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A B S T R A C T   

Vortex-induced vibration (VIV) can be inevitably encountered in deep ocean mining. As the internal flow is 
transported axially in the flexible riser, complicated VIV dynamics occurs undergoing both the internal and 
external flows. Therefore, the object here is to explore the effect of the internal flow with different velocities and 
densities on VIV response under various uniform current. In this study, a semi-empirical time domain prediction 
method for VIV dynamics of flexible risers considering both internal and external flows is introduced and 
adopted. The governing equations are discretized and solved by using finite element method. Firstly, validations 
are made for VIV without internal flow based on the numerical results and experimental data. Comparisons prove 
that the simulation could reproduce the VIV dynamics of a flexible riser. Then with the increase of the internal 
flow velocities and densities, the effect of the internal flow on VIV response is examined. It is found that the 
dominating frequency and the root mean square (RMS) displacement in both in-line (IL) and cross-flow (CF) 
directions are notably influenced by the internal flow velocity and density. Besides, the drag coefficient and IL 
mean deflection are detected magnified while the internal flow velocity and density are increased under different 
external flow velocities. It should be noted that the change of the internal flow velocity and density could trigger 
new mode response of the flexible riser, leading to mode transition for the IL and CF dominating modes. In 
addition, VIV dynamics shows a similar changing trend with the increase of the internal flow velocity and density 
when the flexible fluid-conveying riser is subjected to different external flow velocities.   

1. Introduction 

As the traditional land-based mines might hardly meet the demands 
for global development in the future, much attention has been paid to 
deep sea mining because of its abundant mineral deposits (Ali et al. 
(2017); Sharma (2017)). Although great efforts have been made to 
develop the technology of deep sea mining for decades, many challenges 
still exist in the progression of commercializing deep sea mining. As a 
critical component, flexible risers are inevitably subject to currents and 
waves while transporting oil, gas or mineral ores from seabed to plat-
forms. As a consequence, vortex-induced vibration (VIV) occurs due to 
the periodical hydrodynamic forces exerting on the transporting risers 
for such an ocean mining system. And VIV is particularly crucial for 
flexible risers. Since the ocean resource exploration has further moved to 
deep waters recently, the risers become much slenderer, which can lead 

to complicated VIV dynamics under different environmental factors. For 
decades, engrossing works have been carried out to investigate VIV 
response of rigid and flexible risers experimentally and numerically, as 
seen in the comprehensive reviews of Sarpkaya (2004), Williamson and 
Govardhan (2008) and Bearman (2011). 

Since flexible risers are extensively used in ocean engineering, the 
VIV response of such risers has drawn much attention. Recently, flexible 
risers with different aspect ratios have been studied by many researchers 
(Vandiver (1993a,b); Seyed-Aghazadeh et al. (2019); Chaplin and King 
(2018); Xu et al. (2018); Song et al. (2011)). Some common character-
istics of VIV, such as multiple modes vibration and traveling wave 
response, are observed during their researches. Furthermore, experi-
mental studies have been performed to investigate the VIV dynamics of 
flexible risers under uniform and sheared currents (Trim et al. (2005); 
Huera-Huarte et al. (2014); Gao et al. (2015)). And VIV response of 
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risers subjected to uniform and sheared currents has also been studied 
based on various methods of numerical simulation (Violette et al. 
(2010); Wang and Xiao (2016); Joshi and Jaiman (2017); Joshi et al. 
(2017); Qu and Metrikine (2020)). These researches help us to have a 
thorough understanding of VIV mechanism and dynamics on flexible 
risers. And the VIV response of flexible risers has been proved more 
complicated while the sheared current is considered. Although VIV 
dynamics has been comprehensively analyzed in these works, the VIV 
response of flexible risers is studied only with the consideration of 
external flow. Nevertheless, the underlying VIV mechanism and dy-
namics of flexible risers with the combination of internal and external 
flows are still much less understood. As the flexible risers are responsible 
for conveying oil and gas or mineral ores from seabed to platforms in 
ocean industry, the effect of internal flow on the VIV dynamics cannot be 
ignored under this circumstance. 

Therefore, the investigation on the internal flow effect on risers is of 
great significance and interest, especially with the increase of the aspect 
ratio of risers in ocean mining system (Atadan et al. (1997); Chatji-
georgiou (2010)). Since internal force exerting on the pipe inside (e.g., 
centrifugal and Coriolis accelerations) can be induced while the flexible 
riser conveys fluid, experiments and simulations have been carried out 
to examine the effect of internal flow on the riser vibration. Without 
considering the external flow, the dynamics of a fluid-conveying pipe 
has been researched by Païdoussis (2014). It is observed that the pipe 
may lose stability at some critical values of the internal flow velocity. 
Moreover, experimental and numerical studies can be found for the in-
vestigations on the effect of the internal flow recently (Ortega et al. 
(2012); Cabrera-Miranda and Paik (2019); Zhu et al. (2018)). These 
researchers mostly focus on the interaction between the flexible riser 
vibration and internal slug flow. Apart from these studies, the effect of 
the internal flow on the VIV dynamics has been studied by Guo and Lou 
(2008), Meng et al. (2017), Yang et al. (2018), Jiang et al. (2019), Wang 
et al. (2018) and Duan et al. (2018). While both the internal and external 
flows are taken into account, some VIV characteristics are found more 
complicated due to fluid structure interaction, such as lock-in response, 
vibrating trajectory and quasi-periodic oscillation. Besides, the CF VIV 
of pipes or steel catenary risers conveying fluid in the subcritical or 
supercritical regimes are examined (Keber and Wiercigroch (2008); 
Meng and Chen (2012); Dai et al. (2013)), which proves the effect of 
internal flow cannot be ignored. 

Although the VIV dynamics of risers considering both internal and 
external flow has become an engrossing issue and drawn much atten-
tion, there are few published literatures reporting the VIV response of 
ocean mining risers with various densities. Since the risers for deep sea 
mining transports mineral ores, the internal flow density is higher, 
which may cause that the VIV dynamics of slender risers can be influ-
enced by the internal flow significantly. Recently, the topic has been 
paid attention by some researchers (Knudsen et al. (2016); Thorsen and 
Sævik (2018); Thorsen et al. (2019)). During their studies, the effect of 
the internal flow density on the curvature and fatigue damage of the 
riser is studied and analyzed. Although there exist a few studies of VIV 
dynamics of risers with internal and external flows, it is not enough to 
have a thorough understanding of VIV mechanism and dynamics of 
flexible risers with the consideration of internal and external flows, 
quantitatively and qualitatively, especially for the flexible risers with 
various internal flow velocities and densities. Therefore, based on the 
pure internal flow theory and the semi-empirical hydrodynamic model, 
this study is motivated to investigate the effect of internal flow on the 
three-dimensional VIV response of a flexible riser with the change of the 
internal flow velocity and density. 

During the simulation, a semi-empirical time domain prediction 
method developed by Zhang et al. (2018) is presented and adopted. In 
Section 2, the three-dimensional model of a flexible riser with internal 
flow and the hydrodynamic model applied for a flexible riser are elab-
orated. Then, comparison is made to verify the feasibility and reliability 
of our simulation in Section 3. In addition, the IL and CF VIV dynamics of 

a flexible riser subject to uniform current with the increase of internal 
flow velocity and density is examined in this section. In Section 4, 
conclusion is drawn based on this study and future works are also 
suggested. 

2. Numerical models and solution 

2.1. Flexible riser model 

The simply supported flexible riser subjected to a uniform current 
while transporting fluid inside is illustrated in Fig. 1. In this model, the 
effect of both internal and external flow is taken into consideration. It 
consists of a flexible riser of length L with mass per unit length mr, 
density ρr, bending stiffness EI, as well as the internal and external di-
ameters of the riser di and De respectively. The internal fluid with den-
sity ρi has a mass of mf per unit length of the riser and a velocity Ui. The 
external flow with density ρe has a mass of me per unit length of the riser. 
The external imposed tension is assumed to be T, as shown in Fig. 1. 
Hence, according to Païdoussis (2014), the governing equations of the 
flexible riser considering both internal and external flows can be rep-
resented as: 
(
mr +mf

)
ẍ+ cẋ+ 2mf Uiẋ′

+
(
mf U2

i − T
)
x′′ +EIx′′′

=FIL (1)  

(
mr +mf

)
ÿ+ cẏ+ 2mf Uiẏ′

+
(
mf U2

i − T
)
y′′ +EIy′′′

=FCF (2)  

Where x and y are the dimensional displacements in IL and CF di-
rections. c represents the structure damping. FIL and FCF are the hydro-
dynamic forces caused by the external flow in IL and CF directions, 
including the inertia force, the drag force in IL direction and the vortex- 
induced force in CF and IL directions. 

2.2. Hydrodynamic force model 

The hydrodynamic force in this prediction model contains the inertia 
force, the drag force in IL direction and the vortex-induced force in CF 
and IL directions (Zhang et al. (2018)). In IL direction, apart from the 
inertia force, the hydrodynamic force FIL can be decomposed into a drag 
force FD and a vortex-induced force Fvor, IL as 

FIL = − maẍ + FD + Fvor, IL (3)  

where the added mass ma = Came with added mass coefficient Ca = 1.0. 
While the hydrodynamic force FCF can be decomposed into a vortex- 
induced force Fvor, CF and the inertia force with the same added mass as 

FCF = − maÿ + Fvor, CF (4)  

2.2.1. Drag force model 
During the simulation, the drag force FD in IL direction is calculated 

based on Morison equation, in which the relative velocities of the 
external flow and the flexible riser motion are taken into account. The 
equation is expressed as follows: 

FD =
1
2
ρeDeCD(Ue − ẋ)|Ue − ẋ| (5)  

where CD is the drag coefficient of the cross section along the flexible 
riser. It should be noted that CD is not constant at different node z. Here, 
the prediction model for the drag coefficient of a flexible riser developed 
by Vandiver (1983a,b) is used. 

CD(z) = CD0

[

1 + 1.043
(

2yRMS(z)
De

)0.65
]

(6)  

where CD0 represents the drag coefficient for a stationary cylinder. And 
the value of CD0 is 1.2 in the subcritical Re regime. yRMS(z) is the RMS of 
the CF VIV displacement at node z. 
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2.2.2. Vortex-induced force model 
As mentioned in the former subsection, the hydrodynamic force 

exerting on the flexible riser includes the vortex-induced forces in IL and 
CF directions. Such hydrodynamic force can be divided into the exci-
tation force under all excitation frequencies in the exciting region in 
both CF and IL directions and the hydrodynamic damping force in the 
damping region in CF direction, as shown in Fig. 2. Hence, it is necessary 
to identify the flexible riser’s exciting and damping regions before the 
vortex-induced force is exerted. 

2.2.2.1. Determination of excitation and damping regions. Based on the 
conventional empirical model methods, the excitation and damping 
regions of the flexible riser are determined (Passano et al. (2016)). 

Firstly, the non-dimensional frequency of the flexible riser is required to 
be identified according to the following equations: 

f *
IL,i =

ωIL,i

2π
De

Ue
(7)  

f *
CF,j =

ωCF,j

2π
De

Ue
(8)  

where ωIL,i and ωCF,j are the ith- and jth-order natural frequencies of the 
flexible riser in IL and CF directions. 

Note that the Strouhal number obtained based on an experiment of a 
rigid cylinder is St = 0.19. As the Reynolds number is not constant 
during the simulation, St = 0.19 is not always suitable here, as shown in 

Fig. 1. Sketch of a fluid-conveying riser subjected to uniform current and its VIV responses.  

Fig. 2. Hydrodynamic forces on excitation and damping regions of a flexible riser.  
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Fig. 3 (Passano et al. (2016))). Therefore, the non-dimensional fre-
quency needs to be modified based on the real Reynolds number of the 
fluid. And it is modified by the following equation: 

f *
Gij =

St⋅f *
ij

St*
(9)  

where St = 0.19 and St* is the Strouhal number calculated based on the 
real Reynolds number according to Fig. 3. 

After the modification of the natural frequency, the excitation and 
damping regions of the flexible riser can be identified based on the 
criteria below, as shown in Eqs. (10) and (11). 

0.25≤ f *
Gi, IL ≤ 0.6 (10)  

0.125≤ f *
Gj, CF ≤ 0.2 (11) 

The excitation regions in IL and CF directions are defined whether 
the non-dimensional IL and CF natural frequency of the flexible riser at 
node z satisfies Eqs. (10) and (11), respectively. If so, node z of the 
flexible riser will be located in the excitation region of the ith and jth 

excitation frequencies in IL and CF directions respectively, as illustrated 
in Fig. 4. Otherwise, it will be located in the damping region. 

It should be emphasized that plenty of works have proved that the 
VIV response is almost always dominated by one frequency even if there 
are many response frequency candidates (Lie et al. (1997)). In other 
words, the dominating frequency could take its total excitation region, 
while other frequencies will take their own regions from segments along 
the flexible riser that have not been taken by frequencies with higher 
priority. Correspondingly, there is one excitation frequency in a certain 
excitation region of the flexible riser. Therefore, excitation regions of 
different excitation frequencies do not overlap. But according to Eqs. 
(10) and (11), there may exist overlapped excitation regions for the 
multi-frequency response, as shown in Fig. 4. During the simulation, the 
overlapped region is dealt with based on the assumption of simulta-
neously acting frequencies in VIVANA (Passano et al. (2016)). In order 
to define how the excitation regions of the flexible riser should be 
dominated, the priority of these response frequencies is ranked ac-
cording to an excitation parameter based on energy considerations 
(Passano et al. (2016)): 

Ei =

∫

U3
e D2

e

(
A
De

)

CL=0
dL (12)  

where 
(

A
De

)

CL=0 
is the non-dimensional amplitude where the excitation 

Fig. 3. Strouhal number as function of Reynolds number (Passano et al. (2016)).  

Fig. 4. Excitation regions of the riser corresponding to simultaneous response frequencies (Passano et al. (2016)).  
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coefficient shifts from positive value to negative one. According to Eq. 
(12), the priority of the response frequencies can be ranked. The fre-
quency with the largest excitation parameter is referred to as “the 
dominating response frequency”, as demonstrated in Fig. 4. 

2.2.2.2. Excitation force model. After the excitation regions are deter-
mined, the excitation forces are required to exert on these regions. In 
this study, the excitation force model due to vortex shedding developed 
by Sarpkaya (1977) is used to calculate the dynamic excited forces here. 
The IL and CF excitation forces are expressed as: 

Fex,IL =
∑nIL

i=mIL
Fex,IL,i =

∑nIL

i=mIL

1
2
ρeDeU2

e CL,IL,i

[
AIL,i

De
, f *

IL,i

]

cos
(
ωIL,i ⋅ t+ϕIL,i

)
(13)  

Fex,CF =
∑nCF

j=mCF
Fex,CF,j =

∑nCF

j=mCF

1
2
ρeDeU2

e CL,CF,j

[
ACF,j

De
, f *

CF,j

]

cos
(
ωCF,j ⋅ t+ϕCF,j

)

(14)  

where CL,IL,i

[
AIL,i
De
, f*

IL,i

]

and CL,CF,j

[
ACF,j
De

, f*
CF,j

]

are the excitation force co-

efficients in the excitation region of the ith- and jth-order excitation fre-
quencies in IL and CF directions. And lock-in phenomenon is assumed to 
occur in the excitation region in order to achieve synchronization. 
Therefore, the IL and CF excitation force frequencies are supposed to be 
locked to the ith- and jth-order natural frequencies, respectively. Conse-
quently, the phase difference between the velocity and force will always 
be the initial phase angle of the force, since ratio of the force frequency 
and velocity frequency is 1.0. Note that the initial phase angles ϕIL,i and 
ϕCF,j are related to the excited modes in IL and CF directions. The values 
of ϕIL,i and ϕCF,j can be set to be 0 and π according to the excited mode 
shape. As shown in Fig. 5, ϕIL,i = 0 and ϕCF,j = 0 are adopted while the 
value of excited mode shape at riser nodes is positive. Otherwise, ϕIL,i =

π and ϕCF,j = π. As a consequence, the IL and CF excitation force fre-
quencies will catch up with the ith- and jth-order natural frequencies in IL 
and CF directions, respectively. 

The IL and CF excitation force coefficients CL,IL,i and CL,CF,j are ob-

tained based on a strip theory. It should be noted that hydrodynamic 
coupling along the flexible riser is not considered and the coupling ef-
fects are only considered by the structure. In addition, the effect of 
Reynolds number on excitation coefficients are not taken into account 
here according to Zhang et al. (2018). The values of CL,IL,i and CL,CF,j can 
be calculated based on the database in VIVANA (Passano et al. (2016)). 
The IL and CF excitation coefficients corresponding to IL and CF 
nondimensional vibration amplitude under a non-dimensional fre-
quency can be obtained according to the data illustrated in Figs. 6 and 7. 
After the IL and CF excitation coefficients are obtained from the data-
base, the instantaneous excitation coefficients in IL and CF directions 
can be calculated based on the curve fitted in Fig. 8. And the IL and CF 
excitation coefficients will be updated at each moment according to the 
excitation frequency at this moment. As a result, the IL and CF excitation 
coefficients will be constant over the periods of stable oscillation. It 
should be emphasized that the effects of Reynolds number on excitation 
coefficients are not taken into consideration during our simulation. In 
the initial calculation step, the maximum excitation coefficients for IL 
and CF responses are adopted in order to excite the VIV response. 

2.2.2.3. Hydrodynamic damping force model. During the simulation, the 
hydrodynamic damping force in CF direction proposed by Thorsen et al. 
(2014) is adopted. The equation is as follows: 

Fdamp,CF = −
1
2
ρeDeC1Ueẏ −

1
2
ρeAyC2ẏ|ẏ| (15)  

where Fdamp,CF is the CF hydrodynamic damping force in the damping 
region. Ay is the CF amplitude of the flexible riser. C1 and C2 are 
empirical coefficients, both of which are equal to 0.485 and 0.936, 
respectively (Thorsen et al. (2014)). 

2.3. Solution method 

Firstly, the governing equations of the flexible riser with both in-
ternal and external flows are discretized and solved by finite element 
method and Newmark-β method. The differential equation of motion for 
the riser can thus be expressed as 

Fig. 5. The initial phase angles for VIV response (Zhang et al. (2018)).  
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Md̈(t) +Cḋ(t) + Kd(t) = F(t)

where M, C and K are the mass matrix, damping matrix and stiffness 
matrix of the riser, respectively. The Rayleigh damping model is applied 
to calculate the damping matrix C. And the parameters of Rayleigh 
damping model are obtained based on the first and second dominant 
mode frequencies. The Newmark-β method with β = 0.25 and γ = 0.5 is 
applied. Then the dynamic response of the riser considering internal 
flow is examined in time domain. The detailed calculation procedures 
can refer to those expressed by Zhang et al. (2018) and will not be 
elaborated here. 

3. Results and discussion 

In this section, the present model is firstly verified by comparison 
with experimental data in order to prove the validity and accuracy of 
this method. Then the three-dimensional VIV dynamics of the flexible 
riser with various internal flow velocities and densities is investigated 
and analyzed. 

Fig. 6. CF Excitation coefficient model (Passano et al. (2016)).  

Fig. 7. IL Excitation coefficient model (Passano et al. (2016)).  

Fig. 8. Function of the excitation coefficient vs nondimensional amplitude 
(Vandiver (2003)). 
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3.1. Validation of simulation 

For the VIV validation of a flexible riser, the experiment carried out 
by Song (2016) is introduced here. And the parameters of the flexible 
riser model are listed in Table 1. Then, the dynamic responses of the riser 
without internal flow are simulated in time domain. 

3.1.1. Examination of element number and time step dependency 
Firstly, the dependency of the model on the element number and 

time step is examined based on the numerical results and experimental 
data. With different element numbers and time steps, the percentage 
errors of the maximum value of IL and CF RMS displacements are 
calculated and presented in Table 2 and Table 3. 

It can be seen that while the element number N is 50, the percentage 
errors of [x/De]

max
RMS and [y/De]

max
RMS are relatively high during our calcu-

lation, especially for the CF VIV response with an error over 10%. 
However, the percentage errors of [x/De]

max
RMS and [y/De]

max
RMS are evidently 

decreased when the riser model is divided into 100 and 200 elements. 
All the percentage errors with N = 100 and 200 are less than 10% 
(Table 2). Hence, it can be concluded that the percentage error in the 
results predicted with N = 100 and 200 is within the acceptable range. 

Likewise, the convergence can also be confirmed by decreasing the 
time step Δt while N = 100, as shown in Table 3 and Fig. 9. It can be 
observed that the amplitudes in IL direction is underestimated when 
Δt = 0.002s compared with the numerical results under other time steps 
(Fig. 9). In addition, the percentage error of [x/De]

max
RMS is up to 25.79% 

with Δt = 0.002s here, as presented in Table 3. But when the time step 
Δt = 0.001s, 0.0005s and 0.0002s, the IL and CF displacements are 
almost the same and the percentage errors of [x/De]

max
RMS and [y/De]

max
RMS are 

less than 10%. Therefore, based on the discussions above and also taking 
into account the computational efficiency, the investigations during our 
simulation are conducted with element number N = 100 and time step 
Δt = 0.001s. Correspondingly, the flexible riser model is divided into 
100 finite elements, as illustrated in Fig. 10. 

3.1.2. Validation based on experimental data 
The predicted IL and CF RMS displacements and the amplitude 

spectrum of the flexible riser’s midpoint under uniform current Ue =

1.6m/s are shown in Fig. 11 and Fig. 12, respectively. Note that the IL 
and CF RMS displacements and IL mean deflection are non-
dimensionalized with the outer diameter of the riser De in our study. 

It can be seen from Fig. 11 that the predicted dominating frequencies 
of the flexible riser’s midpoint are 19.05 Hz and 8.8 Hz in IL and CF 
directions respectively, which are close to the experiment results 18.15 
Hz and 9.08 Hz (Song (2016)). And the IL and CF RMS displacements 
show a good agreement with the experiment data, as shown in Fig. 12. 
Note that although the IL and CF RMS displacement is slightly over-
estimated compared with the experimental results, the right dominant 
modes and frequencies of VIV in IL and CF directions can be predicted by 
this method. But there exists reasonable discrepancy for the RMS dis-
placements in IL and CF direction, which can also be found in Song 
(2016). The discrepancy of the IL and CF RMS displacements can be 
attributed to that the excitation coefficients are obtained based on the 

purely CF forced oscillation tests of rigid cylinder by Gopalkrishnan 
(1993) and the combined IL and CF forced oscillation of rigid cylinder by 
Soni (2008). In the present simulation, a flexible riser is studied. For the 
lack of excitation coefficient database from available experimental re-
sults of flexible risers, the excitation coefficients obtained from rigid 
cylinders are utilized here. Another potential factor for the discrepancy 
is that the values of added mass coefficients are set as 1.0. There are 
researches finding that the added mass coefficients of flexible risers have 
significant difference with those of rigid cylinders and can take various 
values within the lock-in region (Song et al. (2016); Bourguet et al. 
(2011)). Although some discrepancies are observed which is expected as 
the excitation coefficients are from experiments of rigid cylinders and 
the added mass coefficient is assumed to be a constant for simplicity, it 
can be concluded the time domain simulation model is capable of 
reproducing important quantities of VIV such as the IL and CF dominant 
modes and frequencies, as well as the RMS displacements in both IL and 
CF directions, based on the caparison with the experimental data. 

3.2. VIV dynamics of a flexible riser with different internal flow velocities 

For the flexible riser studied here, the variation of the dimensional 
natural frequencies with the increase of the internal flow velocity is 
illustrated in Fig. 13. It can be seen that with the increase of the internal 
flow velocity, all the natural frequencies decrease, which has the same 
varying trend with former studies of Païdoussis (2014) and Dai et al. 
(2013). During our simulation, the three-dimensional VIV dynamics of a 
flexible riser subjected to uniform current Ue = 1.6m/s is investigated 
by increasing the internal flow velocity, based on the empirical pre-
dicted model elaborated in the previous section. And the VIV displace-
ments, dominating modes and frequencies in IL and CF directions are 
mainly analyzed with the internal flow density equal to 2000 kg/m3 

(ρi = 2000kg/m3). 

3.2.1. IL and CF RMS displacements and dominating modes 
Firstly, the effect of the internal flow velocity on the CF and IL RMS 

displacements of the flexible riser is examined. As seen in Figs. 14 and 
15, when the external flow velocity Ue = 1.6m/s and the internal flow 
density ρi = 2000kg/m3, the 4th and 5th mode responses of the flexible 
riser are excited in IL and CF directions without internal flow velocity 
(Ui = 0m/s), respectively. 

When the internal flow velocity is taken into account, the maximum 
CF RMS displacements increase with the increase of Ui. It can be seen 
that the maximum CF RMS displacement is around [y/De]RMS = 0.5 with 

Table 1 
Parameters of the flexible riser model (Song (2016)).  

Parameter Value 

Length L (m)  7.9 
Bending stiffness EI (N⋅ m2)  1476.76 
Outer diameter De (m)  0.031 
Inner diameter di (m)  0.027 
Pretension T (N)  3000 
Mass per unit mr (kg)  1.768 
Damping ratio c (%)  0.3  

Table 2 
The percentage errors with different element numbers.  

Element number RMS displacement 

[x/De]
max
RMS  Error (%) [y/De]

max
RMS  Error (%) 

N = 50 0.1601 − 1.66 0.4254 − 12.14 
N = 100 0.1645 1.04 0.5079 4.89 
N = 200 0.1634 0.37 0.5053 4.36 
Experiment (Song (2016)) 0.1628 – 0.4842 –  

Table 3 
The percentage errors with different time steps.  

Time step RMS displacement 

[x/De]
max
RMS  Error (%) [y/De]

max
RMS  Error (%) 

Δt = 0.002s  0.1208 − 25.79 0.5081 4.93 
Δt = 0.001s  0.1645 1.04 0.5079 4.89 
Δt = 0.0005s  0.1639 0.68 0.5063 4.56 
Δt = 0.0002s  0.1637 0.55 0.5045 4.19 
Experiment (Song (2016)) 0.1628 – 0.4842 –  
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Ui = 0m/s. When the internal flow velocity is increased, the maximum 
value of CF displacement begins to magnify. And the value of [y/De]RMS 
can reach up to approximately 0.65 while Ui = 40m/s. This variation 
can be attributed to the influence of the internal flow. As the internal 

flow is taken into consideration, more power flows into the structural 
system, causing the CF RMS displacements to grow. When the energy 
into the flexible riser balances the energy out of the structure, the os-
cillations of the flexible riser are regular and repeatable with larger 
amplitudes (Fig. 14). With the increase of the internal flow velocity, 
more power flows into the flexible riser system, which leads to the riser 
vibration with larger peak RMS displacements in CF direction, as shown 
in Fig. 14. 

After removing the mean deflection from the overall IL displace-
ments, the RMS displacement of the flexible riser in IL direction 
[x/De]RMS is plotted in Fig. 15. It is evident that the maximum value of 
the IL RMS displacement is approximately 0.14 for Ue = 1.6m/s and 
Ui = 0m/s. When the internal flow velocity is increased, the maximum 
IL RMS displacements decrease under the same external flow velocity. 
But the decreases are not very notable when the change of internal flow 
velocity is not large enough, as shown in Fig. 16. While Ui is increased 
dramatically, the decrease of the maximum IL RMS displacement can be 
observed evidently. For example, the maximum values of the IL RMS 
displacement can be reduced to approximately 0.135 and 0.115 
respectively when Ui = 20m/s and Ui = 40m/s in our study. The reason 
for such decrease is that the increase of the IL mean deflection can be 
contributed to the decrease of the IL RMS displacement. With larger IL 
mean deflection, the flexible riser vibrates with small amplitudes in IL 
direction. Moreover, another potential factor is that the change of the 
power transferred into the riser system can also account for the decrease 
of IL RMS displacement. Although more power is transferred into the 
riser system compared with the riser system without internal flow, the 
percentage of the power responsible for the increase of the IL mean 
deflection and CF RMS displacement is relatively high, causing that less 

Fig. 9. Time histories of IL and CF vibration with different time steps Δt. 
(a) The IL vibration; (b) The CF vibration. 

Fig. 10. Finite element model of the flexible riser.  
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power accounts for the change of the IL RMS displacement. As a result, 
the consideration of the internal flow deceases the maximum IL RMS 
displacement. 

It should be noted that the dominating mode of the flexible riser in IL 
direction changes from the 5th mode response to the 6th mode response 
when the internal flow velocity is increased up to 40 m/s (Fig. 15). This 
change can be also found in the work of Duan et al. (2018), where the 
mode transition is also observed for both IL and CF responses. The mode 

transition can be attributed to the change of the flexible riser stiffness 
with the increase of Ui. And it should be pointed out that the mode 
transition could occur when the internal flow velocity is large enough 
under the same external velocity. It should be also noted that no mode 
transition is detected for the CF VIV response of the flexible riser in this 
study, which implies that larger Ui is required for the occurrence of the 
mode transition in CF direction during our simulation. 

Fig. 11. The amplitude spectrum of the flexible riser without internal flow with Ue = 1.6m/s. 
(a) The IL dominating frequency; (b) The CF dominating frequency. 

Fig. 12. The RMS displacements of the flexible riser without internal flow with 
Ue = 1.6m/s. 
(a) The IL RMS displacement; (b) The CF RMS displacement. 

Fig. 13. The varying natural frequencies of the flexible riser with the increase 
of Ui. 

Fig. 14. Variation of the CF RMS displacement with the increase of Ui.  
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The trajectory of the flexible riser with Ue = 1.6m/s under different 
internal flow velocities is plotted in Fig. 16. It is clearly observed that the 
mean deflections in IL direction and the CF RMS displacement increase 
with the increase of the internal flow velocity. Furthermore, their 
maximum values are obtained when the internal flow velocity Ui =

40m/s during our simulation. And the IL RMS displacement shows a 
decreasing trend here, with a minimum value at Ui = 40m/s, as shown 
in Figs. 15 and 16. It should be noted that the change of dominating 
mode in IL direction is also detected. And the flexible riser response is 
changed from the 5th mode response to the 6th mode response in IL di-
rection when the internal flow velocity is increased up to 40 m/s. But no 
mode transition is observed in CF direction for the flexible riser here 
even when Ui = 40m/s. 

3.2.2. IL and CF dominating frequencies 
As for the dominating frequencies in IL and CF directions, the 

amplitude spectra of the flexible riser at nodes 37 and 50 with different 
Ui are demonstrated in Figs. 17 and 18. Obviously, both the IL and CF 
dominating frequencies decrease with the increase of the internal flow 
velocity when there appears no mode transition. And this decrease is 
particularly notable when the internal flow is increased largely. As 
shown in Figs. 17 and 18, the values of IL and CF dominating frequencies 
are reduced to 15.2 Hz and 10.5 Hz when Ui = 20m/s. The variation 
trend of the dominating frequency compares very well with the exper-
imental observations in Guo and Lou (2008). The reason for the decrease 
of the IL and CF dominating frequencies is that the change of the natural 
frequency accounts for this phenomenon. As shown in Fig. 13, the nat-
ural frequencies of the flexible riser decrease with the increase of the 
internal flow velocity. When the specific excitation mode response is 
excited in IL and CF directions, the IL and CF excitation force frequencies 
are supposed to be locked onto these specific natural frequencies, 
causing the flexible riser to vibrate in accordance with these specific 
natural frequencies. Therefore, the IL and CF dominating frequencies 
decrease with the increase of Ui, in accordance with the changing trend 
of the natural frequencies of the flexible riser. 

It should be emphasized that when the mode transition occurs, the 
VIV dominating frequencies change notably (Fig. 17). As shown in 
Fig. 17, when the internal flow velocity is increased up to 40 m/s, the 
dominating frequency in IL direction is changed to approximately 20.1 
Hz. Such change can be attributed to that the VIV response is locked onto 
another natural frequency when the dominating modes change. 

3.2.3. Drag coefficient 
The drag coefficients based on Vandier’s model is illustrated in 

Fig. 19. It is obvious that the internal flow velocity has an evident effect 
on the drag coefficients CD. As shown in Fig. 19, the drag coefficient CD 
is strongly related to the RMS displacement in CF direction (Eq. (6)) and 

shows a similar trend with the change of the CF RMS displacement. With 
the increase of the internal flow velocity, the maximum value of CD is 
magnified under the same external flow velocity. The maximum value of 
CD increases from approximately 2.4 at Ui = 0m/s to around 2.6 with 
Ui = 40m/s. This notable change of CD can be attributed to the increase 
of the relative velocity between the flexible riser and the external flow. 
When the internal flow is considered, the CF RMS displacements are 
amplified while the RMS amplitudes in IL direction is decreased. 
Therefore, due to the change of RMS displacement and the almost stable 
vibration period, the velocity components in IL direction are enlarged, 
leading to the increase of the relative velocity between the flexible riser 
and the external flow. As a consequence, the drag forces in IL direction 
are magnified. Correspondingly, the drag coefficient CD increases while 
the internal flow velocity is increased. As will be discussed, the magni-
fication of the drag coefficient could also make a contribution to the 
increase of the IL mean deflection. 

3.2.4. IL mean deflection 
The IL mean deflection of the flexible riser with the increase of the 

internal flow velocity are examined here. The mean deflections in IL 
direction with different internal flow velocities are shown in Fig. 20. It 
can be seen that the largest deflection is always located at the midpoint 
of the flexible riser, regardless of the value of the internal flow velocity. 
While the internal flow velocity is increased, the IL mean deflection tend 
to be larger. For example, the maximum value of the IL mean deflection 
is approximately 3.9 with Ui = 0m/s. While Ui is increased to 40 m/s, 
the maximum value of the IL mean deflection can be up to about 8.2. 
One of the main reasons for this phenomenon is that the magnification of 
the drag coefficient of the flexible riser accounts for the increase of the IL 
mean deflection, which has been discussed in Section 3.2.3 (Fig. 19). 
When the internal flow is transported in the riser, the drag coefficient is 
enlarged due to the change of IL and CF displacements, thereby inten-
sifying the riser mean deflection in IL direction with the increase of the 
internal flow velocity. Another potential factor leading to the increase of 
the IL mean deflection could be attributed to the centrifugal forces 
induced by the internal flow. When the internal flow begins to move in 
the riser, the centrifugal force is induced due to the transportation of the 
internal flow (Paidoussis (1987)). The occurrence of the centrifugal 
force could lead to the amplification of the IL mean deflection under the 
same external flow velocity, which is worthy of further exploration in 
the future. 

3.3. VIV dynamics of a flexible riser with various internal flow densities 

As the internal flow is an important factor to affect the VIV response 
in engineering, the VIV dynamics of a flexible riser considering internal 
flow with various densities are studied here. The density of the internal 
flow ρi = 1000kg/m3, 2000 kg/m3 and 3000 kg/m3 is chosen here. The 
external and internal flow velocities are set to 1.6 m/s and 10 m/s 
respectively. And VIV dynamics of the flexible riser, such as the IL and 
CF RMS displacements and dominating frequencies as well as the drag 
coefficients, are mainly investigated and analyzed. Firstly, with the in-
crease of the internal flow density, the variation of the dimensional 
natural frequencies is analyzed and plotted in Fig. 21. It can be observed 
that the increase of the internal flow density can decrease the natural 
frequencies of the flexible riser. 

3.3.1. IL and CF RMS displacements and dominating modes 
For the IL and CF RMS displacements, the trends of their changes 

with different internal flow densities are illustrated in Figs. 23 and 24. 
Clearly, the change of the internal flow density has an evident influence 
on the RMS displacement and dominating mode in both IL and CF di-
rections. As shown in Figs. 23 and 24, with the increase of the internal 
flow density, the maximum IL RMS displacement decreases while the 
maximum CF RMS displacement shows an increasing trend. It can be 
found that the maximum IL RMS displacement is approximately 0.155 

Fig. 15. Variation of the IL RMS displacement with the increase of Ui.  
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with ρi = 1000kg/m3. When the density of the internal flow is up to 
3000 kg/m3, the maximum value of RMS displacement in IL direction 
decreases to around 0.14. As is discussed in the former subsection, the IL 
mean deflections contribute to the change of the IL RMS displacements. 
When the IL mean deflection increases, the IL RMS displacement tend to 
be decreased. Since larger IL mean deflection is observed for higher 
internal flow density, the RMS displacement in IL direction is reduced 
with the increase of ρi. In addition, another potential reason for the 
decrease of the IL RMS displacement is that less energy is responsible for 
the change of IL RMS displacement because more energy is allocated for 
the increase of the IL mean deflection and CF RMS displacement. 

However, the changing trend of the CF RMS displacement is totally 
opposite to that of the IL RMS displacement. It can be seen from Figs. 22 
and 23 that with the increase of the internal flow density, the CF RMS 

Fig. 16. The trajectory of the flexible riser with different internal flow velocities.  

Fig. 17. Variation of the IL dominating frequency with the increase of Ui.  
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displacement is increased evidently. The maximum CF RMS 

displacement is changed from 0.4 to 0.62 when internal flow density ρi 
increases from 1000 kg/m3 to 3000 kg/m3. The reason for this change is 
similar to that elaborated in Section 3.2.1. With the increase of the in-
ternal flow density, more energy flows into the structural system, 
leading to an oscillation with larger amplitudes in CF direction when the 
vibration of the riser achieves balance. 

In addition, the dominating modes in IL and CF directions for the 
flexible riser are obviously affected by the change of the internal flow 

Fig. 18. Variation of the CF dominating frequency with the increase of Ui.  

Fig. 19. Variation of the drag coefficient with the increase of Ui.  

Fig. 20. Variation of IL mean deflection with the increase of Ui.  

Fig. 21. The varying natural frequencies of the flexible riser with the increase 
of ρi. 

Fig. 22. Variation of the IL RMS displacement with the increase of ρi.  

Fig. 23. Variation of the CF RMS displacement with the increase of ρi.  
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Fig. 24. The trajectory of the flexible riser with different internal flow densities.  
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density (Figs. 22–24). With the increase of the internal flow density ρi, 
both the IL and CF dominating modes are increased. When ρi is increased 
from 1000 kg/m3 to 3000 kg/m3, the IL dominating mode is changed 
from the 5th to 6th while the dominating mode in CF direction is 
increased from then 3rd to 4th. This evident mode transition can be 
attributed to the change of the riser stiffness, which indicates that the 
riser stiffness is susceptible to the change of the internal flow density. 

3.3.2. IL and CF dominating frequencies 
The variation of the IL and CF dominating frequencies is presented in 

Figs. 25 and 26. Similar to those in Section 3.2.2, the change of IL and CF 
dominating frequencies with different internal flow densities is closely 
related to the dominating modes in IL and CF directions, respectively. It 
can be observed from Figs. 25 and 26 that under different internal flow 
densities, the IL and CF dominating frequencies are also obviously 
influenced by the IL and CF dominating modes. Take the CF response as 
an example, the CF dominating frequency changes from 7.9 Hz to 11.0 
Hz when the CF dominating mode is increased from the 3rd to 4th due to 
the increase of internal flow density. And similar change is also observed 
for the IL dominating frequency. This frequency transition is also 
because the response of the flexible riser is locked onto different natural 
frequencies due to the change of internal flow density, which is similar 
to the factor leading to the change of the dominating frequency when the 
internal flow velocity is increased. It should be emphasized that when 
the dominating mode is not changed with the increase of the internal 
flow density, the dominating frequencies in IL and CF directions 
decrease. As shown in Figs. 25 and 26, when ρi is increased from 1000 
kg/m3 to 3000 kg/m3, the IL dominating frequency is reduced from 17.1 
Hz to 15.8 Hz while the CF dominating frequency decreases from 11.0 
Hz to 10.2 Hz. Such change can be also attributed to the decrease of the 
natural frequencies with the increase of the internal flow density. 

3.3.3. Drag coefficient 
The variation of the drag coefficient CD with different internal flow 

densities is illustrated in Fig. 27. It can be found that with the increase of 
the internal flow density ρi, the maximum value of the drag coefficient 
CD increases when the same dominating mode is excited with different 
internal flow densities. When ρi is increased from 1000 kg/m3 to 3000 
kg/m3, the maximum drag coefficient is increased from approximately 
2.4 to 2.65. This variation of CD can be explained by the magnification of 
the relative velocity between the flexible riser and the external flow, 
which leads to the increase of the IL drag force. Besides, the drag coef-
ficient is also related to the CF dominating mode under different internal 
flow densities. 

3.3.4. IL mean deflection 
The change of the IL mean deflection with the increase of ρi is 

demonstrated in Fig. 28. It can be easily found that the IL mean 
deflection of the flexible riser increases with the increase of the internal 
flow density. As is seen in Fig. 28, the maximum IL mean deflection is 
about 3.5 with ρi = 1000kg/m3. Whereas its maximum value increases 

Fig. 25. Variation of the IL dominating frequency with the increase of ρi.  

Fig. 26. Variation of the CF dominating frequency with the increase of ρi.  

Fig. 27. Variation of the drag coefficient with the increase of ρi.  

Fig. 28. Variation of the IL deflection with the increase of ρi.  
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up to approximately 4.5 when ρi = 3000kg/m3. Similarly, the 
enlargement of the IL mean deflection due to the increase of the internal 
flow density shares the same reasons with that caused by the internal 
flow velocity increasing. One of the main reasons for such change is that 
with higher internal flow density ρi, the drag coefficient tends to be 
larger (Fig. 27), causing the flexible riser to deflect further in the IL 
direction from its equilibrium position. And the centrifugal force 
induced by the internal flow should also be considered as a potential 
factor which is responsible for the increase of the IL mean deflection. 

3.4. VIV dynamics of a flexible fluid-conveying riser with different 
external flow velocities 

As external flow has been proved to have an important effect on VIV 
dynamics, it is necessary to examine VIV responses of a flexible fluid- 
conveying riser with different external flow velocities. Since VIV dy-
namics of the flexible fluid-conveying riser shows a similar changing 
trend with different internal flow velocities and densities for all the 
external flow velocities, VIV responses with constant internal flow ve-
locity and density are examined here while the external flow velocity is 
increased. Therefore, VIV dynamics of a flexible riser with internal flow 
density ρi = 2000kg/m3 and internal flow velocity Ui = 20m/s is 
studied here while the external flow velocity ranges from 0.4 m/s to 2.0 
m/s (Ue = 0.4m/s, 0.8 m/s, 1.2 m/s, 1.6 m/s and 2.0 m/s). 

3.4.1. IL and CF RMS displacements and dominating modes 
As shown in Figs. 29 and 30, the IL and CF RMS displacements of the 

flexible fluid-conveying riser subjected to different external flow ve-
locity Ue are demonstrated. It can be seen that under all the studied 
external flow velocities, the maximum IL RMS displacement of the 
flexible riser decreases and the maximum RMS displacement in CF di-
rection shows an increasing trend when the internal flow is taken into 
consideration. As discussed in subsection 3.2.1, the increase of the 
maximum CF RMS displacement can be attributed to the power trans-
ferred into the riser system due the internal flow while the increase of 
the IL mean deflection is mainly responsible for the decease of the 
maximum IL RMS displacement. Note that the increase of Ue can have an 
effect on mode transition of the flexible fluid-conveying riser. As seen in 
Fig. 29, when there exists internal flow in the flexible riser, the mode 
response in IL direction changes from the 3rd and 4th mode responses to 
the 4th and 5th mode responses respectively while the external flow 
velocity is increased to 0.8 m/s and 1.2 m/s. These changes can be 
explained by that due to the increase of the external flow velocity, the 

vortex shedding frequency is increased. As a consequence, the frequency 
of the external hydrodynamic force is locked onto a higher natural fre-
quency of the fluid-conveying riser, leading to the occurrence of mode 
transition. 

3.4.2. IL and CF dominating frequencies 
The IL and CF dominating frequencies of the flexible fluid-conveying 

riser under different external flow velocities Ue are illustrated in Figs. 31 
and 32. Clearly, the dominating frequencies in both IL and CF directions 
are increased with the increase of the external flow velocity. It can be 
observed that with the increase of Ue, the IL dominating frequency in-
creases from approximately 4.0 Hz to 21 Hz while the dominating fre-
quency in CF direction is changed from about 2.0 Hz to 11 Hz. The 
reason for this phenomenon is that when the external flow velocity Ue is 
increased, the corresponding vortex shedding frequency is changed. 
Consequently, new mode response is excited as the external hydrody-
namic force frequency is locked onto a new natural frequency of the 
flexible fluid-conveying riser. 

It should be noticed that the IL and CF dominating frequencies are 
decreased under all external flow velocity while the internal flow is 
considered, except for the cases with the occurrence of mode transition 
(Ue = 0.8m/s and 1.2 m/s). This can be attributed to the decrease of the 
natural frequency of the flexible riser due to the existence of the internal 
flow. But when mode transition occurs, new mode response is excited, 
causing that the flexible fluid-conveying riser vibrates with a new fre-
quency, as shown in Fig. 31. Thus, frequency transition occurs for the IL 
VIV response when Ue = 0.8m/s and 1.2 m/s. 

3.4.3. Drag coefficient 
The variation of the drag coefficient of the flexible fluid-conveying 

riser with different external flow velocities is shown in Fig. 33. It can 
be seen that the drag coefficient of the flexible fluid-conveying riser 
under all external flow velocities is increased while the internal flow is 
taken into account. Similar reason as that in subsection 3.2.3 and 3.3.3 is 
shared here. As the relative velocity between the flexible riser and the 
external flow is enlarged with the increase of the external flow velocity, 
the IL drag force is increased, causing the enlargement of drag coeffi-
cient. Besides, the drag coefficient is also related to the CF dominating 
mode under different external flow velocities. 

3.4.4. IL mean deflection 
Likewise, the IL mean deflection also shows an increasing trend 

under all external flow velocities while the flexible riser transports fluid 

Fig. 29. Variation of the IL RMS displacement with the increase of Ue. 
(Line: Ui = 0m/s; Dash line with circle: Ui = 20m/s). 
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inside, as is plotted in Fig. 34. In addition, the IL mean deflection of the 
flexible fluid-conveying riser is increased with the increase of the 
external flow velocity. This is because the amplification of both the 

external flow velocity and drag coefficient accounts for the increase of 
the IL mean deflection while there exists fluid transporting in the flexible 
riser. 

Fig. 30. Variation of the CF RMS displacement with the increase of Ue. 
(Line: Ui = 0m/s; Dash line with circle: Ui = 20m/s). 

Fig. 31. Variation of the IL dominating frequency with the increase of Ue.  Fig. 32. Variation of the CF dominating frequency with the increase of Ue.  
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4. Conclusions 

Based on the semi-empirical time domain prediction method pro-
posed by Zhang et al. (2018), the three-dimensional VIV dynamics of a 
flexible riser transporting internal flow axially is examined in this paper. 
Correspondingly, main VIV characteristics, such as the RMS displace-
ments, the dominating modes and frequencies in IL and CF directions as 
well as the IL mean deflection and the drag coefficient, are analyzed and 
discussed while the velocity and density of the internal flow are changed 
with various external flow velocities. During our simulation, the finite 
element method is utilized to discretize and solve the governing equa-
tions of the flexible riser numerically. Then the VIV response of the 
fluid-conveying flexible riser is demonstrated with various parameters 
of internal and external flows. 

It is found that the increase of internal flow velocity and density can 
decrease the natural frequencies of the flexible riser, thereby causing the 
dominating modes in IL and CF directions to switch due to the excitation 
of new mode response under constant external flow velocity. Moreover, 
since more energy flows into the structural system with the increase of 
the internal flow velocity and density, the CF RMS displacement is 

magnified when the riser oscillation achieves balance. However, the 
RMS displacement in IL direction shows a decreasing trend due to the 
allocated power and IL mean deflection. As for the IL and CF dominating 
frequencies, both of them are reduced with the increase of the internal 
flow velocity and density when no mode transition occurs. It should be 
noted that there appears frequency transition in IL and CF direction if 
new mode response of the flexible riser is triggered. In addition, the drag 
coefficient is enlarged with the increase of the internal flow velocity and 
density due to the magnification of the relative velocity between the 
external flow and the flexible riser. Consequently, the IL mean deflec-
tion, which is determined by the enlarged drag coefficient, is amplified 
obviously with the increase of the internal flow velocity and density. 
Moreover, when the flexible fluid-conveying riser is subjected to 
different external flow velocities, VIV dynamics shows a similar 
changing trend with the increase of internal flow velocity and density. 

The finding of this study can serve as a reference for the design and 
production in engineering. But there remains much work to be under-
taken. Firstly, VIV dynamics of a flexible riser under various types of 
external flow should be researched, such as shear flow and oscillatory 
flow. The VIV response of the flexible riser can be much more 

Fig. 33. Variation of the drag coefficient with the increase of Ue. 
(Line: Ui = 0m/s; Dash line with circle: Ui = 20m/s). 

Fig. 34. Variation of the IL mean deflection with the increase of Ue. 
(Line: Ui = 0m/s; Dash line with circle: Ui = 20m/s). 
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complicated while both the internal flow and complex external flow are 
taken into account. Besides, as the flexible riser is used for the trans-
portation of the manganese nodules during deep ocean mining, the 
solid-liquid two-phase flow should be considered while the riser conveys 
internal flow. And scaled experiments should be carried out so that the 
mechanism and characteristics of VIV dynamics of the flexible riser with 
internal flow can be investigated and understood thoroughly. 
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