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A B S T R A C T   

Internal waves in the ocean with stratified structure are essential: natural internal waves for the untangling of 
physical and environmental processes in oceanography and internal waves generated by a submerged moving 
body for understanding the near-field flow structures and wave patterns for detection. The latter in a stratified 
flow with a pycnocline presented are investigated numerically in the present paper. Systematic analyses on the 
influences of different hydrodynamic parameters, including the Froude number (Fr), the Reynolds number (Re), 
the thickness of the pycnocline (ΔL), and the relative position of the submerged body (Δd), on internal wave 
wakes, are performed. A variation trend diagram of wake angle and wave amplitude for different parameters is 
obtained, showing the order of influence: Fr > ΔL > Δd > Re. For two key parameters, Fr and ΔL, scalings of wake 
angle variation are found. Wake angle shows a − 1 power-law dependence on Fr and the same order power law 
on ΔL in a critical range. In addition, vortex structures and turbulent kinetic energy distributions in the wakes are 
explored by comparing to the homogeneous case.   

1. Introduction 

Across the world’s oceans, variation of density caused by thermo
haline structure gives rise to density disturbances that can propagate in 
the form of internal waves. There has been growing interest in the effect 
of stratification on several essential processes in physical oceanography 
as well as geophysical, industrial, and environmental applications. For 
example, aiming to understand the global cascade of energy in ocean 
currents, numerical simulations and site experiments are performed to 
study natural internal solitary waves along with stratification and shear 
effects (Lamb and Warn-Varnas, 2015; Hartharn-Evans et al., 2022; 
Stastna et al., 2021; Prasetya et al., 2021). Researches associated with 
applications focus on the coupling dynamics between natural internal 
waves and offshore structures such as gas risers and oil risers (Ding et al., 
2020; Ali et al., 2022; Guo et al., 2022). On the other side, internal waves 
generated by a source of disturbance, such as a submerged moving body 
or bottom topography, are also worth attention. Due to the presence of 
stratification, these internal waves often have a regular pattern and can 
last for several days, which provides a possibility for detection through 
synthetic aperture radar (SAR) and infrared (IR) detectors. The 

motivation for investigating these internal wave wakes is that under
standing the bulk flow and turbulent wakes remains a hot topic and a 
challenging and significant task in ocean engineering. Corresponding 
researches can provide crucial information about the flow field features, 
design for the submerged body in terms of hydrodynamic parameters, 
and potential effective detection strategies. 

Wakes generated by a moving source of disturbance exist commonly 
and widely (Meunier and Spedding, 2006). Experiments show that even 
a slight acceleration or change in the direction of the moving object can 
give rise to large-scale structures in the wake that decay in several days 
(Voropayev et al., 1999), which provides information and traces for 
detection. In the ocean environment, wakes are categorized into four 
regions: large-scale stationary free surface Kelvin waves, internal 
Kelvin-wave patterns (also called internal lee waves), small-scale 
non-stationary turbulent wakes, and wake-generated internal waves 
(Qiang et al., 1993). 

The V-shaped free surface Kelvin waves on deep water generated by 
a moving body with a uniform velocity and always delimited by an angle 
of 19.47◦ were first proposed by Lord Kelvin (Dias, 2014). However, 
Rabaud and Moisy (2013, 2014) noticed that under large Fr, the Kelvin 
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wake angle is not constant but reduces as Fr− 1 with the increase of Fr. 
Darmon et al. (2014) performed a theoretical study and showed that the 
wake angle of the maximum wave amplitude has the same behavior as 
highlighted by Rabaud and Moisy. Based on theoretical analyses 
considering nonlinearity, Pethiyagoda et al. (2014, 2017) also observed 
a decrease in wake angle for sufficiently high Fr, and they pointed out 
that the nonlinearity significantly influences the wake angle. 

In contrast to free surface Kelvin waves, the behavior of internal 
wave wakes is more complicated due to the influence of background 
stratification in the pycnocline. Keller and Munk (1970) solved the in
ternal waves generated by a moving source in the pycnocline. They 
found that although a similar V-shaped Kelvin wave pattern exists, the 
cusps of wavefronts are located periodically along the streamwise di
rection, which is different from surface Kelvin waves. Gray et al. (1983) 
studied the case where a monopole or a dipole moves in the pycnocline, 
and a smooth Mach front was found at large distances behind the source 
in the linear approximation. Zhang et al. (2021) used the Euler equation 
and source-sink distribution method to numerically integrate the theo
retical solutions of internal waves. They confirmed that the features of 
internal lee waves depend on the Froude number, and when it exceeds a 
critical value, the transverse waves disappear for the first mode (Zhang 
et al., 2021). Although internal lee waves have been investigated based 
on various theoretical methods (Keller et al., 1981; Borovikov et al., 
1995; Yeung and Nguyen, 1999; Wei et al., 2003; Vasholz, 2011), it is 
found that the internal wave wakes are consist of the superposition of 
stationary internal lee waves and non-stationary waves generated by the 
turbulent structures (Bonneton et al., 1993; Spedding, 1997, 2014; 
Bonnier and Eiff, 2002; Abdilghanie and Diamessis, 2013; Meunier et al., 
2018). At low Fr, internal lee waves are the dominant structures, while 
non-stationary waves gradually become dominant with the increase of 
Fr. Robey (1997) performed experiments on a towed sphere under 
various internal Froude numbers FrN (FrN = U0/Nd, where N is the 
constant buoyancy frequency of uniform stratification, and U0 and d are 
the moving velocity and diameter of the body, respectively) and indi
cated that the transition value of FrN from the stationary internal lee 
waves to the non-stationary waves is about FrN = 2. Brandt and Rottier 
(2015) also conducted a series of experiments, and their results showed 
that internal lee waves are the dominant mechanisms for FrN⩽1. Wang 
et al. (2017) found that the transition value depends linearly on the 
submerged body aspect ratio. Due to technical challenges, experimental 
investigations of internal wave wakes are still limited. 

With the development of computing capacity and numerical algo
rithms, numerical simulations are applied to capture more details of 
internal wave wakes. Ma et al. (2020) used the Reynolds Average 
Navier-Stokes (RANS) method to study the characteristics of internal 
waves. Huang et al. (2022) simulated the wake signatures of a subma
rine using RANS and indicated that stratification plays a role in the 
generation of wakes and their downstream evolution. The large-eddy 
simulation (LES) provides an appropriate way to capture small-scale 
structures to gain insight into the non-stationary internal waves. Chen 
et al. (2021) used the LES method and considered salinity and temper
ature variations. They marked similar distribution of Kelvin-wave pat
terns for disturbance fields whose values are in the detectable range. 
Zhou and Diamessis (2019) performed LES with a spectral method 
focusing on the effect of Fr and Re on the transition between the weakly 
stratified turbulence to the strongly stratified turbulence regimes. 
Moreover, Pal et al. (2017) used direct numerical simulations (DNS) in 
physical space to study the transition from near wakes to stratified 
turbulent wakes. The previous studies mainly concentrated on internal 
lee waves or non-stationary wake structures. To further elucidate the 
evolution mechanism of internal wave wakes, it is necessary to conduct 
a systematic study. 

The present study focuses on the influences of hydrodynamic pa
rameters on the large-scale internal wave wake signatures in the pyc
nocline and turbulence characteristics in the wakes of a submerged body 
based on numerical simulations. Section 2 introduces the numerical 

algorithm and setups used in this paper. The analyses of internal wave 
wakes, including internal lee waves and turbulent wakes, are presented 
in Sec. 3. Finally, a conclusion is given in Sec. 4. 

2. Formulation of problem 

2.1. Governing equations and numerical method 

Internal wave wakes generated by a moving submerged body are 
obtained by solving the Navier-Stokes equations under the Boussinesq 
approximation: 

∇⋅u = 0, (1)  

∂ρwu
∂t

+∇⋅(ρwuu) = − ∇p +∇⋅(2μS) + (ρw + ρs0 + ρd)g, (2)  

where ∇ = (∂/∂x, ∂/∂y, ∂/∂z) is the gradient operator, u the velocity 
vector, p the pressure, μ the dynamic viscosity coefficient, S = (∇u +
∇uT)/2 the strain-rate tensor, and g = (0, − g, 0) the acceleration due to 
gravity. The total density can be divided into three parts, namely 

ρ = ρw + ρs0 + ρd. (3) 

ρw is the uniform part of the background density, which is chosen as 
the density of water on the ocean surface, i.e. ρw = ρ(φ = 0). Here, φ is 
the depth defined as φ = ysurface − y, where ysurface is the vertical coor
dinate of the top boundary. ρs0 represents the stable stratification and 
ρd is the disturbance. ρd can be solved with the density transport 
equation 

∂ρd

∂t
+∇⋅((ρs0 + ρd)u) = ∇⋅D∇(ρs0 + ρd), (4)  

where ρs0 is supposed to be time-invariant and D is the diffusion coef
ficient. We use an in-house code described in Yang et al. (2021) for the 
fundamental fluid dynamics solution. Decomposition of density strati
fication and solution of density transport equation are newly imple
mented and added into the main program to simulate the density 
fluctuation. 

A summary of the numerical methodology is provided here, and a 
more detailed description of space discretization and time stepping can 
refer to Yang et al. (2021). The governing equations are solved numer
ically on staggered Cartesian grids, where vector quantities are defined 
on the cell faces, and scalar quantities are stored at the cell centers. The 
grids are refined locally in the streamwise and spanwise directions in the 
region that contains the submerged body, and uniform grids are used in 
the vertical direction with fine resolution. The resolution of the grid is 
chosen with the convergence of main features investigated of internal 
wave wakes. A second-order Runge-Kutta (RK2) method is used for time 
stepping for both the momentum equation (2) and the additional density 
transport equation (4). Under the Boussinesq approximation, in each 
substep of the RK2 algorithm, the fractional step method is applied to 
satisfy the divergence-free condition given by Eq. (1). The derivatives 
are calculated with a finite-difference scheme. The linear interpolation 
and the third-order CUI interpolation scheme are used for the advection 
terms to assure simulation convergence, while the other terms are 
interpolated linearly. We remark that the same numerical scheme and 
interpolation techniques are used for the density equation to keep con
sistency. In particular, CUI interpolation stands for Cubic Upwind Inter
polation and is a total variation diminishing and 
convection-boundedness criterion satisfying convective limiter. For an 
arbitrary quantity χ, the CUI scheme requires three stencil points located 
respectively far upwind (designated with subscript u), upwind (desig
nated with subscript c), and downwind (designated with subscript d). 
The interpolation process is expressed as 
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χ∼ = χu + χ̂(χd − χu),

χ̂ =

⎧
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3χ̂ c, 0 < χ̂ c ≤
2
13
,

5
6

χ̂ c +
1
3
,

2
13

< χ̂ c ≤
4
5
,

1,
4
5
< χ̂ c ≤ 1,

χ̂ c, χ̂ c ≤ 0 ​ or ​ χ̂ c > 1,

χ̂ c =
χc − χu

χd − χu
.

(5) 

The large eddy simulation is applied to filter the governing equa
tions, and the VREMAN model is chosen as the subgrid-scale eddy vis
cosity model. Further details about this subgrid model can refer to 
Vreman (2004) and Ghaisas et al. (2013). 

2.2. Simulation setup and cases 

A schematic of the simulation setup is shown in Fig. 1. There are two 
different computational domains of respective sizes, Lx × Ly × Lz = 60d 
× 30d × 50d and Lx × Ly × Lz = 100d × 30d × 50d, where d is the 
diameter of the body. The density variation in the pycnocline is 
continuous, and the density difference between the top and bottom of 
the pycnocline is constant so that with the increase of the pycnocline 
thickness ΔL, the corresponding buoyancy frequency decreases. The 
density stratification with a hyperbolic tangent profile can be expressed 
as 

ρ(y) = ρ − Δρtanh
(

y − ypyc

ΔL

)

, (6)  

where ρ is the fixed average value of the density and ypyc is the center 
position of the pycnocline. An example of the density profile for ΔL/d =
1, together with the corresponding buoyancy frequency profile calcu

lated by N(y) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− g ∂ln ρ

∂y

√
, is given in Fig. 2. 

The submerged body without appendage is captured by the 
immersed boundary (IB) method. In the spanwise direction, a periodic 
condition is applied for all variables. A free slip boundary condition for 
velocity is applied to both top and bottom boundaries to be consistent 
with in-outlet conditions in the streamwise direction. The inlet velocity 
profile is uniform while a convection condition is imposed at the outlet 
(see Fig. 1). For the density disturbance, a zero-gradient condition is 
applied for both inlet and outlet. We assume that the density disturbance 
satisfies the Dirichlet condition on top and bottom boundaries and apply 
the no-flux condition to the surface of the submerged body. 

From geometrical parameter d and moving velocity U0, four non- 
dimensional parameters are defined to investigate the influence of pa
rameters on the internal wave wakes. They are the Froude number (Fr =

U0 /
̅̅̅̅̅
gd

√
), the Reynolds number (Re = ρwU0d/μ), the relative position 

between the submerged body and the center of pycnocline Δd/d (Δd =

ybody − ypyc with ybody the position of the submerged body), and the 
thickness of pycnocline ΔL/d (see Fig. 1). Table 1 displays the parame
ters used in various numerical experiments. Dimensional parameter d =
15m is chosen for normalization according to the comparable order of 
actual submarine diameter, and the Froude numbers are calculated with 
U0 ∈ {3, 4, …11} ∪ {12.24}m/s. 

3. Results and discussions 

3.1. Quantitative measurements for internal Kelvin-wave patterns 

In order to gain a quantitative understanding of internal lee waves, 
the wake angle, wavelength, and wave amplitude are extracted and 
analyzed. For free-surface Kelvin waves, the wake angle is identified by 
distinguishing the borderline between the transverse and divergent 
waves or by fitting the borderline through the highest peaks with the 
least square approximation (see Pethiyagoda et al., 2014). However, we 
concentrate on internal wave wakes near the pycnocline, which differ 
from free-surface Kelvin waves. The measurement method for wake 
angle is no longer suitable in our cases. As shown in Fig. 3(a), there are 
two types of components in the wakes: the large-scale stationary internal 
lee waves and the small-scale non-stationary waves. The wake angle can 
be identified by figuring out the border between these two types of 
waves. Then the angle can be quantified in three steps: i) find the peaks 
of wave amplitude on the cross-section; ii) find the border points of the 
region containing unsteady wakes; iii) calculate the slope of the 
borderline with the least square fitting and derive the angle. The border 
of unsteady wakes can be distinguished and verified by comparing wake 
peak locations at different instantaneous. In order to uniquely determine 
the wake angle, only points before the first intersection between points 
on the borderline and the stationary wake peaks are chosen for fitting. 
One example of measuring the wake angle is shown in Fig. 3(b). 

Since internal lee waves are stationary, the wavelength and ampli
tude can be measured by extracting the wave profiles in the horizontal 
plane containing the pycnocline center. Two vertical cross-sections of 
the internal waves are displayed in Fig. 4. The vertical displacement of a 
wave is designated as Δy, representing the deformation of the isopycnal 
surface in the vicinity of a certain depth. From Fig. 4(b), it can be found 
that the wave profiles in the x − y plane can be divided into two regions. 
One is a large-scale stationary wave with a longer wavelength corre
sponding to the internal lee waves. The other is a train of non-stationary 
waves with a much shorter carrier wavelength corresponding to the 
turbulent waves marked in Fig. 3(a). However, only longer-wavelength 
stationary waves exist in the z-cross-sections for z ⩾ 5d (see Fig. 4(c) for 
z = 5d). In order to eliminate the effect of the non-stationary wave on the 
stationary one, the wavelength is featured by half in the z-cross-section 
at z = 5d, which is measured by the length between a crest and its 
adjacent trough, as shown in Fig. 4(c). 

Fig. 1. Sketch of a submerged body in a stratified flow. The variation of background density is colored. (a) Illustration of the computational domain. (b) Geometry of 
the submerged body. 
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3.2. Characteristics of internal lee waves 

3.2.1. Influence of the position of submerged body on internal lee waves 
To illuminate the influence of the submerged body position on the 

internal waves, we place the body at three different positions, namely 
below the pycnocline (Δd/d = − 3.5), at the center of the pycnocline (Δd/ 
d = 0), and above the pycnocline (Δd/d = 3.5), respectively. Wave fields 
at a depth of the pycnocline center and wave profiles for the vertical 
cross-sections at z = 0 and z = 5d are displayed in Figs. 5 and 6, 
respectively. For the cases of Δd/d = − 3.5 and Δd/d = 3.5, it can be seen 
that the patterns of internal lee waves are similar (see Fig. 5(a) and (c)). 
The wake angles are 16.70◦ and 16.54◦, with a relative difference of less 
than 1%, as shown in Fig. 5. It is shown in Fig. 6 that the wavelength and 
wave amplitude are almost the same. The difference between these two 
cases is revealed by the opposite locations of the crest and trough. Figs. 5 
(a) and 6(a) also indicate that there are non-stationary turbulent waves 
with a higher intensity close to the centerline when the submerged body 
is located below the pycnocline, while in Fig. 5(c), the non-stationary 
components are less evident. That is because the buoyancy effect 
drives the wave propagation upwards to the pycnocline. When the 

submerged body is located at the center of the pycnocline (see Fig. 5(b)), 
the wake angle of the internal lee waves is reduced to 9.09◦. The wave 
pattern becomes more complicated due to the interaction between the 
internal lee waves and the non-stationary turbulent waves right after the 
submerged body. In this case, the cross-section profiles in the x − y plane 
(see Fig. 6(a)) show that the wave amplitude is the largest among the 
three, but the wavelength is relatively shorter (see Fig. 6(b)). 

As the buoyancy effect on the internal wave patterns is apparent 
when the submerged body is located below the pycnocline, the internal 
wave wakes generated by submerged body at different depths below the 
pycnocline are investigated. From Figs. 7 and 8, it can be observed that 
the internal wave patterns are the same. By increasing the depth, the 
value of wake angle increases, namely 16.70◦, 17.48◦, and 19.39◦, 
respectively. The variation of wavelength is relatively small for these 
cases. However, the wave amplitude decreases significantly due to the 
dissipation during the vertical upwards propagation. A sound conclusion 
that the diving depth of the submerged body mainly affects the ampli
tude of internal waves is then obtained. 

Fig. 2. Schematic of density: (a) density profile of the stratified flow with the pycnocline thickness ΔL = 1d (solid line); (b) the corresponding buoyancy frequency. 
The red dashed lines represent the pycnocline center. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of 
this article.) 

Table 1 
Parameters for various numerical experiments.  

Fr Δd/d ΔL/d Re 

0.4, 0.8, 1 − 3.5, 0, 3.5 1 4 × 105 

0.24, 0.33, 0.49, 0.57, 0.65, 0.73, 0.90 − 3.5 1 4 × 105 

0.4 − 3.5, − 4.5, − 5.5 1 4 × 105 

0.4 − 3.5 1, 2, 4 4 × 105 

0.4 − 3.5 0.5, 1.5, 2.5, 3, 3.5 4 × 105 

0.4 − 3.5 1 4 × 105, 4 × 104, 4 × 103  

Fig. 3. Example of measuring the wake angle of an 
internal lee waves in the pycnocline. Numerical pa
rameters are Fr = 0.4, Δd/d = − 3.5, and ΔL/d = 1. (a) 
Wave field at y = 18.5d, where the pycnocline center 
is located. The region that contains non-stationary 
wakes is marked. (b) Peaks of wave amplitude (tri
angle) and the borderline interpolated (circle and 
pink dashed line). The simplified geometry of the 
submerged body is also presented (red solid line). The 
slope of borderline is s = 0.30, and the wake angle is 
derived as arctan s ⋅ 180/π = 16.70◦. (For interpre
tation of the references to color in this figure legend, 
the reader is referred to the Web version of this 
article.)   
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3.2.2. Influence of the Reynolds number on internal lee waves 
Previous studies usually established inviscid theoretical models for 

internal waves (Keller and Munk, 1970; Darmon et al., 2014). To un
derstand the viscous effect on internal wave wakes, we keep the velocity 
and length scales but change the kinematic viscosity coefficient or, 

equivalently, the Reynolds number Re. The field plots and cross-sections 
of the internal waves obtained with the parameters Δd/d = − 3.5, ΔL/d 
= 1, Fr = 0.4, and different Reynolds numbers are displayed in Figs. 9 
and 10. The internal waves exhibit a similar structure. For internal lee 
waves, the increase of Re leads to a slight decrease in wake angle, 

Fig. 4. Cross-sections of the generated internal waves with Fr = 0.4, Δd/d = − 3.5, and ΔL/d = 1. (a) Schematic of two positions: z = 0 and z = 5d. (b) Wave profiles in 
the x − y plane. (c) Wave profiles in the plane z = 5d. Different line styles represent the wave profiles at different instantaneous T = 96d/U0 (red solid), 98d/U0 (blue 
dashed), and 100d/U0 (black dotted). (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 5. Wave fields at a depth of the pycnocline center (y/d = 18.5) with ΔL/d = 1 and Fr = 0.4 for the submerged body placed at three different levels: (a) below the 
pycnocline Δd/d = − 3.5; (b) at the center of the pycnocline Δd/d = 0; (c) above the pycnocline Δd/d = 3.5. 

Fig. 6. Comparisons of z-cross-sections of the internal 
waves generated by a submerged body at different 
positions: Δd/d = − 3.5 (solid red), Δd/d = 0 (dashed 
blue), and Δd/d = 3.5 (dotted black), and other pa
rameters are ΔL/d = 1 and Fr = 0.4. (a) The cross- 
sections in the x − y plane, with the unsteady re
gions highlighted. (b) The cross-sections in the ver
tical plane z = 5d. (For interpretation of the 
references to color in this figure legend, the reader is 
referred to the Web version of this article.)   
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namely 16.70◦, 16.49◦, and 16.12◦, respectively. And the relative vari
ations of wavelength and wave amplitude are only about 1%. It indicates 
that the viscosity seems to have little effect on internal lee waves within 
a certain range. 

3.2.3. Influence of the pycnocline thickness on internal lee waves 
The density of seawater varies with temperature and salinity. A 

stable density stratification exists in the form of the pycnocline. To 
appreciate the influence of changing the pycnocline thickness ΔL/d on 
internal wave wakes, we show in Fig. 11 the corresponding wave fields 

Fig. 7. Wave fields at a depth of the pycnocline center (y/d = 18.5) with ΔL/d = 1 and Fr = 0.4 for a submerged body placed at three different depths: (a) Δd/d =
− 3.5; (b) Δd/d = − 4.5; (c) Δd/d = − 5.5. 

Fig. 8. Comparisons of wave amplitude and wave
length for the internal waves generated by a sub
merged body placed at three different depths below 
the pycnocline: Δd/d = − 3.5 (solid red), Δd/d = − 4.5 
(dashed blue), and Δd/d = − 5.5 (dotted black), and 
other parameters are ΔL/d = 1 and Fr = 0.4. (a) The 
cross-sections in the x − y plane. (b) The cross- 
sections in the vertical plane z = 5d. (For interpre
tation of the references to color in this figure legend, 
the reader is referred to the Web version of this 
article.)   

Fig. 9. Wave fields at a depth of the pycnocline center (y/d = 18.5) with Δd/d = − 3.5, ΔL/d = 1, Fr = 0.4, and different Reynolds numbers: (a) Re = 4 × 105; (b) Re 
= 4 × 104; (c) Re = 4 × 103. 

Fig. 10. Comparisons of wave amplitude and wavelength for the internal waves obtained with Δd/d = − 3.5, ΔL/d = 1, Fr = 0.4, and different Reynolds numbers: Re 
= 4 × 105 (solid red), Re = 4 × 104 (dashed blue), and Re = 4 × 103 (dotted black). (a) The cross-sections in the x − y plane. (b) The cross-sections in the vertical 
plane z = 5d. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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with the same diving depth and moving velocity of the submerged body. 
By comparing the internal wave fields, it is clear that with the increase of 
the pycnocline thickness, there are reductions in wake angle and wave 
amplitude, but the wavelength increases. This fact can be quantified by 
the cross-sections in the vertical plane z = 5d in Fig. 12(b). 

For further quantitative analyses, more numerical cases were per

formed. The wake angle and wavelength are plotted as a function of ΔL/ 
d in Fig. 13. The wake angle decreases slowly for relatively small pyc
nocline thicknesses (ΔL/d < 1.5). Then it significantly reduces and fol
lows a scaling as (ΔL/d)− 1 (for ΔL/d > 2). We remark that the power laws 
are found in the logarithm view, so the power function has a linear 
presentation. In contrast, the wavelength is markedly on the rise and 

Fig. 11. Wave fields at a depth of the pycnocline center (y/d = 18.5) with Δd/d = − 3.5, Fr = 0.4, and different pycnocline thicknesses: (a) ΔL/d = 1; (b) ΔL/d = 2; (c) 
ΔL/d = 4. 

Fig. 12. Comparison of wave amplitude and wavelength for the internal waves obtained with Δd/d = − 3.5, Fr = 0.4, and different pycnocline thicknesses: ΔL/d = 1 
(solid red), ΔL/d = 2 (dashed blue), and ΔL/d = 4 (dotted black). (a) The cross-sections in the x − y plane. (b) The cross-sections in the vertical plane z = 5d. (For 
interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 13. Wake angle and wavelength of internal lee waves as a function of ΔL/d. The logarithmic view is used for the presentation of scalings. (a) Wake angle. 
(b) Wavelength. 

Fig. 14. Wave fields at a depth of the pycnocline center (y/d = 18.5) with Δd/d = − 3.5, ΔL/d = 1, and different Froude numbers: (a) Fr = 0.4; (b)Fr = 0.8; (c)Fr = 1. 
The wake angles are 16.70◦, 8.53◦, and 6.28◦ from (a) to (c), respectively. 
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seems to follow a scaling as (ΔL/d)1/2 for ΔL/d > 2. 

3.2.4. Influence of the Froude number on internal lee waves 
In this part, the influence of the Froude number on internal waves is 

investigated by varying the moving velocity. The domain size Lx × Ly ×

Lz = 100d × 30d × 50d is applied to capture the information in the far 
field for high Froude numbers (Fr > 0.6). As seen from the wave fields 
shown in Fig. 14, by increasing the Froude number, the internal lee 
waves extend far downstream, and the wake angle significantly de
creases. The cross-sections of waves in Fig. 15 indicate that the wave
length increases significantly and the wave amplitude decreases, along 
with the increase of Fr. For small-scale turbulent wakes, the internal lee 
waves play an essential role in interacting with them and changing their 
behaviors (see the case of Fr = 0.4). At higher moving velocities, the 
effect of internal lee waves becomes weaker, and the occurrence of non- 
stationary turbulent wake moves downstream. 

More numerical experiments have been conducted to determine the 
wake angle and wavelength as functions of Fr. The wake angles of in
ternal lee waves are measured and plotted in Fig. 16(a). It shows that the 
scaling of the decrease of wake angle is Fr− 1. In Fig. 16(b), the wave
length presents a linear variation with Fr. The tendency is in agreement 
with the measurements by Meunier et al. (2018). 

3.3. The summary of variation trend for the internal lee waves 

The above analyses offer a preliminary understanding of the effects 
of hydrodynamic parameters on internal lee waves. To present the re
sults more intuitively, we draw a trend diagram in Fig. 17 to illustrate 
the dependence of the observed internal lee waves’ features on hydro
dynamic parameters. The trend diagram shows only the results of 
representative numerical experiments, not all the cases. For example, 
three magenta-triangle marks represent three typical cases with 
different pycnocline thicknesses. In particular, three cases with various 
Froude numbers for three relative positions between the submerged 
body and pycnocline (above, in the center, and below), in a total of nine 
circle marks (red, blue, and black), are shown in the diagram. The 
variation tendency is described by the dotted lines with arrows. As 
shown in Fig. 17, it can be readily seen that the influence degree order is 
Fr > ΔL > Δd > Re. The order of influence can be analyzed by comparing 
rangeability. As the Reynolds number increases, wake angle and wave 
amplitude do not have noticeable change (green-star marks). By 
increasing the distance between the pycnocline and the submerged body 
below, wave amplitude decreases while wake angle slightly increases 
(cyan-square marks). Therefore, the effect of the Reynolds number and 
diving depth is minor. The moving velocity (Fr) and the density strati
fication (ΔL/d) are two key parameters for internal lee waves. The in
crease of Fr leads to the reduction of both wake angle and wavelength 

(circle marks). The density stratification (ΔL/d) has the same influence 
trend as Fr (magenta-triangle marks). From Fig. 17, the order of influ
ence, Fr > ΔL/d, can be obtained by comparing the variation of wake 
angle and wave amplitude when two parameters increase with the same 
multiplier factor (say, 2). Moreover, considering the power laws in 
Figs. 13(b) and 16(b), the order of scaling in the function of Fr is higher 
than the one of ΔL/d, which also confirms the conclusion on the order of 
influence. In addition, when the submerged body is located at different 
depths, the variation trend of wake angle and wavelength with Fr is the 
same. However, the wake angle and wavelength values for a submerged 
body placed at the pycnocline center differ from those located below or 
above. 

3.4. The characteristics of turbulent wakes in a stratified flow 

To gain insight into stratification effects on the vortex structures in 
the wake, the instantaneous iso-surfaces of Q-criterion (Q = 0.005), 
colored by the spanwise vorticity ωz at the cases with and without 
density stratification, are displayed in Fig. 18. In both cases, organized 
vortices appear and move upwards in the wake near the submerged 
body. We can observe the generation and shedding of hairpin vortices 
from the tail of the submerged body, which is coherent with results in Qu 
et al. (2021) with higher resolution in wake vortex region. However, 
vertical motions of vortices in the stratified flow are suppressed, and 
vortices break up into small-scale ones downstream due to the existence 
of the pycnocline. 

Fig. 19 exhibits the distributions of turbulent kinetic energy in the x 
− y plane to investigate further the influence of density stratification on 
the turbulent wake. Turbulent kinetic energy is calculated by over 60 
instantaneous velocity fields. The fields of turbulent kinetic energy can 
be separated into two regions, one is the near wake, and the other is the 
far wake. In the near wake, the distributions are almost similar in both 
cases. The concentration of turbulent kinetic energy in the near wake 
develops vertically, and the rangeability in the homogeneous case is 
slightly wider than in the stratified flow, similar to the observation in 
Huang et al. (2022) for x/d ⩽ 10. In the far wake, the distribution 
changes, and the intensity of turbulent kinetic energy in stratified flow 
becomes weaker than in the homogeneous flow. It further indicates that 
density stratification plays a role in weakening turbulent kinetic energy. 

To understand the vertical propagation process of turbulent kinetic 
energy, we plot in Fig. 20 the distributions at different depths (y/d = 18, 
18.5, 19, 20). In the stratified flow, the turbulent wakes are similar to the 
Kelvin-wake pattern but oscillate with a shorter wavelength. These ob
servations demonstrate that the turbulent wakes are modulated by in
ternal lee waves, as mentioned in Pal et al. (2017). On the contrary, in 
the homogeneous flow, the turbulent wakes maintain approximately 
circular structures, and the distance between two successive structures is 
more significant than in the stratified case. With the increment of the 

Fig. 15. Comparisons of wave amplitude and wavelength for the internal waves obtained with Δd/d = − 3.5, ΔL/d = 1, and different Froude number: Fr = 0.4 (solid 
red), Fr = 0.8 (dashed blue), and Fr = 1 (dotted black). (a) The cross-sections in the x − y plane. (b) The cross-sections in the vertical plane z = 5d. (For interpretation 
of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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vertical position (y/d), turbulent kinetic energy decreases and gradually 
concentrates on the far wake in both cases and the vertical positions that 
the turbulent kinetic energy can reach in both cases are similar (y/d ⩽ 
21). Nevertheless, a more concentrated distribution of turbulent kinetic 
energy with higher intensity is shown in the homogeneous case. The 

difference in turbulence intensity shows that the presence of pycnocline 
hampers the vertical propagation or the penetration of the pycnocline. 
This observation can be analogous to the propagation of internal waves 
in stratified flow with the presence of a pycnocline. Namely, with a 
sudden increase in buoyancy frequency, the angle between the vertical 
direction and the propagation direction increases dramatically, which 
means the vertical propagation is weakened. 

4. Conclusions 

A series of numerical simulations have been conducted to explore the 
effects of hydrodynamic parameters on internal wave wakes. The pri
mary findings are listed as follows.  

1. A measure method of wake angles of internal lee waves, based on 
distinguishing the border between stationary lee waves and non- 
stationary turbulent waves, is proposed.  

2. The influences of hydrodynamic parameters on internal lee waves 
are summarized in a trend diagram. Four parameters for the internal 
lee waves, the influence degree in order is the Froude number, the 
pycnocline thickness, the submerge body position, and the Reynold 
number. Both the Froude number (the moving velocity) and the 
pycnocline thickness play an important role in the characteristics of 
the internal lee waves. The wake angle decreases as Fr− 1 and 
wavelength presents a linear variation with Fr. 

3. The effects of density stratification on turbulent wakes are investi
gated. It reveals that the density stratification changes the wake 
structures due to the existence of the internal lee waves and has a 
weakening effect on turbulent kinetic energy. 

Fig. 16. Scaling characteristics of the Kelvin-wave pattern as a function of the Froude number, where the logarithmic view is used. (a) Wake angle. (b) Wavelength.  

Fig. 17. Scattergram (wave amplitude versus wake angle) of the results with 
different sets of parameters. 

Fig. 18. Isosurfaces of Q level, colored by the spanwise component of vorticity ωz. (a) Results for a stratified flow. (b) Zoom in view with a density stratification (x −
y view). (c) Results for a homogeneous flow. (d) Zoom in view (x − y view). 
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