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Abstract

With the development of deep-sea oil and gas resources, the aspect ratio of deep-sea flexible riser has reached the order of
10°-10%, which makes the experimental model of the equal scale of deep-sea flexible risers challenging to achieve under
typical experimental conditions. Alternatively, the non-scale experiment is sometimes used. However, the dynamic response
of the prototype may not be exactly modeled. To solve the problem, this paper expands the distortion similarity method
to consider the pretension and designs a distortion model of the deep-sea flexible riser based on the improved distortion
similarity method. Applying the governing equation and dimensional analysis method to analyze the prototype and experi-
mental model, the design method of the distortion model is obtained. In the numerical analysis, the design of the distortion
model of a top tensioned riser (TTR) is carried out, and the selection criteria and range of the aspect ratio are proposed. The
three parts of the natural frequency similarity, the pretension non-satisfaction similarity, and the error analysis are studied.
This analytical study indicates that the transverse direction of the distortion model satisfies the similarity of the dynamics,
and the longitudinal direction satisfies the static similarity. The selection of the aspect ratio of the distortion model should

satisfy three factors.

Keywords Deep-sea flexible marine riser - Distorted models - Error analysis - Dynamic similarity

1 Introduction

The riser acts as an essential connecting channel between
the upper floating body and the subsea wellhead. As the
development of marine oil and gas resources moves from
shallow sea to deep sea, its length also increases rapidly.
When the diameter of the riser is constant, the aspect ratio
even reaches 10?-103, which leads to the increase of the
flexibility of the riser, and the mode of the structure exhib-
its low frequency and dense characteristics. Under complex
loads, the dynamic response of a deep-sea flexible riser
is more complicated than that of a rigid riser [1]. A riser
with a length-to-diameter ratio below 107 is a rigid riser
[2]. Some complex problems such as broadband random
vibration, high-order multi-mode frequency locking, and
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vortex-induced vibration cannot directly obtain theoretical
solutions. To study the complex structural dynamic response
of flexible risers, experimental observation is needed. How-
ever, the length of flexible marine risers is usually in the
order of 10° m, and the aspect ratio is between 10% and 10°. It
is challenging to realize the equal scale experimental model
of 10 m or more under laboratory conditions.

Flexible riser experiments are usually divided into proto-
type experiments, similar experiments (completely similar),
and incompletely similar (partially similar) experiments.
Prototype experiments (field tests) have fewer applications
in practice due to the complexity of the experimental struc-
ture, the cost, and the high degree of proprietary [3, 4]. In
the similar experiment (equal scale model experiment), the
model length is 10 m and above [5-8], and the experimental
model of Yin et al. [8] is as short as 9 m, but with a 1:19
scale, the prototype length is the only 171 m. Because the
general experimental conditions cannot be met, the num-
ber of applications of this experimental model is limited in
practice.

Incompletely similar experiments usually ignore the
length of the riser and the aspect ratio [9-15], mainly to
study the vortex-induced vibration (VIV) and suppression
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VIV. Some scholars believe that the riser length only affects
whether the high-order mode of the model can be excited in
the experiment [10], so the riser length is ignored.

Among the design methods of incompletely similar
experiments, the representative is the design method of Van-
diver [16]. To study the VIV of the flexible riser, Vandiver
proposed a high-order (above 10th order) vortex-induced
vibration experimental design method. A problem is in this
method that the pretension of the model is not similar to
the pretension of the prototype because the angle between
the fixed end and the vertical line is limited by applying
a considerable pretension. The pretension of this model is
much larger than that calculated by similar theory, so it is
difficult for the model to predict the dynamic response of
the prototype.

Similar problems exist in other experiments [14, 15, 17,
18]. Tognarelli et al. [14] controlled the pretension to make
the lateral vibration of the riser reach eighth order, so the
pretension does not satisfy the similar theory. Chaplin et al.
[15] studied the VIV of the pretensioned riser under gradi-
ent flow, and the value of the pretension of the riser model
was not determined by similar theory. It can be seen that
the incomplete similarity experiment not only ignores the
length—diameter ratio of the prototype but also ignores the
similarity of the pretension, which only makes the model
parameters satisfy the characteristics of the prototype [14,
18], such as mass ratio and Reynolds number reaching 10°
orders of magnitude.

To solve the problem that the riser dynamics are not simi-
lar due to the model aspect ratio and pretension dissimilarity,
this paper applies the distortion model method to design the
riser model. When the ratio of the geometry of the prototype
(P) to the model (M) in the three-dimensional direction is
no longer a fixed value, but different value, the model (M) is
called a distortion model [19]. The distortion model solves
the problem of excessive length-to-diameter ratio of the flex-
ible riser using different geometric scales. Baker et al. [20]
first put forward the concept of the distortion model and
studied the problem of the drop height of the cantilever plate
and the permanent deformation length of cantilever plate
through drop test. It is proved that the permanent deforma-
tion length of cantilever plate can be similar by the distor-
tion model whose drop height does not satisfy the equal
ratio length scale. Since then, many scholars have extended
the similarity of distortion models to other structures. For
example, the distortion similarity of response parameters
such as displacement, buckling load and natural frequency of
shell, composite plate, and cantilever plate [19, 21-23], and
concluded that the prototype and the model have similarities.

Simitses, Simitses et al. [21] studied the distortion
similarity of the displacement, buckling load, and natural
frequency of simply supported composite plates, and dis-
cussed the distortion similarity of the buckling load of the

shell structure. Rezaeepazhand, Rezaeepazhand et al. [22]
analyzed the natural frequencies of two configurations of
angle-ply laminates and cross-ply laminates. They used the
governing equation to derive five similar equations of natural
frequency and discussed the similarity errors of the natural
frequency of the distortion model of the number of plies
and material property change. The results show that the dis-
tortion model can also predict the natural frequency of the
prototype well. Subsequently, the distortion model is used
to study the vibration response of orthogonal cylindrical
shells [23] in advanced composite structures. The effects of
parametric distortion, such as the number of plies, stacking
sequence, length, and radius of the cylinder on the natural
frequencies are analyzed. The results show that the para-
metric distortion models, such as the number of plies and
the length and radius of the cylinder can effectively predict
the natural frequencies. Luo et al. [19] evaluated the appli-
cation of the geometric distortion model in predicting the
natural frequency of the cantilever plate by governing equa-
tions and sensitivity analysis and proposed a scaled model
of the distortion model with the same order of the first six
modes. The calculation of the approximate and accurate
distortion model is carried out. The similarity between the
vibration shape and the natural frequency is numerically
analyzed. Finally, the effectiveness of the method is veri-
fied by experiments. Adams et al. [24] proposed scaling
laws by a power law. The power law is directly deduced
from the II-theorem of similitude theory and the coefficients
of the power law are obtained from first-order sensitivities
(sensitivity-based scaling laws). Then, the applicability of
the sensitivity-based scaling laws is demonstrated in three
case studies. Franco et al. [25] extended the applicability of
some similitude laws, developed for thin flat plates under a
turbulent boundary layer load, to ribbed plates forced by the
same wall pressure fluctuations. At last, a simple approach
is proposed to circumvent the distortion effects. Luo et al.
[26] proposed a method for deriving the scaling laws of rotor
systems based on the generalized equations of subsystems,
where gravitational acceleration, geometric, and material
distortion are considered. The accuracy and effectiveness
of the proposed method are verified by the prediction of the
dynamic characteristics of the rotor system. It is found that
there is a certain error in the prediction of vertical vibration
response by neglecting the gravity acceleration. Casaburo
et al. [27] reviewed as possible about similitude methods
applied to structural engineering and their limitations due
to size effects, rate sensitivity phenomena, etc. After a brief
historical introduction and a more in-depth analysis of the
main methods, the similar applications are classified.

In summary, according to the author’s knowledge, the dis-
tortion model of the existing experiments does not consider
the effect of pretension. However, the flexible marine riser
has the pretension effect, so this paper expands the distortion
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similarity method to consider the pretension and apply the
improved distortion similarity method designed the distor-
tion model of the flexible marine riser with pretension. The
experimental design of the riser is to solve the problem that
the riser dynamics of the model are not similar due to the
excessive length-to-diameter ratio and the pretension dis-
similarity so that the dynamics of the flexible riser are simi-
lar. The structure of the article is as follows, Sect. 2, using
the theory of elastic mechanics to prove the feasibility of
the distortion model. In Sect. 3, the distortion model of the
TTR is designed by governing equations and dimensional
analysis. In Sect. 4, the numerical analysis method is used
to design the distortion model of a flexible marine riser, and
the selection range of the aspect ratio is given. The natural
frequency of the model verifies the validity of the distortion
model. The model and prototype of the pretension similar-
ity are analyzed. The similarity effect of the natural mode,
the error analysis of the design model and the experimental
model are applied to the natural frequency. The final conclu-
sion is in Sect. 5.

2 Dynamic differential equations
of distorted model

From the perspective of the elasticity theory, whether there
is a dynamic similarity between the scaled model, with mul-
tiple length scale ratios, and prototype is a question. First, in
view of the characteristics of the flexible marine riser, the
following assumptions are made:

1. The axial deformation and the radial deformation are
independent of each other and do not affect each other,
that is, the Poisson’s ratio is ignored.

2. The differential equation of motion ignores the inertial
force in the direction of the distortion.

Hypothesis 1 is based on the linear elastic state of the riser
when it is in service. The pretension produces considerable
axial stress of the riser, and the riser bending stress caused
by the lateral displacement is small, and the difference
between the two is enormous. Take the 682.75 m long riser
of the Norwegian DeepWater Program [4] as an example.
The specific parameters are listed in Sect. 4. The axial stress
of the vertical pipe caused by the pretension is 155.2 MPa.
It is assumed that the amplitude of the modal vibration is
the same as the diameter of the riser. The amplitude of the
VIV of the riser is generally considered to be equal to the
diameter of the riser, or other values [28]. The stress for-
mula Omax = 1/2 * D ok Damplilude * (””/L)zE» where D is
the diameter of the riser, D,pjiqe IS the amplitude, which
is equal to the diameter D, n is the nth order mode number,
L is the length of riser, E is the elastic modulus. The stress
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of the first-order mode is only 0.6 MPa. Even if the material
Poisson’s ratio is 0.3, since the aspect ratio of the riser is
103, the influence of the Poisson’s ratio on the cross-section
is usually ignored.

Hypothesis 2 predominates in the modal vibration of
the riser based on the pretension. The riser is similar to a
tensioned string, so the propagation velocity of the axial
vibration can be given as Cy,,, = \/T/m, [29], where T is
the pretension, m, is the mass per unit length, and the propa-
gation velocity of the first-order mode lateral vibration is
Crrans = \/5 (EI / mz) 4 [30], where o is the natural circular
frequency, EI is the bending stiffness. We take the 682.75 m
riser of the Norwegian DeepWater Program [4] as an exam-
ple. The specific parameters are listed in Sect. 4. The axial
vibration propagation velocity is 74.5 m/s, while the first-
order lateral vibration propagation velocity is 5.2 m/s. The
axis vibration propagation velocity is much larger than the
first-order lateral vibration propagation velocity. Even if the
lateral vibration order reaches 10th order (high-order) [16],
the lateral vibration propagation velocity gets 16.9 m/s, and
the previous conclusion is still valid. If the low-order lateral
vibration of the riser is studied [4], it can be considered that
the axial vibration propagation time is instantaneous, and
the axial inertial force can be ignored.

Next, the formula is derived below. Take two differential
units in the riser and set them as prototype P and model M,
respectively. The prototype P and the model M only have dif-
ferent lengths of the Z-axis, and the other parameters are the
same, as shown in Fig. 1. The dynamic differential equations
of prototype P are no longer listed.

Hypothesis: dX = dY = RdZ, where R is real constant.

Obviously, u=v=w/R, where u, v, and w are the displace-
ments of the x, y, and z-axes, respectively.

The moment of the center of the differen-

tial unit is written as, taking M, as an example,
T, * %dX*dY*dZ=TM* %dZ*dX*dY, simplify

T, = T, Similarly, Ty = Typ Ty

- = T, This is consistent

Fig. 1 The prototype P and the model M



Journal of Marine Science and Technology (2022) 27:92-103

95

with the theorem in Xu [31], that is, the shear stress acting
on two mutually perpendicular planes and perpendicular to
each other on the intersection of the two sides is equal (the
same size, the same sign).

The differential equations of motion of model M are

do, 01, Ot ’u

~ 4+ —+—+f,—p— =0
ox Ty Tra: TP M
do, Ot (%xy %y
— 4+ 7 —+f —p—=0 2
oy TRz T ox T T on @
ao—z aTxv aTyz 1 02w 3
— =4 +f —pm— =
Rz T ox T oy LT PR GE )

From Eq. (1) and Eq. (2), we obtain.

Toum = ROy ps Ty = RTyps Tyt = Tyeps O = Ops
o, m = O, p, Where subscript P means the prototype of the
riser, subscript M means the riser model.

The results of Eq. (1) and Eq. (2) are brought into Eq. (3),
and both sides are multiplied by R to yield the following
Eq. (4)
do

at
Z 2 Xz
— +R"— +R
0z ox dy

or, 62
2702 wo
+Rf,—p7 =0 @

Only when R=1, the equation is established. However,
R =1 means that the Z-axis has no scale, which does not
match the results we want. According to the characteristics
of the flexible riser, using hypothesis (2) to ignore the Z-axis
inertial force in Eq. (4). Equation (4) can be written as

E + RZE + R2 aTyZ
0z 0x dy

+Rf, =0 4)

Further available obtain, f, ,; = Rf, p, 0,4 = RZO'Z’P. So
the XY-direction is dynamically similar, while the Z-direc-
tion is only statically similar.

Elastic mechanics basically derives the scaled equation of
the distorted model, and the following conclusions are given:

1. Under the underlying assumption, prototype P and
model M can be dynamically similar through different
length scales. Even if the length-diameter ratio of the
flexible marine riser is 10>-10>, the length of the distor-
tion model can be reduced.

2. The distortion model neglects the inertia force in the
direction of distortion so that the direction only satisfies
the static similarity. It shows that the basis of dynamic
similarity in the dimensional analysis is the geometric
similarity, which is still valid [32, 33]. The dynamic
similarity of the X and Y directions provides sufficient
support for the distortion model of the flexible riser.

3 Distortion model of flexible marine riser

Usually, researchers pay more attention to the lateral vibra-
tion of flexible marine risers rather than the axial vibra-
tion. The differential equations of the distortion model
show that the lateral dynamics, along with the axial statics,
is similar, which means only the similar requirement (or
the scaling rule) of lateral vibration, not including axial
vibration, of flexible marine risers is met. The modalities
of lateral vibration are mainly studied. The lateral (radial)
vibration governing equation of the riser [34]:

*y(z,t 0%y(z,t % y(z, t
gY@ 05 m, Y@ _
dz4 072 or?

(6

where y is the radial displacement of the riser, z is the axial
position of the riser, 7 is the time, EI is the bending stiffness,
T is the pretension, and m, is the mass per unit length.

m,=m+m,, my=Csm, (7)

where m is the mass, including both the riser structural body

and the internal fluid, per unit length. As a crude approxima-
tion, the additional mass coefficient C, is 1.0 [35]. Further-
more, m,, is the added mass per unit length. The mass ratio
is m* =m/m,. According to Eq. (6), we can obtain the lateral
vibration equation of the prototype P and the model M.

0*yp(z, 1) 0%yp(z, 1) 0%yp(z, 1)
Eplp——— —T,—— =0 ®)
97, 0z or,
I*yu(z 1) yu(z 1) Pyu(z1)
Eply—22= — A M
MM M52 M 2 C))
Zu 2 or,,

where subscript P means the prototype of the riser, subscript
M means the riser model., L is the length of the riser, D is
the diameter of the riser, and A is the cross-sectional area
of the riser.

Bringing Eq. (8) into Eq. (9), we can obtain:

ﬁ 0%y, 1) i i 0%y,,(z, 1)

A Py ) 0
ET g 4 T 2 -
A, 0z, A7 0z,

"2 o8, ’

(10)
where A, represents the scale, j represents the physical quan-
tity symbol, j=E, I, L, T, m,, t. If Eq. (10) is established,
which means:

Aghy Ap A,
r T 2T 2 an
SV RVF

If Eq. (11) is established, the lateral dynamic similarity
of the riser is satisfied.
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Taking the four basic variables, mass M, axial length Ly,
radial length L, time Tp, we can derive the four variables
of the distorted model, the density of riser material ratio
%pr, the elastic modulus of riser material ratio A, the length
direction (axial) ratio A;, the diameter direction (radial) ratio
Ap. The experimental fluid is freshwater. Eq. (11) can be
written as:

Iy = Ardy = A (12)
1

Usingm, =m+ Cym, = pA + p A; + Cyp, A, A, yields
PpAP + ppAip + CuppAop

PuAu + PunAms + CabumAom
Pup | P Pup | Pu
Ay + B2 g Lup Ay + et Lur

Pm Pm

m =

_ A= Pu Pu /12
- 1+ Puwm + Pwm AT 1+ Pwm + P D
Pyu Pum Pu Pu

where p is the density of the riser material, p,, is the density
of water, A, is the internal cross-section area of riser, A, is
the external cross-section area of riser, p,, is the density of
the model material, p,,, is the density of freshwater, Pp is
the density of the prototype material, and p,,p is the density
of seawater.
Obviously, the system density ratio
Ay + ’;—M” + Q2

Pm

A= B P (13)
Pm Pm
Moreover, from Eq. (12), we can get time
scale 4, —/lz/AD\//l /Ap, pretension scale
2 272 4772
Ap = A A //12 ApﬂLle//ltz ApAp /A
Mode frequency scale [34]

by = )24\ (12 2, gy dy + Ay 4y = Ay where ns
the nth order mode number, 1,2,3,.... Longitudinal stress
scale A, —/lT//lA = ApA7 /A; and longitudinal strain scale
A=A, /lE = A2 /A7 can be obtained.

The complete similarity of the fluid is intricate to be
achieved since the Reynolds number, Re, and the Froud
number [5], Fr, are troublesome to satisfy at the same time.
Usually, the dimensionless number Fr, which is the ratio of
the inertial force to the mass force of the fluid, is easier to be
satisfied when compared to Re. Although the influence of the
gravity wave is usually considered, (especially considering
the effect of the floating structure of the ship and the like by
the wave load) it is not taken into account in this article, so
the Froude number is ignored. As a result, the similar flow
velocity, U, is calculated aiming the force similarity.

Because of the drag force scale
Ap, = A, ApAp = 1.02547 4, (4, is the ratio of water in the
prototype (seawater 1025 kg/mf) to the water in the model
(freshwater 1000 kg/m3), which is 1.025.), the radial force

@ Springer

scale is App = Apdy /A, =AgA //13 So the flow speed scale
isAy = A,/A = Ar /A7 \//IE//IPW Note that the density scale
is the fluid den51ty scale 4, rather than the model mate-
rial density scale 4,. In this way, drag force and dynamic
response of fluid on the model are similar to that of the
prototype.

In summary, the design flow of the riser distortion model
can be obtained:

1. Establish the riser dynamics governing equation, use
the distortion method to introduce four basic variables
of My, Ly, Ly, Tp, and design the distortion model to
determine the parameter range;

2. According to the experimental conditions, select the
appropriate experimental material and the value of the
pretension applied to determine the optional experimen-
tal model. Experimental conditions such as site, instru-
ment type, instrument measurement range;

3. The final experimental model is determined by compar-
ing it with the riser prototype so as to appropriately pre-
sent the dynamic characteristics of the riser prototype,
and the corresponding numerical simulations could also
be used to verify our model design.

Need to pay attention to the following conditions:

1. It is necessary to control the axial displacement of the
experimental riser to prevent the axial displacement of
the riser from being too large to apply the pretension of
the design;

2. It is necessary to control the vertical joint force of the
riser to be higher than zero, to prevent the buoyancy
from being more significant than the combined force of
the pretension and the weight, resulting in the distortion
model floating;

3. When a larger distortion scale is used, the modal form
of the distortion model differs from the modal form of
the prototype. Compared with the order of the modal
form of the prototype, the axial and torsional vibration
forms of the natural vibration mode of the distortion
model usually appear in the low-order mode. However,
the structural dynamic response is generated by external
load excitation. Even if the axial and torsional vibra-
tions are in the low-order mode, the axial and torsional
vibrations cannot participate in the structural dynamic
response when there is no corresponding external load
excitation. Even so, to avoid any coupling between the
lateral bending, axial and torsional modes, the lower
order modes of the riser distortion model should be lat-
eral bending. Moreover, the frequencies of axial and/or
torsional modes are higher than lateral bending modes.
How to control the lateral bending vibration of the first
several modes will be discussed in Sect. 4.1 below.
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s B Axial vibration
B Torsional vibration
The 682.75 m riser of the Norwegian DeepWater Program 0N EEmEmCmEEEEImEERRRCEEAESCRRRE | o
. 2SS EEEEEE  EEEEE  EEEEECEEEEECEEESEN
[4] was taken as the prototype to carry out the distorted S |

model scale design to verify the effectiveness of this method.
The experimental model adopts a blue fiber plexiglass tube
[36]. After comparison with the prototype structure param-
eters, the density scale is }\pr = 4.07, the elastic modulus
scale is A; = 120000, the axial direction length scale is
Ay =341.375, and the transverse direction length scale is
Ap =35.56. The fluid is freshwater with a density of 1000 kg/
m?. The prototype and model data are shown in Table 1.

The mass ratio is an important parameter affecting the
fluid-solid coupling [37]. The mass ratio of the prototype
is m*=1.17, and the mass ratio of the distorted model is
m*=1.11. The error between the two is only 5.40%. The
axial elongation of the distorted model is 6.78%, indicating
that the axial pretension can be applied to the top of the
riser model.

4.1 Selection of aspect ratio of distortion model

In the experimental design, the aspect ratio of the distortion
model is an important parameter, which reflects the char-
acteristics of the flexible riser and affects the model mode
shape, which is related to whether the experiment can be
implemented. To better select the appropriate length-diame-
ter ratio of the distortion model, the relationship between the
aspect ratio of the distortion model and the mode shape is
plotted, as shown in Fig. 2. Figure 2 is calculated by ANSYS
software based on the data in Table 1, taking into account
the changes in the length and pretension. The beam element
of Beam189 is used in the model, and the whole length is
divided into 2000 beam elements. The boundary conditions
are: the beam is hinged at both ends, and an axial constant
pretension is applied at the top end of the model. The aspect
ratio from 50 to 300, every step increase by 25. Furthermore,
the first 30-order modes are obtained for each aspect ratio.
The black rectangle represents lateral vibration, the red rec-
tangle represents axial vibration, and the green rectangle
represents torsional vibration.

First, look for the interval of the aspect ratio that can
be used for the distortion experiment. The distortion model

Axial force =0
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Fig.2 The relation between aspect ratio and mode shape

aspect ratio affects the order of the mode shape, the ampli-
tude of the pretension, and the length deformation of the
model under the action of the pretension. When the aspect
ratio is 77.64, the distortion model has an elongation of only
20% under the action of the pretension. When the aspect
ratio is less than 77.64 (yellow part in Fig. 2), the elongation
is further increased, causing the pretension to be unapplied,
and the experimental model cannot be completed. When
the aspect ratio is 249.33, the vertical force of the distor-
tion model is 0, that is, the combined force of the preten-
sion and buoyancy in the vertical direction is balanced with
the weight of the model. When the aspect ratio is larger
than 249.33 (light blue part in Fig. 2), the vertical force
will be less than 0. Because the combined force of preten-
sion and buoyancy is large, the distortion model cannot be
fixed. Therefore, in the aspect ratio [77.64, 249.33] (dark
green part of Fig. 2), the experiment can be successfully
constructed.

The further analysis considers three factors: (1) the first-
order of the distortion model should be dominated by lateral
vibration, (2) the pretension of the distortion model should
not be too small, (3) the elongation of the model should be
small. The length—diameter ratio interval of the experimental
model was further reduced. In the study of structural dynam-
ics, the first few orders of vibration of the model are usually
studied. For example, in the previous third-order vibration
mode, the first third-order vibrations of the model are lateral

Table 1 Prototype and model

data Parameter Length (m) Tension (N) Elastic Density (kg/m>) Quter qiameter/
modulus (N/ inner diameter
m?) (mm)
TTR prototype structure  682.75 4,000,000 2.07el1 7850 533.4/501.7
Scale 341.375 1,650,000 1.2e5 4.07 35.56
TTR distorted model 2 2.43 1.73e6 1928.7 15/14
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vibration, axial vibration, and lateral vibration, respectively,
from the long-diameter ratio of 77.64. As the aspect ratio
increases gradually, when the aspect ratio is 120, the first
third-order vibrations become lateral vibration, axial vibra-
tion, and lateral vibration. When the aspect ratio reaches
133.33, the first third-order vibration is lateral vibration,
lateral vibration, and axial vibration. When the aspect ratio
is 249.33, the first third-order vibrations are all lateral. As
the aspect ratio increases, the lateral vibration gradually
dominates the first third-order (the orange portion of Fig. 2).

Similarly, in the high-order vibration, the lateral vibra-
tion is dominant, and the axial vibration and the torsional
vibration gradually move toward the higher order. In the
first 30 modes, when the aspect ratio is 100, the number of
lateral vibrations accounts for 53.33% of the total number
of vibrations; when the aspect ratio is 233.33, the number
of lateral vibrations accounts for 70% of the total number of
vibrations, and the percentage of lateral vibration increases.
The percentage of axial vibration and torsional vibration
is reduced. Considering three factors comprehensively, the
length-to-diameter ratio of this distortion model is 133.33,
and the model length is 2 m. The specific data are shown in
Table 1.

The modes obtained by the elastic calculation has the
following characteristics: under a certain aspect ratio, the
axial vibration frequency of each order and the lowest modal
order of the axial vibration frequency exhibit an odd ratio, 1,
3,5, ...; the torsional vibration frequency of each order and
the lowest mode order of the torsional vibration frequency
shows a positive integer ratio, 1, 2, 3, 4, 5 ...; the lateral
vibration frequency of each order and the lowest modal order
(first-order) of the lateral vibration frequency is not a posi-
tive integer ratio because the stiffness of the lateral vibra-
tions includes bending stiffness and tensile stiffness (caused
by pretension).

4.2 Modal numerical analysis

After designing the model, the modal similarities between
the model and the prototype are discussed below. The modal
similarity represents a similarity between the model and
the prototype [38]. Figure 3 is a graph showing the 30° lat-
eral natural frequency of the prototype riser and distortion
model. Figure 4 shows the first three modal shapes of the
prototype and the distorted model. It can be found that the
third mode of the distorted model is axial vibration. Only lat-
eral vibration is discussed here. It can be seen that the first-
order natural frequency of the prototype riser is 0.055 Hz,
and the 30-order natural frequency is only 2.24 Hz. The
natural frequency of the first to 30th order increases linearly.
The natural frequency of the prototype is low and dense, and
the natural frequency difference between adjacent modes
is small, thus generating high-order multi-mode broadband
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vibration. In the experimental model, the first-order natural
frequency is 0.64 Hz, and the 30th order natural frequency
is 26.17 Hz, and the natural frequency increases almost lin-
early from the first-order to the 30th order natural frequency.

Although the natural frequency of the distortion model
is higher than the natural frequency of the prototype, it still
retains the low and dense frequencies, and the difference
between the natural frequency of adjacent modes is small,
which allows high-order multi-mode broadband vibration
could occur in the experiment. The predicted value of the
distortion model is obtained by multiplying the natural fre-
quency by the natural frequency ratio A, =A,=0.085, which
is equal to the natural frequency of the prototype, indicating
that this method can achieve similar lateral dynamics.

It can be seen from Fig. 5, the ratio of pretension to
bending stiffness contribution frequency of prototype riser
decreases from 32.2 of the first-order vibration to 1.07 of
thirtieth-order vibration, but it is always greater than 1,
which has the characteristics of pretension dominating in
natural frequency. The ratio of the pretension of the riser
to the contribution frequency of bending stiffness is shown
in Eq. (14). With the increase of mode order n, the ratio
decreases. The distortion model coincides with the proto-
type in the graph completely, which satisfies the similarity
of lateral dynamics.

A A
L F
=—=4/— 14
nw \l Agi; (14

JuorsE1
where n is the mode number, 1,2,3,....
4.3 Pretension similarity analysis
The lateral vibration stiffness of the riser consists of the

bending stiffness and tensile stiffness of the riser and is the
composite stiffness. When the scale experiment is carried
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stiffness

out, the pretension does not satisfy the similarity, which
will have a non-negligible effect on the natural frequency of
the model. The following example employs the model data
from Ren et al. [39] for analysis. As shown in Table 2, the
model scale ratio is 25 based on the similarity of the Froude
number Fr, and the pretension ratio is 15,625. The ruler
Ap = Ag /l;‘) / Ai = 625 should be taken. It can be seen that the
similar model is a special case of the distortion model. The
ANSYS software is used to calculate the natural frequency
of the prototype riser and the similar model. The element,

mesh, and boundary conditions are the same as in the previ-
ous example. The riser does not consider the inflow mass
and the additional mass.

Figure 6a shows the natural frequency of the prototype,
the equal ratio model [39], and the distortion model. The
natural frequency of the prototype is only 2.75 Hz at the
30th order. The 15th order is axial vibration, the 19th order
is torsional vibration, and the remaining vibration forms
are lateral vibration. The natural frequency of the distortion
model is 69.612 Hz at 30th order, and the natural frequency
has a distinct mutation at the 14th order because the 14th
order of the mode is axial vibration. The natural frequency
of the proportional model is 32.43 Hz in the 30th order,
and the natural frequency has a sudden change in the 30th
order because the 30th order of the mode is axial vibration.
The pretension of the proportional model is smaller than the
pretension of the distortion model, so the natural frequency
of each mode is smaller than the natural frequency of the
distortion model. The predicted value of the distortion model
almost agrees with the prototype, and the predicted value
of the equal ratio model is small compared to the prototype
in Fig. 6a. However, in Fig. 6b, the predicted value of the
proportional model is between 52.82% and 79.59% com-
pared to the prototype, and the error gradually decreases
as the model order increases. Because as the model order
increases, the contribution of the bending stiffness in the
lateral vibration gradually increases, while the contribution

Table 2 Basic parameters of

. N Parameter Length (m) Tension (N) Elastic Density (kg/m*) Outer diameter/
prototype riser and its similar modulus (N/ inner diameter
model (some parameters are m?) (mm)
taken from [39])

TTR Prototype structure 1000 9,800,000 2.1ell 7800 508/457
Scale 25 625 1 1 25
Similar model 40 15,680  2.1ell 7800 20/18
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Fig.6 a The natural frequencies of prototype, equal ratio model and distortion model, the predicted values. b The error of natural frequencies

of the pretension stiffness in the lateral vibration gradually
decreases. The maximum error of the predicted model of
the distortion model compared with the prototype is only
—1.79%. The error comes from the elongation of the model
under the pretension and the length of the model increases.
The predicted value of the proportional model has a maxi-
mum error of 79.59%, and the minimum value exceeds 50%.
It can be seen that the similarity of the pretension is a factor
that cannot be ignored to satisfy the kinetic similarity.

4.4 Error analysis

In the numerical analysis, the design model is in good
agreement with the dynamics of the prototype. However,
for various reasons, there are errors in the design model and
the experimental model, such as the material characteristic
density, the elastic modulus, the magnitude of the preten-
sion, and the like. This paper gives the influence of the error
of pretension, elastic modulus, and material density on the
natural frequency of the structure through the error analysis

(a)

30
25

20

Natural frequency (Hz)
T

0 5 10 15 20 25 30

Mode number

method. For simplicity, the assumed error values are —50%,
-30%, —10%, 0%, 10%, 30%, 50%, ranging from —50% to
50%, and the range is sufficient to cover the actual model.
Figure 7a shows the influence of pretension on the natural
frequency. The pretension values are calculated based on
the relative error values. As the pretension increases, the
natural frequency of the model increases in each mode, and
the larger the amplitude of the pretension increase, the larger
the vibration frequency value increases. In Fig. 7b, the rela-
tive error of the natural frequency is —29.21%, —16.26%,
—-5.07%, 4.95%, 14.08%, 22.53% at the first-order mode.
In the 40th order mode, the relative errors of natural fre-
quencies are —10.36%, —6.07%, —1.96%, 1.98%, 5.77%,
and 9.43%, respectively. As the modal order increases, the
relative error of the natural frequency under each preten-
sion decreases, gradually moving closer to 0%, showing an
asymmetric compression horn shape. The shape of the com-
pression horn is produced because the pretension mainly
controls the low-order modes, while the bending stiffness
mainly controls the higher-order modes. As the modal order

(b) ——-50%
——-30%
—A—_109
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Fig. 7 a The influence of pretension on the natural frequency. b Pretension error vs. the natural frequency error
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increases, the contribution of bending stiffness to natural
frequencies increases, and the contribution of pretension to
natural frequencies decreases. The asymmetrical shape is
produced because the lateral vibration stiffness is the com-
posite stiffness.

The effect of model material density on the natural fre-
quency is given in Fig. 8a. In each mode, the natural fre-
quencies almost coincide. In the 30th order mode in Fig. 8a,
the vibration frequency is significantly different. In fact, the
relative errors of each mode in Fig. 8b are the same, 2.75%,
1.62%, 0.53%, —0.52%, —1.55%, —2.54%, both less than 5%.
The reason why the relative error caused by the material
density is low is that the vibration system uses the system
unit length density, and the system unit length density is
the sum of the distortion model material unit length density
and the distortion model drainage mass unit length density.
According to Eq. (10), the fluid density ratio is usually 1.025
(the ratio of seawater density (1025 kg/m3) to freshwater
density (1000 kg/m?)). When the material density p,, is

(a) 30 4

—a—-50 %

25

20

Natrual frequency (Hz)

25 30

Mode number

small, the material density ratio A, is Large, so that the sys-
tem density A, is not sensitive to the material density p,,.
Figure 9a shows the influence of the modulus of elastic-
ity on the natural frequency. Based on the error value, the
corresponding elastic modulus is calculated. In Fig. 9a, the
natural frequencies of the first 15 stages are coincident, and
the elastic modulus has little effect on the natural frequency.
After the 15th order, the difference in the natural frequency
becomes larger. With the increase of the modal order, the
natural frequency of the model with different elastic modu-
lus becomes larger, and the influence of the elastic modulus
on the natural frequency is dominant. In Fig. 9b, the overall
shape is umbrella-shaped, a little at the lower order mode,
and spread at the higher order mode. In all models from
the first to the 16th order mode, the error of the natural fre-
quency is less than 5%. For the model with elastic modulus
error of —30% and 30%, the error of the 23th natural fre-
quency is less than 5%, and even for the 30th natural fre-
quency the error is lower than 10%. In the 30th order mode,
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Fig. 8 aThe influence of density on the natural frequency. b Density error vs. the natural frequency error
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the natural frequency errors reach the maximum values
(—12.38%, —7.23%, —2.35%, 2.30%, 6.74%, and 11.00%)
since the contribution of bending stiffness to the natural fre-
quency increases as the order of vibration increases.

It can be seen that the effects of errors in pretension,
model density, and model elastic modulus on natural fre-
quency cannot be ignored. To reduce the error of the natu-
ral frequency, the model parameters that have a significant
influence on the natural frequency of the model are preferen-
tially satisfied. For the three model parameters of pretension,
model density, and model elastic modulus, the pretension
is the most important in controlling the error between the
prototype natural frequency and the model predicted natu-
ral frequency, so it is preferred. Second, it is the modulus
of elasticity. Finally, the model density. The model density
can change the mass ratio without significantly changing the
natural frequency, which is beneficial to the same quality
ratio of the model to the prototype.

5 Conclusions

In this paper, the feasibility of the theoretical formula of
the distortion model is proved by the derivation of the
dynamic differential equation in elastic mechanics. Based
on the dynamic differential equation of the distorted model,
a design method of the distorted model is proposed for the
deep sea flexible riser. In the numerical analysis, the dis-
tortion model design of an actual deep-sea flexible riser
was carried out, and the aspect ratio, modality, pretension,
error, etc. were discussed, and the following conclusions
were obtained.

1. The lateral direction of the distortion model of the deep
sea flexible riser satisfies the similarity of the dynamics,
and the longitudinal direction satisfies the static similar-
ity.

2. The distortion model solves the problems that the aspect
ratio of the riser is as high as 103, and it is difficult to
equal the scale, and pretension is not satisfied with the
kinetic similarity. The prototype and model scales are
given, lateral displacement ratio ruler 4., longitudi-
nal displacement ratio ruler 4,, pretension ratio ruler
Ap = AgA} /A2, time scale ruler A, = (ii/AD) VA, A
inflow speed ratio ruler A;; = ( /1% / /1%) V/AE/ A - and the
like.

3. The distortion model aspect ratio affects the order of
the mode shape, the amplitude of the pretension, and
the length deformation of the model under the action
of the pretension. Three factors need to be considered
comprehensively to select a reasonable distortion model
aspect ratio. The first few vibrations of the model are
mainly in the transverse direction, whether the preten-

@ Springer

sion application is convenient, and the elongation of the
model under the pretension is small.

4. When there is an error in the model, it will affect
the natural frequency. When the parameter range is
—50%-50%, the maximum error is when the pretension
is —=50%, and the first-order natural frequency error is
—29.21%; When the elastic modulus is —50%, the 30th
order natural frequency error is —12.38%; and when the
density is —50%, the natural frequency error of each
order is 2.75%. Therefore, the model parameters should
be preferential of high to low: pretension, model elastic
modulus, and model density.

The distortion model experimental design method pro-
vides new ideas for other marine structures such as mooring
and catenary risers. Future work can be further verified by
experimental methods to determine the rationality of this
method.
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