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Abstract: 

In this research, the periodic response and stability of a nonlinear maglev system under the 

combined effects of steady and unsteady aerodynamic lifts is investigate, considering time 

delay in the feedback control loop. Firstly, a nonlinear maglev system with a single levitation 

point that accounts for the nonlinearity of the electromagnetic force, time delay in the 

feedback control loop, and effect of aerodynamic lift is established. Then, the periodic 

solutions of the maglev system with aerodynamic lift and time delays are obtained by an 

incremental harmonic balance analysis, in which the explicit time-delay action matrices used 

indicate that the effect of time delay on the response of the maglev system is periodic. The 

stability of the periodic solutions based on a finite difference continuous time approximation 

method and Floquet theory is studied, from which the critical time delay is obtained. Also 

examined is the relationship between the periodic vibration amplitudeand the time delay, 

steady aerodynamic lift coefficient, and frequency of the unsteady aerodynamic lift, as well 

as the variation of critical delay with respect to the position feedback and velocity feedback 

with the control gain parameters. In addition, the stability boundary for the simultaneous 

time-delayed position and velocity feedback is obtained. 

                                                
1 Corresponding author. E-mail address: zxh@imech.ac.cn (Xiao-Hui Zeng) 

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJSSD

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

11
/2

9/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.
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1Introduction 

Electromagneticsuspension(EMS)trainshavetheadvantagesoflowenergyconsumption,low

environmentalimpacts,lownoise,lowmaintenance,andstrongclimbingabilities,andtheyhaveund

ergonetremendousdevelopmentinrecentyears.The dynamic characteristics of maglev train is 

important to its application, and many scholars have studied it in recent years[1, 

2].Thenewgenerationofhigh-

speedmaglevtrainswillhavedesignspeedsreaching600km/h,whichexceedsthecruisingspeedoflo

w-speedaircraft,andtheiraerodynamicloadswillhaveanon-

negligibleeffectontheirdynamicbehaviorsduringhigh-

speedmaglevoperation.Inrecentyears,moreandmoreresearchershavebegunfocusingontheaerod

ynamicloadsofhigh-

speedmaglevtrainsandtheyhaveanalyzedtheaerodynamicloadsandpressurewavesofmaglevtrain

soperatinginopenair,passingothertrains,andothersituations[3–

7].However,thedynamicresponsesofmaglevtrainssubjectedtoaerodynamicloadshaverarelybeen

studied.Kwonetal.[8]simulatedtheresponsesofmaglevvehicleswhentheypassedasuspensionbrid

geandtheyweresubjectedtowindgusts.Yau[9]consideredtheaerodynamicloadcausedbyunstable

airflowandcalculatedtheresponseofacoupledvehicle-

railsystem.WuandShi[10]analyzedthedynamicresponseofamaglevvehiclebodyundertheactiono

fawindfield.Thecurrentresearchonthedynamicsofmaglevvehiclesunderaerodynamicconditions

mainlyusessimulationmethodstostudythemotionresponsesandstabilityundervariousoperatingco

nditions,butthesesimulationsdonotaccountforthevibrationcharacteristics,suchasthestabilityand

nonlinearresponsecharacteristicsofmaglevvehicles. 
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ThelevitationstabilityofanEMS-

typemaglevvehiclereliesonacontrolledverticalelectromagneticforce.Comparedtoaerodynamicf

orcesintheotherdirections,theverticalaerodynamicforce,oraerodynamiclift,hasthemostdirecteff

ectonthedynamiccharacteristicsofamaglevtrain.UsingatrainfortheShanghaiMaglevLineasanex

ample,numericalcalculationsshowedthatforarunningspeedof600km/h,theaerodynamicliftofthel

eadcarcouldreach50%ofthevehicleweight[4].Therehasbeenanindustrialconsensusinthedesigno

fcontrolsystemsforhigh-

speedmaglevtrainsthattheeffectofaerodynamicliftmustbetakenintoaccount.Asteadyaerodynami

cliftchangestheequilibriumstateofamaglevtrain;asthevehiclespeedincreases,thetrainmaybecom

eunstable.Therefore,thereisacriticalspeedduetotheaerodynamiclift.Wehavepreviouslyinvestiga

tedthedestabilizationmechanismofmaglevvehiclesundersteadyaerodynamiclift,proposedtheco

nceptofacriticalspeed,andsummarizedtwoinstabilitymodesforsteadyaerodynamiclift[11]. 

Inadditiontothesteadyaerodynamicliftduringthehigh-

speedoperationofmaglevtrains,thedevelopmentofunstablevorticesaroundatraincausespronounc

edunsteadyaerodynamiclift[4].Toensurethesafeandcomfortableoperationofmaglevtrainsinthep

resenceofaerodynamicliftandtoprovideabasisforthedesignofacontrolsystem,inthisstudy,weinve

stigatedthedynamiccharacteristicsofmaglevtrainsunderthecombinedactionofsteadyandunstead

yaerodynamicliftbasedontheresultsofpreviousstudies. 

Amaglevtrainisanonlinearsystemthatintegratesmechanics,control,power,andelectronics,w

ithelectromagneticnonlinearitybeingoneofthemostimportantnonlinearities.Furthermore,timede

laysareinevitableinthemeasurementandreceptionofsignalsandintheprocessing,output,andexecu

tionofsignals.Theexistenceoftimedelayswillcausechangesinthedynamicbehaviorofamaglevsyst

emanditmayevencauseasystemtobecomeunstable.Inrealvehicletests,therehavebeencasesofviol

entvehicle-

guidewayresonancecausedbyexcessivetimedelaysinacontrolloop[12,13].Toaddresstheeffectoft
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imedelaysonthestabilityofmaglevvehicles,Lietal.[14]analyzedtheeffectsoftimedelaysonthestab

ilityofacoupledvehicle-guidewaysystem.Wangetal.[15–

17]consideredtheeffectsofdelayedpositionfeedbackcontrolandvelocityfeedbackcontrolontheH

opfbifurcationsandresonanceproblemsofmaglevsystems.Zhangetal.[18–

22]discussedtheeffectsoftimedelaysonthestabilityandHopfbifurcationsofrigid-

guidewayandelastic-

guidewaymaglevvehicles.Xuetal.[13]studiedtheHopfbifurcationproblemofcoupledvehicle-

railsystemswithsimultaneoustimedelaysinpositionandspeedfeedback.Sunetal.[23]studiedtheint

eractionandconstraintsoftime-delayparametersontheHopfbifurcationofalow-

speedmaglevvehicle.Sunetal.[24]proposedanadaptiverobustcontrollerbasedontheRiccatimetho

dandsliding-modetechnologywhenatimedelaywasconsidered. 

Previousresearchstudiesonmaglevvehiclesystemshaveeithernotconsideredtheinfluenceofa

erodynamicliftortheyhaveonlyconsideredaerodynamicloadsinmultipledirectionstoanalyzetheri

dequality.Thesuspensionstabilityofamaglevtrainisthemostimportant,andtheinfluenceofaerodyn

amicliftonthesuspensionstabilityisthemostdirectofallaerodynamicloads.Todate,therehasnotbee

nanyrelevantresearchonthesuspensionstabilitycharacteristicsofamaglevvehicleunderaerodyna

miclift.Inaddition,previousresearchontime-

delayedmaglevtrainsystemshasmainlyfocusedonHopfbifurcationsinsteadofthedynamicrespons

eunderexternalexcitation,especiallytheexcitationofaerodynamiclift.Whenatrainisrunningataver

yhighspeed,itisanextremelyimportantproblemtodeterminewhethertheresponsecharacteristicsof

themaglevvehiclesystemwithtimedelayunderunsteadyaerodynamicliftcanmeetthecontrolrequir

ements.However,noresearchershavestudiedthenonlineardynamiccharacteristicsofmaglevsyste

msassociatedwiththeaerodynamiclifteffectandtimedelaysinthefeedbackcontrolloop.Thispaper

describesthefirstresearchtoexaminetheperiodicresponseanditsstabilityforamaglevsystemundert

heactionofbothunsteadyaerodynamicliftandtimedelay.Many kinds of loads during the 
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operation of train can be regarded as harmonic excitation to some extent, and the periodic 

response is important content of vehicle dynamics 

[25].Inthisstudy,wetookthenonlinearelectromagneticforcesandtimedelaysinthepositionandvelo

cityfeedbackcontrolloopintoaccountandweestablishedasingle-

magnetsuspensionnonlinearmaglevsystemthatconsideredthesteadyandunsteadyaerodynamiclif

twithsimpleharmonicvariations.Basedontheincrementalharmonicbalance(IHB)method,weanal

yzedtheperiodicsolutionsofmaglevsystemsandweinvestigatedthestabilityoftheperiodicsolution

sbasedonafinitedifferencecontinuoustimeapproximationmethodandtheFloquettheory.Weanaly

zedtherelationshipbetweentheperiodicsolutionamplitudeandthetimedelayaswellastheaerodyna

micliftfluctuationfrequency.Wealsoconsideredtherelationshipbetweenthecriticalvelocityfeedb

ack,thepositionfeedbacktimedelays,andthecontrolgainparameters.Inaddition,thedelayedstabilit

yboundarieswhenthepositionfeedbackandvelocityfeedbacktimedelayswereconsideredsimultan

eouslywereinvestigatedinthisstudy.Thesefindingsareimportantforrevealingthesuspensionstabil

itycharacteristicsofahigh-speedmaglevvehiclesystem. 

2SystemModelandDynamicEquations 

Toclearlydescribethemechanismfortheinfluenceofaerodynamicliftonthesuspensiondynam

icstabilityofamaglevsystem,webegantheinvestigationusingthesingle-

magnetsuspensioncontrolmodelshowninFigure1.Inthismodel,themaglevwassimplifiedtooneele

ctromagnet,onlytheverticalvibrationandverticalelectromagneticforceoftheelectromagnetweret

akenintoaccount,andtherotationmotionandelectromagnettorquewereignored.Theguide-

waywasconsideredtoberigid.Inthefigure,Frepresentstheelectromagneticforce,FLiftrepresentsthe

aerodynamiclift,δrepresentsthesuspensionclearanceoftheelectromagnet,andvrepresentsthevehi

clespeed. 
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Figure1Schematicdiagramofasingle-magnetsuspensionsystem 

 

Sincetheunstablevortexofthetrainwasperiodic,weregardedtheunsteadyaerodynamicliftint

hisstudyasharmonic.Consideringtheoncomingairflowofthemaglevtrain,thesteadyandunsteadya

erodynamicliftforcesactingonthevehiclecouldbeexpressedas 

 

 

0

2

0

1

2

sin 2

L L L

L L v

L

F F F

F C A v

F H f t









 



 

 (1) 

whereFListheaerodynamiclift,FL0isthesteadyaerodynamiclift,FL∆istheunsteadyaerodynam

iclift,CListhesteadyaerodynamicliftcoefficient,ρisthedensityofair(1.225kg/m3),Avisthevehiclet

opsurfaceareaofthevehicle,vistheheadwindvelocity(i.e.,thevehiclespeed),fisthefrequencyofthe

unsteadyaerodynamiclift,andHistheamplitudeoftheunsteadyaerodynamiclift. 

Themaglevsystemhadanequilibriumstatethatwasdenotedas(I0,δ0),wheretheelectromagneti

cforcewasequaltothesumofgravityandthesteadyaerodynamiclift.I0wastheequilibriumcurrentan

dδ0wastheequilibriumclearance.Furthermore,idenotedthefluctuationofthecurrentwithrespecttot

heequilibriumcurrent,andsdenotedthefluctuationofthesuspensionclearanceoftheelectromagnet

withrespecttotheequilibriumclearance.Thenthesuspensionforcebetweentheelectromagnetandth

eguide-waycouldbewrittenas 

 
 

 

22

0 0

2

04

AN I i
F

s









 (2) 

whereμ0isthemagneticpermeabilityofair,Aistheeffectiveareaoftheelectromagnet,andNisthenum

Guide-way 

F 

Magnet v 

δ 

F
lift
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berofturnsinthecoil. 

ExpandingtheaboveformulaasaTaylorseries,weobtained 

  
1 2 3

2
2 20

0 02

0 0 0 0

2 1 2 3 4
4

AN s s s
F I I i i



   

      
              

       

L  (3) 

Thecurrentwascontrolledbyaproportional-differential(PD)controller,andthetime-

delayinthepositionandvelocityfeedbackcontrolloopwastakenintoaccount.Then,thefluctuationof

thecurrentiwasexpressedas 

    p p d di k s t t k s t t     & , (4) 

wherekpandkdarethegainsofthepositionfeedbackcontrolandthevelocityfeedbackcontrol,respecti

vely,andtpandtdarethetimedelaysofthepositionfeedbackandthevelocityfeedback,respectively. 

SubstitutingEq.(4)intoEq.(3)andkeepingtermswithsecond-orderprecision,wehad 

 

 
2

2
20

0 02

0

1 2 3

0 0 0

2
4

1 2 3 4

p p d d p p d d

AN
F I I k s k s k s k s

s s s





  

              

      
            
       

& &

L

. (5) 

Theelectromagneticforceattheequilibriumstatewasexpressedas

2
20

0 02

04

AN
F I




 .Attheequilibriumstate,wehad 0 0LF mg F  ,then

0 0
0

0

2 Lmg F
I

N A






 .Thefluctuationoftheelectromagneticforcewithrespecttotheequilibriumsta

tecouldbederivedas 

 

 

0
0 1 1

0

2
02 2 2 2 20 0

2 2 22

0 0 0

4 3 4
2

p p d d

p d
p p p p d p d d d d

I
F F F k k s s k k s

I k I I k
k k s ss s k k k s s ss k k s



  

 
      

 

   
        

   

&

& & &

 (6) 

Intheaboveformula,

2

0 0
1 2

0

2

4

AN I
k




 ,

2

0
2 2

04

AN
k




 ,  p ps t t s  ,  d ds t t s & &. 

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJSSD

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

11
/2

9/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



Takingthedownwardverticaldirectionasthepositivedirection,theequationofmotionofthema

gneticsuspensionsystemintheverticaldirectionwithrespecttotheequilibriumstatecouldbewritten

as 

 Lms F F && , (7) 

wheremisthemassoftheelectromagnet. 

BysubstitutingEqs.(1)and(6)

intoEq.(7),weobtainedanonlinearmagneticlevitationmodelunderthecombinedeffectofsteadyan

dunsteadyaerodynamicliftandtheinfluenceofthetimedelaysinthefeedbackcontrolloops: 

 
 

2 2

11 12 21 31 32 33

2

41 42 51 sin 2

p d p p

p d d d

ms s s s s ss s

s s ss s H ft

     

   

     

   

&& &

& & &
 (8) 

Intheaboveformula, 
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0 0

20
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2
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0 0

20
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4 3
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3 2
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3
, 2 , .
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p

p

d
p d d

p

p

d
p d d

I
k k k k k

I k I
k k k k

I k
k k k k k k

I k I
k k k k

I k
k k k k k k

  


  
 

  


  
 

  


   

   

   

    

    

  

3IHBMethod 

ForthenonlinearmaglevsystemshowninEq.(8),theperiodicsolutionswerefoundusingtheIH

Bmethod.TheIHBmethodwasproposedbyLauandCheung[26]andithasbeenwidelyusedtosolvev

ariousnonlinearvibrationproblems.Thismethodcombinestheincrementalmethodusedinnumeric

alcalculationsandtheharmonicbalancemethod.Ithasbeenusedsuccessfullyinthestudyofstronglyn

onlinearapplications[27-33]. 
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Letting 2 ft = t   ,  p ps s t   ,and  d ds s t    ,Eq.(8)couldbewrittenas 

 

2 2 2

11 12 21 31 32 33

2 2

41 42 51 sin

p d p p

p d d d

m s s s s s ss s

s s ss s H

      

    

             

        
 (9) 

Lettings0andω0denoteacertainstateinthevibrationprocess,thecriticalstatecouldbeexpressed

inincrementalform,asfollows: 

 

0

0

0

p p p

d d d

s s s

s s s

s s s

  

  

    

 (10) 

 0H H H    (11) 

 0      (12) 

BysubstitutingtheabovethreeequationsintoEq.(9)andomittinghigher-

orderterms,weobtainedthefollowing: 

 

   

 

2

0 11 12 0 21 31 0

32 0 32 0 33 0 0 41 0 0 41 0

2

0 42 0 0 42 0 0 51 0

0 0 21 0 41 0 0 42 0 0 0 51

2

2

2

2 2

p d p p

p p d p p d

d d d d

d p d d

m s s s s s s

s s s s s s s s s s

s s s s s s

R ms s s s s s

     

      

     

     

        

          

         

           


2

0

sin

ds

H





 




 (13) 

 

2 2

0 0 0 11 0 12 0 0 21 0 31 0 32 0 0

2 2 2

33 0 0 41 0 0 0 42 0 0 0 51 0

sin p d p p

p d d d

R H m s s s s s s s

s s s s s s

       

      

             

         

 (14) 

Whens0,ω0,andH0weretheexactsolutionoftheequation;thenR=0. 

Theperiodicsteady-statesolutionwasexpressedasfollows: 

 

 

 

0 0

1 1

0

1 1

cos sin

cos sin

c s

c s

N N

k k

k k

N N

k k

k k

s a a k b k

s a a k b k

  

  

 

 

   

        

 

 

CA

C A

 (15) 

Where 

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJSSD

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

11
/2

9/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



 

 

0 1 2 1 2

0 1 2 1 2

1,cos ,cos2 , ,cos ,sin ,sin 2 , ,sin

, , , , , , , ,

, , , , , , , ,

c s

c s

c s

T

N N

T

N N

N N

a a a a b b b

a a a a b b b

     

   

          

C

A

A

 (16) 

BasedonEq.(15),theharmonicexpansionsof𝑠𝑝and𝑠𝑑
′ wereasfollows: 

 

   

   

0 0

1 1

0

1 1

cos sin

cos sin

c s

c s

N N

p k p k p

k k

N N

p k p k p

k k

s a a k k t b k k t

s a a k k t b k k t

   

   

 

 

    

        

 

 

 (17) 

 

   

   

0

1 1

1 1

sin cos

sin cos

c s

c s

N N

d k d k d

k k

N N

d k d k d

k k

s a k k k t b k k k t

s a k k k t b k k k t

   

   

 

 

       

        

 

 

 (18) 

LettingNc=Ns=N,Eq.(17)and(18)couldbewritteninthefollowingform: 

 
0

0 ,

p p p p

d d d d

s , s

s s

   

      

C A C A

C A C A

 

 
 (19) 

AsshowninEq.(19),wecalledГpandГdexplicittime-

delayactionmatrices.Theywereexpressedasfollows: 

   

   

   

   

   

   

1 0 0 0 0 0 0

0 cos 0 0 sin 0 0

0 0 cos 2 0 0 sin 2 0

0 0 0 cos 0 0 sin

0 sin 0 0 cos 0 0

0 0 sin 2 0 0 cos 2 0

0 0 0 sin 0 0 cos

p p

p p

p pp

p p

p p

p p

t t

t t

N t N t

t t

t t

N t N t

 

 

 

 

 

 

 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
  


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   

   

   

   

   

   

1 0 0 0 0 0 0

0 cos 0 0 sin 0 0

0 0 cos 2 0 0 sin 2 0

0 0 0 cos 0 0 sin

0 sin 0 0 cos 0 0

0 0 sin 2 0 0 cos 2 0

0 0 0 sin 0 0 cos

d d

d d

d dd

d d

d d

d d

t t

t t

N t N t

t t

t t

N t N t

 

 

 

 

 

 

 
 
 

 
 
 
 
 
 
 
 
 
 
 


. 

Itwasfoundthatthetime-

delayactionmatricesГpandГdwereperiodicfunctionsoftpandtd,respectively.Theirperiodswere2π/

ωor1/f.Hence,wededucedthattheirimpactonthemaglevsystemwasalsoperiodic.Importantly,thes

olutionwouldvaryperiodicallywiththechangingofthetimedelay. 

AftersubstitutingEqs.(15)and(19)intoEq.(13)

andthenapplyingtheGalerkinprocess,weobtainedasetofalgebraicequationswiththeunknowns∆A

,∆ω,and∆H,whichcouldbeexpressedasfollows: 

 mc mc h H     K A R R R , (20) 

 

2

0 11 12 0 21 31

1 2 1 2

32 32 33 0 41 0 41

1 2 2

0 42 0 42 0 51

2

2

2

mc  

 

  

  

    

  

K M K + K C + K

K K K C C

C C C

, (21) 

 

2

0 11 12 0 21 31

1 2 2 2

32 33 0 41 0 42 0 51

 

  

   

     

R H M K + K C + K

K K C C C A
, (22) 

 
2 2

0 21 41 42 0 512 2mc        R M C C + C C A , (23) 

where 

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJSSD

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

11
/2

9/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



 

2

0

2 2

11 11 12 12
0 0

2

21 21
0

2 2
1

31 31 0 32 32 0
0 0

2 2
2

32 32 0 33 33 0
0 0

2 2
1 2

41 41 0 41 41 0
0 0

4

,

T

T T

p

T

d

T T

p p p

T T

p

T T

d p p d

m d

d d

d

s d s d

s d s d

s d s d



 



 

 

 



   

 

   

   

   



 



 

 

  



 



 

 

 

M C C ,

K C C ,K C C

C C C

K C C ,K C C

K C C ,K C C

C C C C C C

C









 

2 2
1 2

2 42 0 42 42 0
0 0

2

51 51 0
0

2 2

0
0 0

,

cos cos

T T

d d

T

d d

T T

h

s d s d

s d

H d , d

 



 

   

 

   

  

 

 

 



 

C C C C C

C C C

H C R C





. (24) 

Ifwewereonlyconcernedwiththefrequency–

amplituderesponsecurveatacertainaerodynamicamplitude,thenHhadafixedvalueandΔH=0.Thu

s,Eq.(20)became 

 mc mc    K A R R  (25) 

Equation(25)

representsasetoflinearequations.Itsnumberofunknownswasgreaterthanthenumberofequationsb

yone,sointhesolutionprocess,oneoftheincrementswasselectedasaparameter.Wecouldchoosethe

amplitudeaofacertainharmonicortheexcitationfrequencyasthecontrolincrement.TheNewton-

Raphsoniterativemethodwasadoptedtocalculatethesolutionwhenthefrequencyωoronecompone

ntoftheamplitudeAwasgiven.ThecriterionforstoppinganiterationwasthatthecorrectivevectorRw

assmallenough.Toefficientlycalculatetheamplitude–

frequencyresponsecurve,thesamplingarclengthincrementmethodusedinthisresearchautomatica

llytrackedtheresponsecurve.ReadersarereferredtotheworkofCheung[34]fortheassociatedtheory

ofthearclengthincrementmethod. 

4Stability 
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Welets0betheobtainedsteady-

stateperiodicsolutionandletΔsbeaperturbation.Bysubstitutings=s0+ΔsintoEq.(9)

andomittingthehigh-ordersmallquantities,weobtainedtheperturbationequations: 

 

 

 

 

2

0 11 12 0 21

31 0 32 0 32 0 33 0

0 41 0 0 41 0

0 42 0 0 42 0

2

0 51 0

2 2

2 0

p d

p p p p

d p p d

d d

d d

m s s s s

s s s s s s s s

s s s s

s s s s

s s

    

   

   

   

 

      

       

    

    

   

 (26) 

Thestabilityofthesolutionoftheoriginalequationcorrespondedtothestabilityofthesolutionof

theordinarydifferentialequations(Eq.(26))withperiodiccoefficientsandatimedelay. 

Foratime-

delaysystemcontainingperiodiccoefficients,wefirstconvertedthedifferentialequationwithatime

delaytoadifferentialequationwithoutatimedelayusingthefinitedifferencecontinuoustimeapproxi

mationmethod,afterwhichwestudiedthestabilityofthetime-

delayedsystemwithperiodiccoefficientsusingFloquettheory. 

Letting 

    
T T

1 2, ,q q s s   q  (27) 

Eq.(26)couldbewritteninmatrixformasfollows: 

 

           

 

 

 

12 32 0 33 0 0 42 02

0

11 31 0 32 0 0 41 02

0

2

0 21 0 41 0 0 42 0 0 51 02

0

, ,

1
0 2

1 0

1
0 2

0 0

1
2 0

0 0

p d p p d d

p d

p d

p

p d

d

t t t t

s s s
m

s s s
m

s s s
m

         

    


    


       


        
 

     
 
  

     
 
  

     
 
  

q f q q q Gq G q G q

G

G

G

&

 (28) 
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Thestatevariableswasexpressedintermsof  q ,  1 q ,and  2 q ,(where

10 pt   , 20 dt   )hadinfinitedimensions.Thestatevariableswithatimedelay

 1 1,0 pt     q ,  2 2,0 dt     q

couldbediscretized.AssumingthatNpandNdareintegers,weobtained /p p pt N   and

/d d dt N   .Thederivativesof  pi  q& and  di  q&

wereapproximatedwiththefollowingdifferences: 

 

      

      

1
1

1
1

p p p

p

d d d

d

i i i
t

i i i
t

     

     

         
 

          

q q q

q q q

&

&

 (29) 

Thefollowingfinitedimensionalstatevariablewasdefined: 

 

         

     

       

T

T

1 2 3 1

, , 2 , , ,

, 2 , ,

, , , ,
p d

p p p p

d d d d

N N

N

N

       

     

    
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 (30) 

ThefollowingsystemequationcouldbeobtainedbasedontheexpansionstatevariablesshowninEq.

(30): 
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  (31) 
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where 
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I I

I I

I I



 (32) 

IntheaboveEq.(32),I=diag(1,1).Thestabilityofthecontrolequation(Eq.(26))couldbeassesse

dusingthestabilityofEq.(31). 

Sinces0,s0p,andds0d/dτwereperiodicfunctionswithaperiodofT=2π/ω,Ψwasalsoaperiodicfun

ctionwiththesameperiodass0.WeassumedthatthematrixΦwasthebasicsolutionmatrixofEq.(32)

andthatitsatisfied 

 

     

     

   

T T

T

  

  

 



  

  C

  

  

 

 (33) 

Cisthetransfermatrix.AccordingtoFloquettheory,thestabilityofasystemdependsontheeigen

valuesofthematrixC.IfthemoduliofalltheeigenvaluesofCarelessthan1,thenthemotionofthesyste

misboundedandthesolutionisstable;otherwise,themotionisunboundedandthesolutionisunstable. 

ChoosinganinitialconditionofΦ(0)=I,thebasicsolutionofEq.(32)

wassolvednumerically,andweobtainedthefollowing: 

  TC   (34) 

AccordingtothemethodgivenbyFriedmann[35],thetransitionmatrixcouldbeobtainedwithth

efourth-orderRunge–Kuttanumericalintegrationmethod. 
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5AnalysisofNumericalExample 

Basedontheaforementionedtheory,wewroteaprogramfortheperiodicsolutionandstabilityan

alysis.Weexaminedanelectromagnetmoduleforanactualhigh-

speedmaglevtrainandweselectedparametersbasedon1/8ofavehicle.Table1showstheparameterss

elected. 

Table1Electromagnetparameters 

m(kg) μ0(H/m) δ0(m) Nm R(Ω) Am(m2) 

6300 4π×10−7 0.01 290 0.61 0.622 

 

TheaerodynamicamplitudewasA0=25000Nandthereferenceareaofthevehiclewas11.86m2.

Sincetheparameterswereselectedbasedon1/8ofavehicle,thesteadyaerodynamicliftneededtobe1/

8oftheaerodynamicliftthattheentirevehiclewassubjectedto, 2

0 0.5 8L L vF C A v . 

5.1Procedureverification 

Toensurethereliabilityoftheanalysisprogram,wecalculatedtheperiodicsolutionsconsiderin

gthetimedelaysinthepositionfeedbackandcomparedthemwiththestableperiodicsolutioncalculat

edusingtheRunge–Kuttadirectintegrationmethod. 
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Figure2ComparisonofthecalculatedresultsusingtheIHBmethodandtheRunge–Kuttamethod 

Figure2showsthevibrationamplitudesofperiodicsolutionswithdifferenttimedelaysforthepo

sitionfeedbacktp. 

Theotherparameterswerekp=2000,kd=20,andf=10Hz.Theamplitudesoftheperiodicsolutionsobta

inedbythetwomethodswereequal,whichverifiedthecorrectnessofanalysisprogram. 

Basedontheverifiedanalysisprogram,weinvestigatedthenonlinearvibrationsofthemaglevsy

stemundertheactionofaerodynamicliftforthreetime-

delayscenarios.Thethreescenariosconsideredonlythetimedelayofthepositionfeedbacktp,onlythe

timedelayofthevelocityfeedbacktd,andboththetimedelayofthepositionfeedbacktpandthetimedel

ayofthevelocityfeedbacktd.Thesteadyaerodynamiclifthadanimportanteffectonthestabilityofthe

maglevtrain.Foreachtime-

delayscenario,wecalculatedtheresponseandstabilityofthemaglevsystemforCL=1.2(verticallyup

wardsteadylift),CL=0.0(zerosteadylift),andCL=−1.2(verticallydownwardsteadylift). 

5.2Timedelayofpositionfeedback 

Inthissub-

section,wepresenttheanalysisresultsforthescenarioinwhichonlythetimedelayofthepositionfeedb

acktpwasconsidered.Forthisscenario,wesetkp=2000andkd=20.Figure3presentstherelationshipcu

rvesbetweentheperiodicvibrationamplitudeandthetimedelayofthepositionfeedbackforthreestea

dyliftconditions.Theanalysisresultsshowedthatthevibrationamplitudewasamaximumwhenthest

eadyaerodynamicliftcoefficientwasCL=1.2,followedbythatatCL=0,anditwasaminimumatCL=−1

.2.Thisshowedthatwhenthesteadyaerodynamicliftwasverticallyupward,thevibrationamplitudeo

fthesystemexcitedbyunsteadyaerodynamicliftwouldbegreater.Inaddition,thefigureshowsthatw

hentheexcitationfrequencywas15Hz,theamplitudewasamaximum. 
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(a)  

(b)  

(c)  

Figure3Relationshipbetweenperiodicvibrationamplitudeandpositiontimedelay:(a)CL=1.2;(b)C

L=0;(c)CL=−1.2 

 

Itisworthnotingthatthetime-

delayactionmatrixwasperiodicintermsoftdwithaperiodofT=1/f,justasshowninEq.(19).Thus,thep

eriodicsolutionhadtoexhibitperiodicvariationswithrespecttothetimedelay.TheresultsshowninFi
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gure3confirmedthisdeduction.Figure3showsthatforalow-

frequencyexcitation,theperiodoftheamplitudechangewiththetimedelaywaslong.Forthetimedela

yofthepositionfeedbackinthe0–

0.05srange,theamplitudeincreasedmonotonically.Athighexcitationfrequencies,withthetimedel

ayofthepositionfeedbackinthe0–

0.05srange,theamplitudevariationwiththetimedelayofthepositionfeedbackappearedperiodically. 

Fromthestabilityanalysisoftheperiodicsolution,weobtainedthecriticaltimedelayofthesyste

minstability.Table2showsthecriticaltimedelayofthepositionfeedbackforf=10Hzand20Hz.There

sultsshowedthattheexcitationfrequencyoftheunsteadylifthadnoeffectonthecriticaltimedelay.Th

ecriticaltimedelaywassmallatCL=1.2andgreateratCL=0and−1.2,buttheoveralldifferencewassm

all. 

Table2Comparisonofcriticaltimedelaysfordifferentsteadyaerodynamicliftcoefficients 

 f=10Hz f=20Hz 

CL=1.2 0.01195s 0.01195s 

CL=0 0.01230s 0.0123s 

CL=−1.2 0.01225s 0.01225s 

 

 

(a)  (b)   (c) 

Figure4Amplitude–

frequencyresponsecurvesfordifferenttimedelaysofthepositionfeedback:(a)tp=0.002s,stable;(b)t

p=0.005s,stable;(c)tp=0.01s,stable 
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Figure4showstheamplitude–

frequencyresponsecurveforthreedifferenttimedelaysofthepositionfeedback.Theresultsshowmo

reclearlythatthemaximumamplitudeswereallinthevicinityof15Hz.Comparedtothecasewithoutst

eadyaerodynamiclift,theamplitudewasgreaterwhenthesteadyaerodynamicliftwasdirectedvertic

allyupwardandlesserwhenthesteadyaerodynamicliftwasdirectedverticallydownward. 

Figure5andFigure6displaythedependenceofthecriticaltimedelayofthepositionfeedbackont

hepositionfeedbackgainkpandthevelocityfeedbackgainkp,respectively.Theresultsshowedthatwh

enkpincreased,thecriticaltimedelayofthepositionfeedbackdecreased.Whenkdincreased,thecritic

altimedelayofthepositionfeedbackincreased.Inaddition,thecriticaltimedelaysofthepositionfeed

backcorrespondingtoCL=1.2,0,and−1.2weresimilar. 

 

Figure5Relationshipbetweenthecriticaltimedelayofthepositionfeedbackandthepositionfeedbac

kgain(kd=20,f=10Hz) 
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Figure6Relationshipcurvesforthecriticaltimedelayofthepositionfeedbackandthevelocityfeedba

ckgain(kp=2000,f=10Hz) 

5.3Timedelayofvelocityfeedback 

Thissub-

sectionshowsthenonlinearresponseofthemaglevsystemundertheactionofaerodynamicliftforthes

cenarioinwhichonlythetimedelayofthevelocityfeedbacktdwasconsidered.Intheanalysisdescribe

dinthissection,wechosethefollowingvalues:kp=2000,kd=20,H=25000N. 

Figure7showstherelationshipcurvesfortheamplitudeoftheperiodicvibrationandthetimedela

ytdunderthreesteadyaerodynamicliftconditions:CL=1.2,0,and−1.2.Similarly,whenthesteadyaer

odynamicliftwasverticallyupward,theresponseamplitudeofthesystemwasgreater.Equation(19)

alsoshowsthattheeffectoftdonthesystemwasperiodic,withaperiodofT=1/f,whichisalsoreflectedi

nFigure7. 
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(a)  

(b)  

(c)  

Figure7Relationshipcurvesfortheperiodicvibrationamplitudeandtimedelayofthepositionfeedba

ck:(a)CL=1.2;(b)CL=0;(c)CL=−1.2 
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(a)  (b)   (c) 

Figure8Amplitude–

frequencyresponsecurvefordifferenttimedelaysofthevelocityfeedback:(a)tp=0.002s,stable;(b)tp

=0.01s,unstable;(c)tp=0.08s,unstable 

 

Inaddition,whenconsideringonlythetimedelayofthepositionfeedback,themaximumamplitu

deoccurredatafrequencyof15Hz,andwhenconsideringonlythetimedelayofthevelocityfeedback,t

hefrequencywasabout10Hz,asshowninFigure8. 

Figure9andFigure10showthedependenceofthecriticaltimedelayofthevelocityfeedbackont

hepositionfeedbackgainkpandthevelocityfeedbackgainkd,respectively.Theresultsshowedthatthe

criticaltimedelayofthevelocityfeedbackdecreasedaskpandkdincreased.Whencomparedtothecase

ofCL=0,thecriticaltimedelayofthevelocityfeedbackwasgreaterwhenthesteadyaerodynamicliftw

asintheupwarddirection(CL=1.2),andthecriticaltimedelayofthevelocityfeedbackwassmallerwhe

nthesteadyaerodynamicliftwasverticallydownward(CL=−1.2). 
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Figure9Relationshipbetweenthecriticaltimedelayofthevelocityfeedbackandthepositionfeedbac

kgainkp(kd=20,f=10Hz) 

 

 

Figure10Relationshipbetweenthecriticaltimedelayofthevelocityfeedbackandthevelocityfeedba

ckgainkd(kp=2000,f=10Hz) 

5.4Dualtimedelayinpositionandvelocityfeedback 

Toaddressthecaseofadualtimedelayinthepositionandvelocityfeedbackcontrolloop,weanal

yzedthestabilityoftheperiodicsolutionofthemaglevsystemundertheactionofaerodynamicliftand

obtainedthestabilityboundaryforthetimedelay,asshowninFigure11.Thefigureshowsthetime-
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delaystabilityboundarycurveswhenthesteadyaerodynamicliftcoefficientwasequalto1.2,0,and−1

.2.Whenthetimedelayofthepositionfeedbackandthetimedelayofthevelocityfeedbackwerelocate

donthelowerleftsideofacurve,theresponseofthemaglevsystemundertheaerodynamicliftwasstabl

e.Whenthetimedelaywaslocatedontheupperright-handsideofacurve,theresponsewasunstable. 

 

Figure11Stabilityboundarywithsimultaneoustimedelaysofpositionfeedbackandvelocityfeedbac

k(kp=2000,kd=20,H=25000N,f=10Hz) 

6Conclusion 

Inthisstudy,weestablishedanonlinearmodelforamaglevsystemunderthecombinedeffectofst

eadyandunsteadyaerodynamicliftandtime-

delayedfeedbackcontrol.ThenonlinearperiodicsolutionofthesystemwascalculatedusingtheIHB

method,andthestabilityoftheperiodicsolutionwasassessedusingthecontinuoustimeapproximatio

nmethodandthemulti-variableFloquettheorytoobtainthecriticaltime-

delay.Basedona1/8maglevvehicle,weconductedananalysisandobtainedtherelationshipbetweent

heperiodicvibrationamplitudeofthemaglevsystemwithaerodynamicliftplusatimedelayandthefre

quencyoftheaerodynamiclift.Wealsoobtainedtherelationshipcurveforthecriticaltimedelayofthe

positionfeedback,thecriticaltimedelayofthevelocityfeedback,andthecontrolgainparameteraswe
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llasthestabilityboundarywhenthetimedelaysofboththepositionfeedbackandthevelocityfeedback

wereconsidered. 

Wearrivedatthefollowingmainconclusions: 

(1)Comparedtothecasewherethesteadyaerodynamicliftwaszero,theresponsevibrationampl

itudeofthesystemincreasedifthesteadyaerodynamicliftwasverticallyupwardandtheresponseamp

litudeofthesystemwilldecreaseiftheaerodynamicliftwasverticallydownward. 

(2)Therewereexplicittime-

delayactionmatrices.Theactionmatricesrevealedthattheeffectofthetimedelayontheresponseofth

emaglevsystemwasperiodic,withtheperiodequalto1/f,wherefisthefluctuationfrequencyoftheuns

teadyaerodynamiclift.Thenumericalanalysisconfirmedthis. 

(3)Thefluctuationfrequencyoftheunsteadyaerodynamiclifthadnoeffectonthecriticaltimede

layofthesysteminstability. 

(4)Whenkpincreased,thecriticaltimedelayofthepositionfeedbackdecreased.However,when

kdincreased,thecriticaltimedelayofthepositionfeedbackincreased.Nevertheless,thecriticaltimed

elayofthevelocityfeedbackdecreasedaskpandkdincreased. 

(5)Comparedtothecasewherethesteadyaerodynamicliftwaszero(CL=0),thecriticaltimedela

yofthevelocityfeedbackincreasedifthesteadyaerodynamicliftwasverticallyupward(CL=1.2),and

thecriticaltimedelayofthevelocityfeedbackdecreasedifthesteadyaerodynamicliftwasdownward(

CL=−1.2).However,forallthreeconditionsofthesteadyaerodynamiclift,thedifferencesinthecritica

ltimedelayofthepositionfeedbackweresmall. 

Thesefindingsandconclusionscouldbeextendedtoanentirevehicle,whichwouldbeofhelpfuli

nunderstandingthesuspensioncharacteristicsofamaglevvehicle.Forinstance,thevibrationamplit

udeunderaerodynamicliftcouldguidetheaerodynamicshapedesignofamaglevvehicle,sothatthea

erodynamicliftgeneratedbythevehicleshapecouldavoidtheareaoflargevibrationamplitude.Anot

herexampleistherelationshipbetweenthecriticaltimedelayandthefeedbackcontrolgains,accordin
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gtowhichthecontrolgainparameterscouldbeselectedtoenablethevehiclesystemtohaveahighertol

erancefortimedelayandtoimprovethecontrolperformance. 
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