oil by a syringe pump
(Longer Pump, China) through a metallic needle (dout = 1.08 mm
and din = 0.72 mm). The flow rate q is controlled at 50 ml/h, and
then, the volume of the toroidal droplet is mainly determined by the
injection time ti, V i = q ⋅ ti. As for a torus, the volume is equal to
Vi = 2π2a2

0R0, where a0 is the radius of its cross-section and R0 is
the distance from the needle to the rotation axis, as shown in Fig. 2.
By changing the location of the needle and the torus volume, the
forming torus with different initial aspect ratios R0/a0 is obtained.
To investigate the effects of interfacial tension on droplet breakup,
the surfactant Tween 20 of different mass ratios is added to the inner
liquid of glycerol. The interfacial tension between glycerol solution

FIG. 1. Schematic of the experiment apparatus of a toroidal droplet in viscous oils.

and silicon oil is measured by the Pendent drop method.22 By adding
0.5%, 1.5%, and 2% Tween 20, the measured interfacial tensions are
different from the pure glycerol of 27 mN/m, changing to 16, 14,
and 13 mN/m, respectively. For exploring the influence of the vis-
cosity, silicon oils with different viscosities of 10 000, 30 000, and
60 000 mPa⋅s are used as the outer phase. After the toroidal droplet
is generated, the time-dependent evolutions of the toroidal droplet
breakup by the Rayleigh–Plateau instability are recorded with a
high-speed camera at 170 fps.23 The corresponding aspect ratio is
analyzed by open-source software Image J. The uncertainties in
the measurement method due to the single-pixel scaling and the
selection of the contour are estimated to be ±0.08 mm.

B. Numerical model
In the numerical simulations, we consider a millimeter-sized

toroidal droplet suspending in immiscible viscous oils with a con-
fined wetted wall. A transient 2D model from the top view of the
experiments is proposed, and the torus interface on the symmet-
ric mid-plane is illustrated in Fig. 2. The middle torus represents
the domain of glycerol solution; the rest parts represent the outer
silicone oils. Thus, the immiscible two-phase border is the inter-
face boundary. It is assumed that the two immiscible liquid phases

FIG. 2. Schematic of the numerical model and boundary conditions.
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are incompressible viscous laminar flow, and the physical proper-
ties are constant. In addition, the effects of gravity and buoyancy are
neglected.

The proposed model consists of the interaction of two immis-
cible liquid phases and their flow characteristics. The governing
continuity equation and incompressible Navier–Stokes equations
are

∇ ⋅ u = 0, (1)

ρ(
∂u
∂t
+ u ⋅ ∇u) = ∇ ⋅ (−pI + μ ⋅ ∇u) + Fst , (2)

where ρ, u, p, I, and μ stand for the density, velocity, pressure, ten-
sor operator, and dynamical viscosity, respectively. Fst represents the
surface force.

To accurately capture the evolutions of the free interfaces
between glycerol and immiscible silicone oil, a level-set method is
proposed. The interface dynamics of the two liquid phases can be
tracked by solving the transport equation of the level-set function
Φ due to the underlying physical velocity field. The function Φ is
governed by

∂Φ
∂t
+ u ⋅ ∇Φ = α∇ ⋅ (εls∇Φ −Φ(1 −Φ)

∇Φ
∣ ∇Φ ∣

), (3)

where Φ is the level-set function. It should be noted that Φ = 1,
Φ = 0, and Φ = 0.5 represent the domain of glycerol, silicone oil, and
the sharp two-phase interface, respectively. α is the reinitialization
parameter, and εls is the controlling parameter of interface thickness.

Thus, the surface tension force at the interface is given by

Fst = ∇ ⋅ (σ(I − (nintnT
int))δ), (4)

where nint is the unit normal vector perpendicular to the free inter-
face, σ is the interfacial tension, and δ a non-zero Dirac-delta
function only at the fluid interface. The unit normal vector nint and
Dirac-delta function are calculated by

nint =
∇Φ
∣ ∇Φ ∣

, (5)

δ = 6 ∣ Φ(1 −Φ) ∣∣ ∇Φ ∣ . (6)

The density and viscosity of the inner and outer phases are dis-
continuous but can be continuously calculated from the level-set
function Φ,

ρ = ρo + (ρi − ρo)Φ, (7)

μ = μo + (μi − μo)Φ. (8)

Here, the subscript o represents the outer phase of silicon oils, and i
denotes the inner liquid of glycerol.

The domain size is chosen as the container dimension, so the
outer boundary is set as the wetted wall, considering non-slippery
and no mass penetration, which denotes

u ⋅ nwall = 0. (9)

Since the numerical model is an unsteady problem, initial con-
ditions are also prescribed. At t = 0, Φ has to be initiated. Setting
Φ = 1 is the glycerol and Φ = 0 is the silicon oils. Then, a toroidal
droplet with differing initial aspect ratios R0/a0 forms in viscous
oils. The two-phase flow is at rest (u = 0); the initial pressure and
temperature of the whole domain are set to be zero and ambient
temperature, respectively.

C. Numerical simulation validation
The commercial software COMSOL Multiphysics v5.6 is used

to solve the laminar two-phase flow problem. By using the level-set
method, the interface can be precisely tracked, and the final breakup
patterns are obtained.24,25 For spatial and temporal discretization
of the finite element method, the P2+P1 is adopted, which means
the velocity components are second-order and the pressure compo-
nents are first-order. We conduct the transient fully coupled solution
method, while the backward Euler formula is used for the nonlinear
solution and the backward difference formula is utilized in the linear
solution. The maximum relative tolerance on the dependent variable
(u, p) is lower than 0.1% during the iterative process.

To assess the accuracy of the numerical simulations, a grid sen-
sitivity analysis has been first undertaken. We generate a free triangle
mesh in the computational domain. The detail of the generated mesh
is displayed in Fig. 3. Mesh refinement is conducted at the interface
boundary. After several numerical experiments, grids with a total
quantity of 20 532 elements are selected to control the relative error
within 1%.

To validate the accuracy of the numerical simulations, we cal-
culate the breakup behaviors of the toroidal droplet. According to
the experimental results in Ref. 11, we build a 2D model with an
aspect ratio of R0/a0 = 12.3. Glycerol and silicon oil are chosen as
the two immiscible liquid phases, and then, the interfacial tension is
4 mN/m. Figure 4 displays the comparisons of the numerical results
and experimental results at the initial state, before the breakup, and
final state, resulting in multiple spherical droplets. We find that
when the toroidal droplet is inserted into the viscous oil [Fig. 4(a1)],
it may undergo a long time to reach the most unstable state due
to the experimental disturbance as Fig. 4(a2), and then, it breaks
into six small droplets, so the time from the beginning to the end of
break is 14 s. However, in the simulations, the toroidal droplet breaks
quickly; thus, it needs about 12 s from the beginning to the end
of the break. We can conclude that the predictions of the toroidal
droplet breakup from the 2D numerical simulations closely match

FIG. 3. The details of the generated mesh and its refinement at the interface
boundary.
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FIG. 4. Comparison of the breakup behaviors of a glycerol toroidal droplet in sil-
icone oil. (a) Experimental results, reprinted with permission from E. Pairam and
A. Fernández-Nieves, Phys. Rev. Lett. 102(23), 234501 (2009). Copyright 2009
American Physical Society. (b) Numerical results (R0/a0 = 12.3, σ = 4 mN/m, and
μi/μ0 = 1/30). The two black circles in (b2) and (b3) represent the initial state of
the toroidal droplet in the numerical simulation.

the 3D dynamic results in the experiments, which further proves the
effectiveness of the proposed 2D model and meshing.

III. RESULTS AND DISCUSSION
It should be noted that a toroidal droplet suspended in viscous

oils is in an unstable state and tends to minimize its surface area due
to interfacial tension. Under the surface force driven, it shrinks to
form a single drop or breaks into several spherical droplets due to
the Rayleigh–Plateau instability, which mainly depends on its initial
aspect ratio. Furthermore, the viscosity of the outer phase also plays
a significant role in the breakup dynamics. Therefore, numerical
simulations are conducted for different initial aspect ratios, interfa-
cial tensions, and outer liquid viscosities. In addition, the following
experimental data from the literature23 used for comparison with
numerical results are all our previous work. Then, the corresponding
results and discussions are presented in the following sections.

A. Effects of initial aspect ratios
on the breakup dynamics

To investigate the dynamic evolutions from the formation to
shrinkage/breakup process, toroidal droplets with different initial
aspect ratios are calculated. In this study, the working fluid of the
inner and outer phases are glycerol and silicone oil, the viscosity
ratio is 0.03, and the interfacial tension is 27 mN/m. Figure 5 shows
the numerical results of toroidal droplets with initial aspect ratios
ranging from 2.5 to 22. It is found that two distinct mechanisms
of shrinkage and breakup instabilities arise. In the first column of
Fig. 5, when the initial aspect ratio is R0/a0 = 2.5, the liquid toroidal
droplet shrinks toward its center and eventually coalesces into a sin-
gle droplet. This shrinkage instability is always present with a small
initial aspect ratio. However, the other columns in Fig. 5 exhibit
breakup instability, which becomes the dominant mechanism for
the initial aspect ratio to be larger than 5. In this case, only unstable
modes with a wavelength consistent with the torus length can grow,
and then, it breaks into several spherical droplets. More impor-
tantly, the number of droplets that split increases from two to eight

droplets corresponding to the initial aspect ratio. The numerical
results also reveal that for an initial aspect ratio of 12.2, the final
breakup pattern forms five spherical droplets at the breakup time
t = 21.8 s.

For obtaining a quantitative result of the breakup instability,
the number of split droplets n as a function of the aspect ratio
ξ = R0/a0 is plotted in Fig. 6. For the numerical results, the aspect
ratio for each simulation is measured from the beginning to the
state of being broken up. According to our experimental observa-
tion, the toroidal droplets often shrink before it breaks up where
the aspect ratio decreases. The rightmost open symbol in Fig. 6
represents the initial aspect ratio, and the leftmost open symbol indi-
cates the growth rate corresponding to the fastest unstable mode.
Such breakup instability of toroidal droplets is determined by the
wavelength, which are integer fractions of the overall length of the
torus that can induce its breakup: 2πR0 = nλ. Here, λ is the wave-
length associated with the fastest unstable mode that dominates
the breakup behaviors, and n is the number of split droplets. We
obtained a linearly scaling law n = 0.57R0/a0 in the previous exper-
iments23 and plotted it as the dashed line in Fig. 6. The derived
numerical results suggest that the aspect ratio at the fastest unstable
mode is linear with the number of split droplets, which is in good
agreement with the previous experimental results. When the torus is
very large, the breakup dynamics yield the liquid jet instabilities. A
jet always breaks into drops due to the Rayleigh–Plateau instability.
Linear stability analysis is used to understand how these perturba-
tions lead to jet breakup. Remarkably, the classical stability analysis
of Tomotika26 for a viscous, cylindrical jet inside another viscous
liquid predicts that the unstable mode with the largest growth rate
corresponds to n = 0.54 R0/a0; this value agrees with our numerical
results.

B. Effect of interfacial tension
on the breakup dynamics

To elucidate the underlying mechanism of interfacial tension
on the breakup dynamics, a series of numerical simulations are car-
ried out. In the numerical simulations, we keep the viscosity ratio
constant (μi/μ0 = 0.03), but the interfacial tensions and correspond-
ing initial aspect ratios are determined by the initial conditions
in our experiments.23 Under the differing interfacial tension, the
toroidal droplets will be stable under different initial conditions,
resulting in various initial aspect ratios. Specifically, the initial con-
ditions depend on whether the toroidal droplet could be formed
as a closed ring. Here, there exists a rotational velocity v0, if the
velocity is not large enough, then the liquid jet will break before
the torus is formed. This suggests that the relevant time scales are
balancing with the time for forming a torus (t1 = 2π/ω = 2πR0/v0)

and rupturing a curved jet (t2 = μ0din/σ). Thus, to form a closed
torus, the velocity reaches a critical value, which can be deduced
by v0 = (2π/μ0)(R0/atip)σ. We assume that R0/atip approximates
the aspect ratio, so the interfacial tension is inversely related to the
aspect ratio, which means low interfacial tension corresponds to a
large initial aspect ratio.

Figure 7 displays the temporal evolutions of the aspect ratio ξ
with respect to non-dimensional time (t∗ = t/tmax) under different
interfacial tensions. The measured aspect ratios from the numeri-
cal simulations are plotted as filled symbols, and the shape of the
toroidal droplets at the initial and the final states are also shown in
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FIG. 5. Numerical results of toroidal droplets in viscous oils at different initial aspect ratios. The scale bar corresponds to 5 mm. The counter of the inner phase is glycerol,
and the outer phase is silicon oil (σ = 27 mN/m, μi/μ0 = 0.03). The two black circles in the second line represent the initial state of the toroidal droplet in the numerical
simulation.

Fig. 7. At t∗ = 0, when σ = 13 mN/m, the initial aspect ratio is R0/a0
= 16.2, and when σ = 14 mN/m, the initial aspect ratio is R0/a0 = 14.7,
while σ = 16 mN/m, the initial aspect ratio is 13.1. After the toroidal
droplet is formed in the viscous oils, it shrinks gradually and the
aspect ratio decreases with time. When the t∗ > 0.7, the aspect ratio
keeps almost constant and lasts until the end of the breakup process,
leading to a relatively stable state. For the effect of interfacial tension,
although the initial aspect ratio is different, the final aspect ratio is
all around 6 and splits into six spherical droplets.

It should be noted that the whole breakup process will last
longer in a low interfacial tension system. To further study the
underlying mechanisms, we focus on the relationship between non-
dimensional breakup time and interfacial tension, as shown in Fig. 8.
The interfacial tensions are varied from 13 to 27 mN/m. The dashed
line indicates the numerical results, and the filled symbols repre-
sent the experimental results.23 As the interfacial tension increases,
the breakup time of toroidal droplets decreases, which means that

FIG. 6. The phase diagram of the number of split droplets is a function of the aspect
ratio. The open symbols represent the numerical results from the beginning to the
state of being broken up. The dashed line indicates the experimental results in the
literature.

reducing the interfacial tension could stabilize it against breakup.
The reason can be illustrated by the classical hydrodynamic instabil-
ity of a liquid jet, where the breakup time is defined: t2 = μ0din/σ.11 It
can be seen that the breakup time can be well fitted by an inverse law
with t∗ = 15.37σ−1. Therefore, the low interfacial tension between
two immiscible phases plays a crucial role in the initial morphol-
ogy of the toroidal droplet and helps to retard the unstable breakup
dynamics.

C. Effect of viscosity on the breakup dynamics
The existing hydrodynamic instability theory also suggests the

dependence of the viscosity on the breakup dynamics. In this section,
silicone oils with different viscosity (μ0 = 10 000, 30 000, and 60 000
mPa⋅s) were used and kept the glycerol viscosity constant. The inter-
facial tension is set to be 13 mN/m, and the initial aspect ratios are
constant at 16.3. Figure 9 displays the temporal evolutions of the
aspect ratio ξ with respect to non-dimensional time (t∗ = t/tmax)

FIG. 7. Temporal evolutions of the aspect ratio with respect to non-dimensional
time under different interfacial tensions. The red, green, and blue symbols stand
for interfacial tensions of 13, 14, and 16 mN/m, respectively. Contours are the
shapes of the toroidal droplets from the numerical simulations.
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FIG. 8. The relationship between non-dimensional breakup time and interfacial
tension. The dashed line indicates the numerical results, and the filled symbols
represent the experimental results.

under different viscosities. We find that the viscosity of the outer
phase greatly affects the breakup dynamics, but the final breakup
pattern looks the same, exhibiting six spherical droplets. For a highly
viscous system, i.e., μo = 60 000 mPa⋅s, the toroidal droplet slowly
shrinks and reaches a constant aspect ratio of around 6. On the con-
trary, in a less viscous system of 10 000 mPa⋅s, the breakup behavior
occurs and ends in a short time, and the aspect ratio is about 6. The
reason can be illustrated as follows: when a liquid is injected into a
rotating viscous phase, the viscous oils drag the outer phase exerts
over the injected liquid, and two relevant stresses are balanced in
the process. The interfacial stress offers the driving force to shrink,
and the viscous stress opposes the shrinkage process. The competi-
tion between these two stresses results in a breakup phenomenon. As
a result, viscous stress helps to stable the interfacial-tension-driven
instabilities and extend the breakup time.

FIG. 9. Temporal evolutions of the aspect ratio with respect to non-dimensional
time under different viscosity of silicon oil. The blue, green, and red sym-
bols stand for viscosities of 10 000, 30 000, and 60 000 mPa⋅s, respectively.
(σ = 13 mN/m and R0/a0 = 16.3) Contours are the shapes of the toroidal droplets
from the numerical simulations.

FIG. 10. The relationship between non-dimensional breakup time and outer phase
viscosity. The dashed line indicates the numerical results, and the filled symbols
represent the experimental results.

Obviously, the breakup time of toroidal droplets in various
viscous oils is considerably different. Such a breakup process in a
highly viscous system becomes slower. The relationship between
non-dimensional breakup time and outer phase viscosity is shown
in Fig. 10. The outer phase viscosities are ranging from 10 000 to
60 000 mPa⋅s. The filled symbols denote our experimental results
obtained,23 while the dashed lines correspond to numerical results.
We find that the breakup time for the viscous oil with 10 000 mPa⋅s
is half of that in a high viscous system of 60 000 mPa⋅s. It makes
clear a linear scaling of the non-dimensional breakup time and the
outer phase viscosity, t∗ ∼ μ0. This finding is consistent with the
classical hydrodynamic instability of liquid jet t2 = μ0din/σ.11 The
relationship can be fitted as t∗ ∼ 9.37 × 10−6μ0. It can be concluded
that high viscosity is helpful for extending the unstable breakup
dynamics.

IV. CONCLUSIONS
The breakup dynamics of toroidal droplets in immiscible vis-

cous oils have been numerically investigated. We proposed a 2D
model, taking the level-set method to accurately track the evolutions
of the free interfaces. It is highlighted that the initial aspect ratios,
interfacial tensions, and outer liquid viscosities play important roles
in determining the breakup dynamics of toroidal droplets. The ini-
tial aspect ratios dominate the number of split droplets, which is
consistent with a linearly scaling law n = 0.57R0/a0 in the previous
experiments. By considering the key factors of interfacial tension in
this process, we found that interfacial tension plays a crucial role in
the initial morphology of the toroidal droplet and helps to retard
the unstable breakup dynamics. Interestingly, reducing the inter-
facial tension could stabilize it against breakup, which leads to a
inhibit breakage role. We further study the effect of viscosity on
the breakup dynamics, and the competition between two relevant
stresses of interfacial stress and viscous stress results in a breakup.
It could be concluded that the surrounding viscous oils con-
tribute to stabilizing the interfacial-tension-driven instabilities and
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extending the breakup time. Thus, for a toroidal droplet in high
viscosity oils and a sufficiently low interfacial tension system, the
unstable breakup dynamics could be delayed. Our findings provide a
novel fundamental understanding of toroidal droplets and should be
beneficial to any applications involving the manipulation of toroidal
droplets.
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