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A B S T R A C T

The paper used the analytical and numerical methods to analyze large deflection of multilayer sandwich beams
with foam-filled trapezoidal corrugated and foam cores. Considering both the strength of metal foam and
corrugated core, we obtained a yield criterion for the multilayer sandwich structure foam-filled trapezoidal
corrugated and foam cores. Based on proposed yield criterion, we further presented an analytical solution
for large deflection of such multilayer sandwich beam under transverse loading. Well agreement is achieved
between analytical and numerical results. What is more, we discussed the effects of foam strength, punch size,
face-sheet thickness and middle foam thickness on the plastic behaviors.
1. Introduction

Sandwich structures are widely used in transportation, aerospace
and other fields because of the high specific stiffness and strength
and lightweight compared with traditional structures. Several core
materials have been developed, such as metal foam, honeycomb, cor-
rugated core and pyramid truss [1–10]. The core material design of
the sandwich structure is an important aspect of the sandwich struc-
ture, which mainly affects the mechanical properties of the sandwich
structure under different loads. The reasonable core material design
can significantly reduce the weight of sandwich structure. Metal foam
sandwich structures are widely used as energy-absorbing components
due to the long platform stress, while the bearing capacity is low before
the densification due to relatively low peak loads [11]. Also, corrugated
sandwich structures have been widely used due to the high peak loads,
while the energy absorption performance has certain limitations, as
the load usually decreases rapidly after reaching the peak [12]. The
energy absorption capacity of the design multilayer sandwich struc-
tures is significantly greater than that of the single-layer sandwich
structure [13]. In order to combine the advantages of the foam and
corrugated sandwich structures, the multilayer sandwich structure with
foam-filled trapezoidal corrugated and foam cores is designed. It is
necessary to study the load-carrying capacity of the clamped multilayer
sandwich structure with foam-filled trapezoidal corrugated and foam
cores.

In the past decades, the quasi-static mechanical behavior of sand-
wich structures has been widely studied. Gibson et al. [14] studied and
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summarized the stiffness, strength and failure mechanism diagram of
sandwich beams under quasi-static loading, which laid a foundation
for the follow-up research of sandwich beams. Tagarielli et al. [15]
experimentally studied the failure modes of clamped and simply sup-
ported composite sandwich beams with glass vinyl resin face-sheets and
PVC foam core under three-point bending, and gave the initial critical
load formula of failure modes. Yu et al. [16] conducted quasi-static
bending tests on aluminum foam sandwich beams, observed failure
modes, and conducted the failure mechanism maps. Cruip et al. [17]
experimentally studied the static bending behavior of two aluminum
honeycomb sandwich structures with different honeycomb sizes, and
the experimental results show that the energy absorption of sandwich
beam is greatly affected by honeycomb size. Jing et al. [18] studied the
structural response of open cell aluminum foam sandwich beams under
quasi-static loading. Zhang et al. [19] carried out quasi-static compres-
sion test on carbon fiber reinforced polymer sandwich structures with
pyramidal truss cores, and the test results show that the low-density
aluminum alloy pyramidal truss core has superior energy absorption
capacity. Jiang et al. [20] established analytical solutions of the critical
loads for failure modes of foam core sandwich beams under three-
point bending. More investigations focus on the bending behaviors
of sandwich structures under three-point bending, such as Tagarielli
et al. [15], Yu et al. [16], Cruip et al. [17], Jiang et al. [20]. Tagarielli
et al. [15] focus on the bending behaviors of clamped sandwich beams,
and the boundary condition and loading are same as those of the
present work.
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Mechanical properties of foam-filled core sandwich structures have
been studied. Nia et al. [21] studied the effect of filled foam on
plastic behavior and mechanical properties of the honeycomb panels,
the tests show that the average compressive strength of foam-filled
panels is greater than the sum of average compressive strengths of
honeycomb and foam. Mahmoudabadi et al. [22] established a theo-
retical model of the average compressive strength of foam-filled metal
honeycomb under quasi-static loading, and experimental results show
that the average crushing stress of foam-filled honeycomb is nearly 30%
higher than that sum of honeycomb and foam. Burlayenko et al. [23]
investigated the foam-filling influence on the elastic behavior of the
honeycomb structure through theoretical analysis and finite element
simulation, and found that the foam increases the stiffness of the
sandwich panels, enhances the resistance to the damage caused by
debonding. Zhang et al. [24] investigated the deformation and fail-
ure mechanisms of pyramidal lattice core sandwich panels filled with
polyurethane foam under quasi-static compressive load, and found that
the load-carrying capacity of foam-filled pyramidal lattice core sand-
wich plates can exceed the sum of the unfilled specimens and the filled
polyurethane block. Zhang et al. [25] obtained the analytical solution
of the clamped foam-filled sinusoidal corrugated sandwich beams under
impulsive loading based on the plastic string. Qin et al. [26] analyti-
cally and numerically studied the quasi-static and dynamic response
of fully clamped corrugated sandwich beam with metal foam-filled
folded plate core under low-velocity impact. Fu et al. [27] experimen-
tally studied flexural and shear characteristics of bio-based sandwich
panels made of fiber-reinforced polymer skins and foam-filled paper
honeycomb core under four-point bending, the results show that the
specimens with foam-filled paper honeycomb cores showed a higher
load capacity than those with hollow honeycomb cores.

Designed multilayer sandwich structure may be more effective
than single-layer sandwich structure in energy absorption, and multi-
layer sandwich structure has different properties, which provides more
choices for structural design. Sha et al. [28] studied the deformation
and damage mechanism of sandwich beams and multilayer beams
with aluminum foam core and metal face-sheets under four-point
bending, and observed local denting and core shear failure modes.
Apetre et al. [29] studied low-velocity impact of sandwich beams
with functionally graded core, and numerical results show reasonable
graded core design can effectively reduce shear force and strain in
structure. Xiong et al. [30] studied the failure mechanism and energy
absorption of double-layer carbon fiber composite sandwich plates
with pyramidal-core through quasi-static uniform compression test and
low-velocity impact test. Kilicaslan et al. [31] studied the quasi-static
and dynamic axial compressive tests of multilayer corrugated core
sandwich structures by experimental and numerical methods, it was
found the multilayer core material reduces the buckling stress and
increases the compact strain. Hou et al. [32] conducted quasi-static
compressive test and numerical simulation on the multilayer metal
corrugated sandwich plate with trapezoidal aluminum core, results
show that the number of layers have an important effect on the failure
mechanism and energy absorption. Cao et al. [33] experimentally
investigated multilayer corrugated core sandwiches under out-of-plane
compressive impact loading, and found the bending of interlayer for
parallel multilayer sandwiches leads to a better extra layer interaction
and reduces the force oscillation during the successive folding. Zhang
et al. [34] analytically and numerically investigated the large deflection
of fully clamped multilayer sandwich beams with metal foam cores,
and the analytical and numerical results are verified by each other.
Zhou et al. [35] analytically and numerically investigated the large
deflection of a slender functionally graded beam under transverse
loading. Ferdous et al. [36] experimentally and numerically studied
flexural behavior of layered sandwich beams consists of glass fiber
reinforced polymer skins and phenolic cores, and results show that
the bending strength of vertical layered sandwich beam were im-

proved compared with that of single sandwich beam. Li et al. [37]
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experimentally and numerically studied dynamic crushing and energy
absorption of foam-filled multilayer folded structures, observed the
core collapse, and significantly improved the average compressive
capacity. Shu et al. [38] analyzed the crashworthiness of multilayer
corrugated sandwich panels with different core types, arrangement
modes, geometrical parameters, and determined the optimal config-
uration by orthogonal experimental design and range analysis. Zhou
et al. [39] studied the dynamic response of clamped graded metal
foam core sandwich plates under blast loading, and found that the
homogeneous core material is better than the gradient core material
with the equal mass. MacDonnell et al. [40] studied the flexural and
shear properties of sandwich beams fabricated with layered cores and
glass fiber-reinforced polymer composite facings through experiments
and theoretical analysis, and developed an analytical model to predict
the failure loading. To sum up, the investigations on the yield criterion
and large deflection of multilayer sandwich beam with foam-filled
trapezoidal corrugated and foam cores were not reported publicly.

The objective of this work is to investigate the yield criterion
and large deflection of multilayer sandwich beams with foam-filled
trapezoidal corrugated and foam cores. In Section 2, the problem for-
mulation is presented. In Section 3, the yield criterion of the multilayer
sandwich structure with foam-filled trapezoidal corrugated and foam
cores is derived, considering strengths of metal foam and corrugated
core. In Section 4, analytical solutions are derived for the multilayer
sandwich beam with foam-filled trapezoidal corrugated and foam cores
transversely loaded by a flat punch. In Section 5, comparisons between
analytical and numerical results are performed. The effects of foam
strength, punch size, face-sheet thickness on the plastic behavior of
the multilayer sandwich beams with foam-filled trapezoidal corrugated
and foam cores are discussed in details. Finally, concluding remarks are
presented.

2. Problem formulation

Consider a fully clamped multilayer sandwich beam with foam-
filled trapezoidal corrugated and foam cores under transverse loading
by a flat punch of length 2a, as depicted in Fig. 1. The span of the
multilayer sandwich beam is 2L, the thickness of the identical face-
sheet and interlayer plate is h, the height of top and bottom foam-filled
trapezoidal corrugated cores is c, the height of metal foam core is 𝑐𝑚.
All parts are assumed to be perfect bonding. Sketches of multilayer
sandwich beam with foam-filled trapezoidal corrugated and foam cores,
the half unit cell of multilayer sandwich beam are shown in Fig. 2(a)
and (b).

The width of the half unit cell is denoted as b, the thickness and
the angle of inclination of the trapezoidal corrugated core plate are 𝑏𝑐
and 𝜃. The densities of face-sheets, corrugated core and metal foam
core are 𝜌𝑓 , 𝜌𝑓𝑐 and 𝜌𝑐 , respectively. It is assumed that face-sheets
and corrugated cores obey rigid-perfectly plastic material with yield
strengths 𝜎𝑓 and 𝜎𝑓𝑐 , and metal foam core follows rigid-perfectly
plastic-locking material with yield strength 𝜎𝑐 and densification strain
𝜀𝐷.

3. Yield criterion

Consider a multilayer sandwich cross-section with foam-filled trape-
zoidal corrugated and foam cores. It is assumed that the sandwich
cross-section has a fully plastic stress distribution resulting from a
combination of bending moment M and axial force N. Fig. 3 shows the
distributions of the strain and stress on cross-section of the multilayer
sandwich beam with foam-filled trapezoidal corrugated and foam cores.
The distance between the plastic neutral surface and the outer surface
of the bottom face-sheet is denoted by 𝐻 = 𝜉

(

4ℎ + 2𝑐 + 𝑐𝑚
)

, where
𝜉 ∈ [0, 1]. According to the difference position of the plastic neutral
urface, the relationship between the axial force and bending moment
an be divided into six cases. In Fig. 3(a), when 0 ≤ 𝜉 ≤ ℎ , the
4ℎ+2𝑐+𝑐𝑚
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Fig. 1. (a) Sketch of a fully clamped multilayer sandwich beam with foam-filled trapezoidal corrugated and foam cores under transverse loading by a flat punch, and (b) the
cross-section for multilayer sandwich beam with foam-filled trapezoidal corrugated and foam cores.
w

𝐴

axial force N and the bending moment M of the multilayer sandwich
ross-section with foam-filled trapezoidal corrugated and foam cores
an be given by

= ∫𝐴
𝜎𝑑𝐴

= 2𝜎𝑓 𝑏
[

2ℎ − 𝜉(4ℎ + 2𝑐 + 𝑐𝑚)
]

+ 𝜎𝑐𝑏(2𝑐 + 𝑐𝑚) + 2(𝜎𝑓𝑐 − 𝜎𝑐 )(𝑏1 + 2𝑏2)𝑏𝑐

(1)

and

𝑀 = ∫𝐴
𝜎𝑧𝑑𝐴 = 𝜎𝑓 𝑏

(

4ℎ + 2𝑐 + 𝑐𝑚
)2 (𝜉 − 𝜉2

)

(2)

respectively. See Appendix for details of other cases.

The fully plastic axial force 𝑁𝑃 and bending moment 𝑀𝑃 corre-
spond to 𝜉 = 0 and 𝜉 = 1∕2,

𝑁𝑃 = 4𝜎𝑓 𝑏ℎ + 𝜎𝑐𝑏(2𝑐 + 𝑐𝑚) + 2(𝜎𝑓𝑐 − 𝜎𝑐 )(𝑏1 + 2𝑏2)𝑏𝑐 (3)

and

𝑀𝑃 = 𝜎𝑓 𝑏ℎ
(

4ℎ + 2𝑐 + 2𝑐𝑚
)

+
[

𝜎𝑐𝑏𝑐 +
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
(

𝑏1 + 2𝑏2
)] (

2ℎ + 𝑐 + 𝑐𝑚
)

+ 1
4
𝜎𝑐𝑏𝑐

2
𝑚

(4)

Eliminating the parameter 𝜉 of Eqs. (A.11) and (A.12), the yield cri-
erion of the multilayer sandwich cross-section with foam-filled trape-
oidal corrugated and foam cores can be written as
3

|𝑚| =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

1 −
(𝐴𝑛)2

4𝜎𝑐𝐵
, 0 ≤ |𝑛| ≤

𝜎𝑐𝑐𝑚
𝐴

4𝐶1 −
(

𝑐𝑚 − 𝜎𝑐𝑐𝑚 + 𝐴 |𝑛|
)2

4𝐵
,

𝜎𝑐𝑐𝑚
𝐴

≤ |𝑛| ≤
2ℎ + 𝜎𝑐𝑐𝑚

𝐴
8𝐶3𝐶4 −

(

4ℎ + 1
)

(

𝐶3 − 2𝐶2 + 2𝐴 |𝑛|
)2

8𝐵𝐶3
,

2ℎ + 𝜎𝑐𝑐𝑚
𝐴

≤ |𝑛| ≤
𝐷1

𝐴

8𝐶6𝐶7 −
(

4ℎ + 1
)

(

𝐶6 − 2𝐶5 + 2𝐴 |𝑛|
)2

8𝐵𝐶6
,

𝐷1

𝐴
≤ |𝑛| ≤

𝐷2

𝐴

8𝐶9𝐶10 −
(

4ℎ + 1
)

(

𝐶9 − 2𝐶8 + 2𝐴 |𝑛|
)2

8𝐵𝐶9
,

𝐷2

𝐴
≤ |𝑛| ≤ 𝐴 − 2ℎ

𝐴

2𝐴(1 − |𝑛|)(4ℎ + 1) − 𝐴2 (1 − |𝑛|)2

4𝐵
, 𝐴 − 2ℎ

𝐴
≤ |𝑛| ≤ 1

(5)

here

= 4ℎ + 𝜎𝑐 + 2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
(

𝑏1 + 2𝑏2
)

,

𝐵 = ℎ
(

4ℎ + 1 + 𝑐𝑚
)

+
[

𝜎𝑐𝑐 +
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
(

𝑏1 + 2𝑏2
)](

2ℎ + 𝑐 + 𝑐𝑚
)

+ 1
4
𝜎𝑐𝑐

2
𝑚,

𝐶1 = ℎ
(

3ℎ + 1
)

+ 1
4

(

2ℎ + 𝑐𝑚
)2

+
[

𝜎𝑐𝑐 +
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
(

𝑏1 + 2𝑏2
)](

2ℎ + 𝑐 + 𝑐𝑚
)

,

𝐶 = 2ℎ + 𝜎
(

1 + 2ℎ
)

+ 2
(

𝜎 − 𝜎
)

𝑏
(

ℎ + 𝑐
)

,
2 𝑐 𝑓𝑐 𝑐 21
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Fig. 2. (a) Sketches of the multilayer sandwich beam with foam-filled trapezoidal corrugated and foam cores and (b) half unit cell for the multilayer sandwich beam with foam-filled
trapezoidal corrugated and foam cores.
𝐶3 = 2𝜎𝑐
(

4ℎ + 1
)

+ 2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏21
(

4ℎ + 1
)

,

4 = ℎ
(

3ℎ + 1
)

+ 1
4
𝜎𝑐

(

2ℎ + 1
)2

+
(

𝜎𝑓𝑐 − 𝜎𝑐
)

[

𝑏𝑐𝑏2
(

2ℎ + 1 − 𝑏𝑐1
)

+𝑏𝑐𝑏1
(

2ℎ + 𝑐 + 𝑐𝑚
)

+ 1
4
𝑏21

(

2ℎ + 2𝑏𝑐1 + 𝑐𝑚
)2

]

,

5 = 2ℎ + 𝜎𝑐
(

1 + 2ℎ
)

+ 2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
[

𝑏1 + 𝑏2 +
(

ℎ + 𝑏𝑐1
)

∕ sin 𝜃
]

,

6 = 2𝜎𝑐
(

4ℎ + 1
)

+ 2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

(

4ℎ + 1
)

𝑏𝑐∕ sin 𝜃,

7 = ℎ
(

3ℎ + 1
)

+ 1
4
𝜎𝑐

(

2ℎ + 1
)2

+
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐𝑏2
(

2ℎ + 1 − 𝑏𝑐1
)

+ 1
4
(

𝜎𝑓𝑐 − 𝜎𝑐
) 𝑏𝑐
sin 𝜃

(

2ℎ + 1 − 2𝑏𝑐1
)2
,

𝐶8 = 2ℎ + 𝜎𝑐
(

1 + 2ℎ
)

+ 2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

[

𝑏𝑐
(

𝑏1 + 2𝑏2
)

+ 𝑏21ℎ
]

,

𝐶9 = 𝐶3 = 2𝜎𝑐
(

4ℎ + 1
)

+ 2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏21
(

4ℎ + 1
)

,

10 = ℎ
(

3ℎ + 1
)

+ 1
4

[

𝜎𝑐 +
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏21
] (

2ℎ + 1
)2
,

= 2ℎ + 𝜎
(

𝑐 + 2𝑏
)

+ 2𝑏 𝑏
(

𝜎 − 𝜎
)

,
1 𝑐 𝑚 𝑐1 𝑐 2 𝑓𝑐 𝑐

4

𝐷2 = 2ℎ + 𝜎𝑐
(

1 − 2𝑏𝑐1
)

+ 2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
(

𝑏1 + 𝑏2
)

.

Particularly, when 𝜎𝑓 = 𝜎𝑓𝑐 = 𝜎𝑐 , which corresponds to a monolithic
solid structure, Eq. (5) is reduced to the yield criterion of the monolithic
rectangular solid cross-section [41],

|𝑚| + 𝑛2 = 1 (6)

Fig. 4 shows the yield loci of multilayer sandwich cross-sections
with foam-filled trapezoidal corrugated and foam cores with various
foam strengths.

On this basis, the unified yield criterion and associated plastic flow
rule would be employed to derive the analytical solutions for large
deflections of the fully clamped multilayer sandwich beam with foam-
filled trapezoidal corrugated and foam cores, in which the interaction
of bending and stretching is considered.

4. Analytical solutions for large deflection of the multilayer sand-
wich beam

Here, the large deflection of a fully clamped multilayer sandwich
beam with foam-filled trapezoidal corrugated and foam cores under
transverse loading by a flat punch is derived. It is assumed that slender
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Fig. 3. Distributions of the strain and stress on cross-section for the multilayer sandwich beam with foam-filled trapezoidal corrugated and foam cores. (a) 0 ≤ 𝜉 ≤ ℎ
4ℎ+2𝑐+𝑐𝑚

, (b)
ℎ

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ ℎ+𝑏𝑐

4ℎ+2𝑐+𝑐𝑚
, (c) ℎ+𝑏𝑐

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ ℎ+𝑐−𝑏𝑐

4ℎ+2𝑐+𝑐𝑚
, (d) ℎ+𝑐−𝑏𝑐

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ ℎ+𝑐

4ℎ+2𝑐+𝑐𝑚
, (e) ℎ+𝑐

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ 2ℎ+𝑐

4ℎ+2𝑐+𝑐𝑚
, (f) 2ℎ+𝑐

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ 1

2
.

w
f
r

𝑒

ultilayer sandwich beam deforms in a global manner without local
enting below central punch. Thus, sandwich cross-sections retain orig-
nal shape under transverse loading, and global deformation pattern
or the plastic neutral axis of the multilayer sandwich beam remains
traight, as shown in Fig. 5.

It is assumed that the maximum deflection of the multilayer sand-
ich beam under load P by the flat punch is 𝑊0, and total extension
f the left part of the multilayer sandwich beam with length (L − a)
5

is e,

𝑒 = 𝑒1 + 𝑒2 (7)

here 𝑒1 and 𝑒2 are axial extensions concentrated at ends and left part
or the length (L − a). In Fig. 5(a), the total extension e and angular
otation can be calculated as

≈
𝑊 2

0 (8)

2(𝐿 − 𝑎)
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Fig. 3. (continued).
F

t

and

𝜓 ≈
𝑊0
𝐿 − 𝑎

(9)

Based on the deformation pattern in Fig. 5(b), 𝑀 = 𝑀𝑚 with 𝑀𝑚
eing the bending moment adjacent to the central punch. Thus, the
oment equilibrium equation is

𝑀 − 𝑃 (𝐿 − 𝑎) + 2𝐹𝑊 = 0 (10)
0

6

or the moderate deflection, 𝐹 ≈ 𝑁 . When 𝑁 = 0, 𝑀 = 𝑀𝑝 and
𝑊0 = 0, the global deflection of multilayer sandwich beam occur. Then,
he static collapse load can be determined from Eq. (10),

𝑃 𝑐 =
4𝑀𝑝

𝐿 − 𝑎
(11)

According to the associated plastic flow rule of Eq. (5), the normal-
ity relation at ends and the points adjacent to the central punch of the
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Fig. 4. The yield loci for multilayer sandwich structures with foam-filled trapezoidal
corrugated and foam cores with various core strengths.

multilayer sandwich beam is

�̇�1
�̇�1

=
�̇�2
�̇�2

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(2𝑐 + 𝑐𝑚)𝐴 |𝑛|
2𝜎𝑐

, 0 ≤ |𝑛| ≤
𝜎𝑐𝑐𝑚
𝐴

(2𝑐 + 𝑐𝑚)(𝑐𝑚 − 𝜎𝑐𝑐𝑚 + 𝐴 |𝑛|)
2

,
𝜎𝑐𝑐𝑚
𝐴

≤ |𝑛| ≤
2ℎ + 𝜎𝑐𝑐𝑚

𝐴
(2𝑐 + 𝑐𝑚)(𝐶3 − 2𝐶2 + 2𝐴 |𝑛|)

4
[

𝜎𝑐 + 𝑏21
(

𝜎𝑓𝑐 − 𝜎𝑐
)

] ,
2ℎ + 𝜎𝑐𝑐𝑚

𝐴
≤ |𝑛| ≤

𝐷1
𝐴

(2𝑐 + 𝑐𝑚)(𝐶6 − 2𝐶5 + 2𝐴 |𝑛|)

4
[

𝜎𝑐 + 𝑏𝑐
(

𝜎𝑓𝑐 − 𝜎𝑐
)

∕ sin 𝜃
] ,

𝐷1
𝐴

≤ |𝑛| ≤
𝐷2
𝐴

(2𝑐 + 𝑐𝑚)(𝐶9 − 2𝐶8 + 2𝐴 |𝑛|)

4
[

𝜎𝑐 + 𝑏21
(

𝜎𝑓𝑐 − 𝜎𝑐
)

] ,
𝐷2
𝐴

≤ |𝑛| ≤ 𝐴 − 2ℎ
𝐴

(2𝑐 + 𝑐𝑚)(4ℎ + 1 − 𝐴 + 𝐴 |𝑛|)
2

, 𝐴 − 2ℎ
𝐴

≤ |𝑛| ≤ 1

(12)

From Eqs. (7), (8), (9) and (12), the relation between non-dimensional
deflection 𝑊 ∗

0 and non-dimensional axial force n of the multilayer
andwich beam is

∗
0 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐴 |𝑛|

𝜎𝑐 (4ℎ + 1)
, 0 ≤ |𝑛| ≤

𝜎𝑐𝑐𝑚
𝐴

𝑐𝑚 − 𝜎𝑐𝑐𝑚 + 𝐴 |𝑛|

4ℎ + 1
,

𝜎𝑐𝑐𝑚
𝐴

≤ |𝑛| ≤
2ℎ + 𝜎𝑐𝑐𝑚

𝐴

𝐶3 − 2𝐶2 + 2𝐴 |𝑛|
𝐶3

,
2ℎ + 𝜎𝑐𝑐𝑚

𝐴
≤ |𝑛| ≤

𝐷1
𝐴

𝐶6 − 2𝐶5 + 2𝐴 |𝑛|
𝐶6

,
𝐷1
𝐴

≤ |𝑛| ≤
𝐷2
𝐴

𝐶9 − 2𝐶8 + 2𝐴 |𝑛|
𝐶9

,
𝐷2
𝐴

≤ |𝑛| ≤ 𝐴 − 2ℎ
𝐴

4ℎ + 1 − 𝐴 + 𝐴 |𝑛|

4ℎ + 1
, 𝐴 − 2ℎ

𝐴
≤ |𝑛| ≤ 1

(13)

here 𝑊 ∗
0 = 𝑊0∕(4ℎ+2𝑐+ 𝑐𝑚). Moreover, from Eqs. (5), (10) and (13),

he relation between non-dimensional load 𝑃 ∗ and𝑊 ∗
0 of the multilayer

andwich beam is (Eq. (14) is given in Box I) where

∗ = 𝑃∕𝑃𝑐 ,

= 4𝑀 ∕𝐿,
𝑐 𝑝

7

Table 1
The material properties of the face-sheets.

Nomenclature Value

Yield strength 𝜎𝑐 340 MPa
Elastic modulus 𝐸𝑓 200 GPa
Elastic Poisson’s ratio v 0.3
Linear hardening modulus 𝐸𝑡𝑓 200 MPa

𝑎 = 𝑎∕𝐿.

The absorbed plastic deformation energy U of the multilayer sand-
wich beam can be calculated as

𝑈 = ∫

𝑊0

0
𝑃
(

𝑊0
)

𝑑𝑊0 (15)

Define the non-dimensional plastic energy as

𝑈∗ =
∫ 𝑊0
0 𝑃

(

𝑊0
)

𝑑𝑊0

𝑃𝑐 (4ℎ + 2𝑐 + 𝑐𝑚)
(16)

By substituting Eq. (15) into Eq. (16), the non-dimensional plastic
energy of the multilayer sandwich beam can be obtained.

The limitations of the analytical model are listed as follows.
(1) The elasticity of the face-sheets and the metal foam and strain

hardening of the face-sheets are neglected in the analytical model. The
face-sheet material is assumed to be rigid-perfectly plastic material, and
the metal foam is modeled as a rigid-perfectly-plastic-locking material.

(2) The face-sheets, interlayer plates, metal foam, and corrugated
plates are assumed to be perfectly bonded and the fracture of the
materials are not considered in the analytical model.

(3) The effect of local denting on the multilayer sandwich beams
with foam-filled trapezoidal corrugated and foam cores is neglected in
the analytical model.

5. Finite element analysis

Using commercial ABAQUS/Standard software, finite element (FE)
simulations are conducted to investigate the large defection of fully
clamped multilayer sandwich beams with foam-filled trapezoidal cor-
rugated and foam cores under transverse loading by a flat punch at
midspan. The punch is modeled as a rigid body with predefined dis-
placement. Face-sheets, interlayer plates, metal foam, and corrugated
plates are modeled by using C3D8R. A mesh sensitivity check reveal
additional mesh does not change results appreciably. Symmetric bound-
ary conditions are applied to the midspan section of the multilayer
sandwich beam, and all displacements of nodes at ends of multilayer
sandwich beam are zero. It is assumed that there is no friction between
multilayer sandwich beam and indenter.

The width of half unit cell for the multilayer sandwich beam is b =
9 mm. The thicknesses of face-sheet is h = 1 mm, the height of foam-
filled trapezoidal corrugated core is c = 4 mm, the height of the metal
foam core is 𝑐𝑚 = 4 mm, the thickness of the trapezoidal corrugated core
plate is 𝑏𝑐 = 0.5 mm. The inclination angle of the trapezoidal corrugated
plate is 𝜃 = 45◦ and the punch width is 2a = 30 mm. Two half spans of
multilayer sandwich beams are considered. Case A: L = 300 mm, and
Case B: 450 mm.

Face-sheets, interlayer plates and corrugated plate obey 𝐽2 flow
theory of plasticity. The face-sheets, interlayer plates and corrugated
plate are made of steel material with yield strength 𝜎𝑓 = 340 MPa,
elastic modulus 𝐸𝑓 = 200 GPa, elastic Poisson’s ratio 𝜈 = 0.3, and linear
ardening modulus 𝐸𝑡𝑓 = 0.001𝐸𝑓 , as shown in Table 1.

Deshpande–Fleck constitutive model [42] is adopted to model crush-
ble behavior of the metal foam in ABAQUS, which allows the shape
hange of yield surface due to differential hardening along the hy-
rostatic and deviatoric axes. The yield function of the foam core is
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4𝐵 + 𝜎𝑐 (4ℎ + 1)2𝑊 ∗2
0

4𝐵(1 − 𝑎)
, 0 ≤ 𝑊 ∗

0 ≤
𝑐𝑚

4ℎ + 1
2𝐶1 + (4ℎ + 1)2𝑊 ∗2

0 +𝑊 ∗
0 (4ℎ + 1)(2𝑐 + 𝜎𝑐𝑐𝑚 − 1)

2𝐵(1 − 𝑎)
,

𝑐𝑚
4ℎ + 1

≤ 𝑊 ∗
0 ≤

2ℎ + 𝜎𝑐𝑐𝑚
4ℎ + 1

8𝐶4 + 𝐶3(4ℎ + 1)𝑊 ∗2
0 + (4𝐶2 − 2𝐶3)𝑊 ∗

0 (4ℎ + 1)

8𝐵(1 − 𝑎)
,

2ℎ + 𝜎𝑐𝑐𝑚
4ℎ + 1

≤ 𝑊 ∗
0 ≤

2ℎ + 𝜎𝑐𝑐𝑚 + 2𝑏𝑐1
4ℎ + 1

8𝐶7 + 𝐶6(4ℎ + 1)𝑊 ∗2
0 + (4𝐶5 − 2𝐶6)𝑊 ∗

0 (4ℎ + 1)

8𝐵(1 − 𝑎)
,

2ℎ + 𝜎𝑐𝑐𝑚 + 2𝑏𝑐1
4ℎ + 1

≤ 𝑊 ∗
0 ≤

2ℎ + 1 − 2𝑏𝑐1
4ℎ + 1

8𝐶10 + 𝐶9(4ℎ + 1)𝑊 ∗2
0 + (4𝐶8 − 2𝐶9)𝑊 ∗

0 (4ℎ + 1)

8𝐵(1 − 𝑎)
,

2ℎ + 1 − 2𝑏𝑐1
4ℎ + 1

≤ 𝑊 ∗
0 ≤ 2ℎ + 1

4ℎ + 1
(4ℎ + 1)2

(

1 −𝑊 ∗
0
)2 + 2𝐴𝑊 ∗

0 (4ℎ + 1)

4𝐵(1 − 𝑎)
, 2ℎ + 1

4ℎ + 1
≤ 𝑊 ∗

0 ≤ 1

𝐴𝑊 ∗
0 (4ℎ + 1)

2𝐵(1 − 𝑎)
, 𝑊 ∗

0 ≥ 1

(14)

Box I.
Fig. 5. Global deformation pattern of plastic neutral axis for the fully clamped multilayer sandwich beam with foam-filled trapezoidal corrugated and foam cores transversely
oaded by a flat punch. (a) Deflection profile and (b) forces and moments.
i

𝑣

= �̂� − 𝜎𝑐 = 0 (17)

here

�̂�2 ≡ 1
1 + (𝛼∕3)2

(

𝜎2𝑒 + 𝛼
2𝜎2𝑚𝑒

)

(18)

ith von Mises effective stress 𝜎𝑒 ≡
√

3𝑠𝑖𝑗𝑠𝑖𝑗∕2, the deviatoric stress 𝑠𝑖𝑗 ,
the mean stress 𝜎𝑚𝑒 ≡ 𝜎𝑘𝑘∕3 and the shape factor of yield surface 𝛼. The
ssociated plastic flow rule is adopted and the plastic Poisson’s ratio 𝑣
𝑝

8

s given by

𝑝 = −
�̇�𝑝22
�̇�𝑝11

=
1∕2 − (𝛼∕3)2

1 + (𝛼∕3)2
(19)

The metal foam has yield strength 𝜎𝑐 = 10 MPa, elastic modulus
𝐸𝑐 = 2 GPa, elastic Poisson’s ratio 𝑣𝑒𝑐 = 0.3, plastic Poisson’s ratio
𝑣𝑝𝑐 = 0, 𝛼 = 3∕

√

2, Metal foam has a long plateau stress 𝜎𝑐 continuing
up to densification strain 𝜀𝐷 = 0.5. It is assumed the metal foam obeys
a linear hardening law with tangent modulus 𝐸 = 20 GPa beyond
𝑡𝑐
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Fig. 6. Comparisons of analytical and numerical results for plastic behavior of
multilayer sandwich beams with foam-filled trapezoidal corrugated and foam cores
(Case A). (a) Normalized load–deflection curves, and (b) normalized energy–deflection
curves.

densification. The material properties of the metal foam are listed in
Table 2.

6. Results and discussion

Figs. 6 and 7 show comparisons of analytical and numerical results
of normalized load–deflection curves of top face-sheet and normalized
energy–deflection curves of multilayer sandwich beams with foam-
filled trapezoidal corrugated and foam cores under transverse loading
by a flat punch. It is seen analytical results are in good agreements
with numerical ones in the post yield stage. Numerical results are a
little bigger than analytical ones in Fig. 6(a).

Fig. 8(a) and (b) show the Mises stress distribution of fully clamped
multilayer sandwich beams with foam-filled trapezoidal corrugated and
foam cores under transverse loading by a flat punch at midspan. It can
be seen that the multilayer sandwich beam deforms in a global manner
without obvious local denting below the indenter.
9

Fig. 7. Comparisons of analytical and numerical results for plastic behavior of
multilayer sandwich beams with foam-filled trapezoidal corrugated and foam cores
(Case B). (a) Normalized load–deflection curves, and (b) normalized energy–deflection
curves.

Table 2
The material properties of the metal foam.

Nomenclature Value

Yield strength 𝜎𝑓 10 MPa
Elastic modulus 𝐸𝑐 2 GPa
Elastic Poisson’s ratio 𝑣𝑒𝑐 0.3
Plastic Poisson’s ratio 𝑣𝑝𝑐 0
Linear hardening modulus 𝐸𝑡𝑐 20 GPa
Densification strain 𝜀𝐷 0.5
Shape factor of yield surface 𝛼 3∕

√

2

Fig. 9(a) and (b) show the effect of foam strength on load–deflection
and energy–deflection curves for multilayer sandwich beams with
foam-filled trapezoidal corrugated and foam cores under transverse
loading by a flat punch, in which a/𝐿 = 0.1, h/(2c + 𝑐𝑚) = 0.1, L/(2c
+ 𝑐𝑚) = 25. For the given deflection, the load and the plastic energy
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Fig. 8. The Mises stress distributions of multilayer sandwich beams with foam-filled trapezoidal corrugated and foam cores. (a) Case A, and (b) Case B.
increase with the increase of foam strength. In larger deflection, the
load and plastic energy increase more significantly with the increase of
foam strength. It can be seen that the foam strength has a significant
influence on load-carrying capacities and energy absorption of multi-
layer sandwich beams with foam-filled trapezoidal corrugated and foam
cores.

The effect of punch width on load–deflection and energy–deflection
curves of multilayer sandwich beams with foam-filled trapezoidal cor-
rugated and foam cores is shown in Fig. 10(a) and (b), in which 𝜎𝑐∕𝜎𝑓 =
0.1, h/(2c + 𝑐𝑚) = 0.1, L/(2c + 𝑐𝑚) = 25. It is shown that for the given
deflection, the load and plastic energy increase with the increase of
punch width. The effect of increment of punch width on load–deflection
curves are not big with the increase of the deflection in Fig. 10(a).

The effect of face-sheet thickness on load–deflection and energy–
deflection curves of multilayer sandwich beams with foam-filled trape-
zoidal corrugated and foam cores is shown in Fig. 11(a) and (b), in
which 𝜎𝑐∕𝜎𝑓 = 0.1, a/𝐿 = 0.1, L/(2c + 𝑐𝑚) = 25. It can be seen that the
face-sheet thickness has a significant influence on low-carrying capacity
and energy absorption of multilayer sandwich beam, which becomes
more significant in large deflection. For the given deflection, the load
and plastic energy increase with the increase of face-sheet thickness.

The effect of middle foam thickness on load–deflection and energy–
deflection curves of multilayer sandwich beams with foam-filled trape-
zoidal corrugated and foam cores is shown in Fig. 12(a) and (b), in
which 𝜎𝑐∕𝜎𝑓 = 0.1, a/𝐿 = 0.1, h/(2c + 𝑐𝑚) = 0.1. It is shown that for the
given deflection, the load and plastic energy increase with the increase
of middle foam thickness.

7. Conclusion

Combining the advantages of the long platform stress of metal
foam, the high peak load of the corrugated sandwich structure, the
10
multilayer sandwich beams with foam-filled trapezoidal corrugated
and foam cores is designed. The plastic behavior of the fully clamped
multilayer sandwich beams with foam-filled trapezoidal corrugated and
foam cores under transverse loading by a flat punch is investigated
analytically and numerically. The yield criterion is proposed for mul-
tilayer sandwich beams with foam-filled trapezoidal corrugated and
foam cores. Based on the yield criterion, an analytical solution for large
deflection of the multilayer sandwich beam with foam-filled trapezoidal
corrugated and foam cores under transverse loading is obtained. The
novelty of the proposed analytical model is that the contributions of
the foam strength and corrugated-plate strength are considered for
the proposed yield criterion of the multilayer sandwich structure with
foam-filled trapezoidal corrugated and foam cores. Also, In the analyti-
cal model for the large deflection of the multilayer sandwich beam, the
interaction of bending and stretching is considered. Analytical results
are in good agreement with numerical ones. It is shown that the foam
strength, punch size, face-sheet thickness and middle foam thickness
have significant effects on the plastic behavior of multilayer sandwich
beams with foam-filled trapezoidal corrugated and foam cores. The
present analytical model can be used to predict the plastic behavior
of multilayer sandwich beams with foam-filled trapezoidal corrugated
and foam cores under transverse loading.
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Appendix. The derivation of yield criterion of the multilayer sand-
wich cross-section with foam-filled trapezoidal corrugated and
foam cores

This appendix contains the derivation of the axial force, bending
moment and yield criterion of the multilayer sandwich cross-section
with foam-filled trapezoidal corrugated and foam cores in detail.

In Fig. 3(b), when ℎ
4ℎ+2𝑐+𝑐𝑚

≤ 𝜉 ≤ ℎ+𝑏𝑐
4ℎ+2𝑐+𝑐𝑚

, the axial force N and

the bending moment M of the multilayer sandwich structure can be



J.X. Zhang, H. Sun, J. Du et al. Thin-Walled Structures 179 (2022) 109755

o
(

e

𝑁

t

Fig. 11. Effect of face-sheet thickness on load-carrying capacity and energy absorption
f multilayer sandwich beams with foam-filled trapezoidal corrugated and foam cores.
a) Load–deflection curves and (b) energy–deflection curves.

xpressed as

= ∫𝐴
𝜎𝑑𝐴 = 2𝜎𝑓 𝑏ℎ + 2𝜎𝑐𝑏

[

𝑐 + 𝑐𝑚∕2 + ℎ − 𝜉(4ℎ + 2𝑐 + 𝑐𝑚)
]

+2(𝜎𝑓𝑐 − 𝜎𝑐 )
{

𝑏𝑐 (𝑏1 + 2𝑏2) − 𝑏2
[

𝜉(4ℎ + 2𝑐 + 𝑐𝑚) − ℎ
]}

(A.1)

and

𝑀 = ∫𝐴
𝜎𝑧𝑑𝐴 = 𝜎𝑓 𝑏ℎ

(

3ℎ + 2𝑐 + 𝑐𝑚
)

+1
4
[

𝜎𝑐𝑏 +
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏2
]

×
[

(

2ℎ + 2𝑐 + 𝑐𝑚
)2 − (1 − 2𝜉)2

(

4ℎ + 2𝑐 + 𝑐𝑚
)2
]

,

(A.2)

respectively.
In Fig. 3(c), when ℎ+𝑏𝑐

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ ℎ+𝑐−𝑏𝑐

4ℎ+2𝑐+𝑐𝑚
, the axial force N and

he bending moment M of the multilayer sandwich structure can be
12
Fig. 12. Effect of middle foam thickness on load-carrying capacity and energy
absorption of multilayer sandwich beams with foam-filled trapezoidal corrugated and
foam cores. (a) Load–deflection curves and (b) energy–deflection curves.

expressed as

𝑁 = ∫𝐴
𝜎𝑑𝐴 = 2𝜎𝑓 𝑏ℎ + 2𝜎𝑐𝑏

[

𝑐 + 𝑐𝑚∕2 + ℎ − 𝜉
(

4ℎ + 2𝑐 + 𝑐𝑚
)]

+2(𝜎𝑓𝑐 − 𝜎𝑐 )𝑏𝑐

[

𝑏1 + 𝑏2 −
𝜉(4ℎ + 2𝑐 + 𝑐𝑚) − ℎ − 𝑏𝑐

sin 𝜃

] (A.3)

and

𝑀 = ∫𝐴
𝜎𝑧𝑑𝐴 = 𝜎𝑓 𝑏ℎ

(

3ℎ + 2𝑐 + 𝑐𝑚
)

+1
4
𝜎𝑐𝑏

[

(

2ℎ + 2𝑐 + 𝑐𝑚
)2 − (1 − 2𝜉)2

(

4ℎ + 2𝑐 + 𝑐𝑚
)2
]

+
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
[

𝜉
(

4ℎ + 2𝑐 + 𝑐𝑚
)

− ℎ − 𝑏𝑐
]

×
[

(1 − 𝜉)
(

4ℎ + 2𝑐 + 𝑐𝑚
)

− ℎ − 𝑏𝑐
]

∕ sin 𝜃

+
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐𝑏2
(

2ℎ + 2𝑐 + 𝑐𝑚 − 𝑏𝑐
)

,

(A.4)
respectively.
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𝑁
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𝑀
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e

𝑁

In Fig. 3(d), when ℎ𝑐+𝑐−𝑏𝑐
4ℎ+2𝑐+𝑐𝑚

≤ 𝜉 ≤ ℎ+𝑐
4ℎ+2𝑐+𝑐𝑚

, the axial force N and
he bending moment M of the multilayer sandwich structure can be
xpressed as

= ∫𝐴
𝜎𝑑𝐴 = 2𝜎𝑓 𝑏ℎ + 2𝜎𝑐𝑏

[

𝑐 + 𝑐𝑚∕2 + ℎ − 𝜉(4ℎ + 2𝑐 + 𝑐𝑚)
]

+2
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏2
[

ℎ + 𝑐 − 𝜉
(

4ℎ + 2𝑐 + 𝑐𝑚
)]

(A.5)

nd

= ∫𝐴
𝜎𝑧𝑑𝐴 = 𝜎𝑓 𝑏ℎ

(

3ℎ + 2𝑐 + 𝑐𝑚
)

+1
4
𝜎𝑐𝑏

[

(

2ℎ + 2𝑐 + 𝑐𝑚
)2 − (1 − 2𝜉)2

(

4ℎ + 2𝑐 + 𝑐𝑚
)2
]

+
(

𝜎𝑓𝑐 − 𝜎𝑐
) [

𝑏𝑐𝑏2
(

2ℎ + 2𝑐 + 𝑐𝑚 − 𝑏𝑐
)

+ 𝑏𝑐𝑏1
(

2ℎ + 𝑐 + 𝑐𝑚
)]

+1
4
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏2
[

(

2ℎ + 2𝑏𝑐 + 𝑐𝑚
)2 − (1 − 2𝜉)2

(

4ℎ + 2𝑐 + 𝑐𝑚
)2
]

,

(A.6)

respectively.
In Fig. 3(e), when ℎ+𝑐

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ 2ℎ+𝑐

4ℎ+2𝑐+𝑐𝑚
, the axial force N and

the bending moment M of the multilayer sandwich structure can be
expressed as

𝑁 = ∫𝐴
𝜎𝑑𝐴 = 2𝜎𝑓 𝑏

[

2ℎ + 𝑐 − 𝜉
(

4ℎ + 2𝑐 + 𝑐𝑚
)]

+ 𝜎𝑐𝑏𝑐𝑚 (A.7)

and

𝑀 = ∫𝐴
𝜎𝑧𝑑𝐴

= 𝜎𝑓 𝑏
{

ℎ
(

3ℎ + 2𝑐 + 𝑐𝑚
)

+ 1
4

[

(

2ℎ + 𝑐𝑚
)2 − (1 − 2𝜉)2

(

4ℎ + 2𝑐 + 𝑐𝑚
)2
]}

+
[

𝜎𝑐𝑏𝑐 +
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
(

𝑏1 + 2𝑏2
)] (

2ℎ + 𝑐 + 𝑐𝑚
)

,

(A.8)

respectively.
In Fig. 3(f), when 2ℎ+𝑐

4ℎ+2𝑐+𝑐𝑚
≤ 𝜉 ≤ 1

2 , the axial force N and
he bending moment M of the multilayer sandwich structure can be
xpressed as

= ∫𝐴
𝜎𝑑𝐴 = 𝜎𝑐𝑏

(

4ℎ + 2𝑐 + 𝑐𝑚
)

(1 − 2𝜉) (A.9)

and

𝑀 = ∫𝐴
𝜎𝑧𝑑𝐴 = 𝜎𝑓 𝑏ℎ

(

4ℎ + 2𝑐 + 2𝑐𝑚
)

+1
4
𝜎𝑐𝑏

[

𝑐2𝑚 − (1 − 2𝜉)2
(

4ℎ + 2𝑐 + 𝑐𝑚
)2
]

+
[

𝜎𝑐𝑏𝑐 +
(

𝜎𝑓𝑐 − 𝜎𝑐
)

𝑏𝑐
(

𝑏1 + 2𝑏2
)] (

2ℎ + 𝑐 + 𝑐𝑚
)

,

(A.10)

respectively.
Combination of Eqs. (1) to (4) and (A.1) to (A.10) leads to

𝑛 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

1 −
2𝜉(1 + 4ℎ)

𝐴
, 0 ≤ 𝜉 ≤ ℎ

4ℎ + 2𝑐 + 𝑐𝑚
𝐶8 − 𝜉𝐶9

𝐴
, ℎ

4ℎ + 2𝑐 + 𝑐𝑚
≤ 𝜉 ≤

ℎ + 𝑏𝑐
4ℎ + 2𝑐 + 𝑐𝑚

𝐶5 − 𝜉𝐶6
𝐴

,
ℎ + 𝑏𝑐

4ℎ + 2𝑐 + 𝑐𝑚
≤ 𝜉 ≤

ℎ + 𝑐 − 𝑏𝑐
4ℎ + 2𝑐 + 𝑐𝑚

𝐶2 − 𝜉𝐶3
𝐴

,
ℎ𝑐 + 𝑐 − 𝑏𝑐
4ℎ + 2𝑐 + 𝑐𝑚

≤ 𝜉 ≤ ℎ + 𝑐
4ℎ + 2𝑐 + 𝑐𝑚

4ℎ + 2𝑐 + 𝜎𝑐𝑐𝑚 − 2𝜉
(

4ℎ + 1
)

𝐴
, ℎ + 𝑐

4ℎ + 2𝑐 + 𝑐𝑚
≤ 𝜉 ≤ 2ℎ + 𝑐

4ℎ + 2𝑐 + 𝑐𝑚
𝜎𝑐

(

4ℎ + 1
)

(1 − 2𝜉)

𝐴
, 2ℎ + 𝑐

4ℎ + 2𝑐 + 𝑐𝑚
≤ 𝜉 ≤ 1

2

(A.11)
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and

𝑚 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(

4ℎ + 1
)

(

𝜉 − 𝜉2
)

𝐵
0 ≤ 𝜉 ≤ ℎ

4ℎ + 2𝑐 + 𝑐𝑚
8𝐶10 − 𝐶9

(

4ℎ + 1
)

(1 − 2𝜉)2

8𝐵
ℎ

4ℎ + 2𝑐 + 𝑐𝑚
≤ 𝜉 ≤

ℎ + 𝑏𝑐
4ℎ + 2𝑐 + 𝑐𝑚

8𝐶7 − 𝐶6

(

4ℎ + 1
)

(1 − 2𝜉)2

8𝐵
,

ℎ + 𝑏𝑐
4ℎ + 2𝑐 + 𝑐𝑚

≤ 𝜉 ≤
ℎ + 𝑐 − 𝑏𝑐

4ℎ + 2𝑐 + 𝑐𝑚
8𝐶4 − 𝐶3

(

4ℎ + 1
)

(1 − 2𝜉)2

8𝐵
,

ℎ𝑐 + 𝑐 − 𝑏𝑐
4ℎ + 2𝑐 + 𝑐𝑚

≤ 𝜉 ≤ ℎ + 𝑐
4ℎ + 2𝑐 + 𝑐𝑚

4𝐶1 −
(

4ℎ + 1
)2

(1 − 2𝜉)2

4𝐵
, ℎ + 𝑐

4ℎ + 2𝑐 + 𝑐𝑚
≤ 𝜉 ≤ 2ℎ + 𝑐

4ℎ + 2𝑐 + 𝑐𝑚

1 −
𝜎𝑐

(

4ℎ + 1
)2

(1 − 2𝜉)2

4𝐵
, 2ℎ + 𝑐

4ℎ + 2𝑐 + 𝑐𝑚
≤ 𝜉 ≤ 1

2

(A.12)

where
𝑛 = 𝑁∕𝑁𝑃 ,

𝑚 =𝑀∕𝑀𝑃 ,

𝜎𝑓𝑐 = 𝜎𝑓𝑐∕𝜎𝑓 ,

𝜎𝑐 = 𝜎𝑐∕𝜎𝑓 ,

ℎ = ℎ∕
(

2𝑐 + 𝑐𝑚
)

,

𝑐 = 𝑐∕
(

2𝑐 + 𝑐𝑚
)

,

𝑐𝑚 = 𝑐𝑚∕
(

2𝑐 + 𝑐𝑚
)

,

𝑏𝑐 = 𝑏𝑐∕𝑏,

𝑏𝑐1 = 𝑏𝑐∕
(

2𝑐 + 𝑐𝑚
)

,

𝑏1 = 𝑏1∕
(

2𝑐 + 𝑐𝑚
)

,

𝑏2 = 𝑏2∕
(

2𝑐 + 𝑐𝑚
)

,

𝑏11 = 𝑏1∕𝑏,

𝑏21 = 𝑏2∕𝑏.
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