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Abstract. This article proposes the differential BJH equation based on the principles of multilayer
adsorption and capillary condensation, which was simplified by theoretical investigation and
experiments. This work indicates that the differential function of isotherm and the differential
function of pore size to relative pressure determine the pore size distribution of porous media. The
differential BJH model can be used to explain the source of the false peak in pore size distribution
and to calculate the pore size distribution of different shapes of pores in a porous media with a porous
structure. It has an excellent application prospect in the characterization of complex pore structure
represented by shale.

Introduction

The study of the adsorption behavior of porous media has drawn much attention historically.
Researchers put forward a series of adsorption theories to describe the adsorption phenomenon
and developed various methods to characterize the pore structure parameters of porous media,
among which BJH (Barrett-Joyner-Halenda) method is widely recognized and utilized!!!. This
problem is so significant that it applies in various industries fields, such as petroleum, chemical
industry, medicine, food, catalysis, and presently natural gas. New requirements of new materials,
new industries, and environment bring about new challenges, especially in unconventional oil and
gas research. With the deepening of the research on the nanoscale adsorption process, the
requirements of more refinement, automation, and clarity in principle have been put forward in
the process of understanding microstructure from macro phenomena >3, which require a deep and
intuitive understanding of adsorption mechanism. In the characterization of PSD(pore size
distribution, the same below) of mesoporous porous media represented by shale, BJH method often
bring the confusion of "false peak" [*** 5], which has no clear explanation for this phenomenon; at
the same time, because the pore structure of unconventional oil and gas reservoir is not formed by
a single cylindrical hole, but the coexistence of porous shapes, the assumption of single PSD is
not suitable for accurate research. However, it is the key to accurately characterize the PSD of
complex porous media to understand the process of capillary condensation and multilayer
adsorption further. Cohen introduced the Kelvin equation to explain the adsorption isotherm
hysteresis in cylindrical pores, which was caused by the difference between the shape of the
meniscus in the adsorption process and that in the desorption process [*. Wheeler put forward the
theory based on the combination of multilayer adsorption and capillary condensation at a catalyst
symposium in 1948, namely Eq.1.
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V.-V = J (r —)?L(r)dr (1)
Tpn

Vs is the volume of gas adsorbed at saturated vapor pressure, V is the volume of gas adsorbed
under pressure P. L(r)dr is the total length for pores with radius at r reach r + dr. r,,, is the
critical radius, the radius of the largest pore, which is still filled by liquid adsorbate in the pore
under any special pressure. t is the thickness of the multilayer adsorption normally established
under pressure P. Shull corrected the adsorption thickness with the experimental data!”), based on
which de Boer established the t-Plot method ®). Halsey further proposed the Halsey equation ! to
describe the thickness of multilayer adsorption. Barrett and others assumed that the pores are
cylindrical, and the adsorption phase is composed of multilayer physical adsorption and capillary
coacervation and put forward the famous BJH method !. Additional corrections of the BJH model
are focused on two aspects: one is the emendation of adsorption film thickness, the other is the
improvement of the Kelvin equation. Melrose proposed that the Kelvin equation used to describe
the condensation phenomenon needs to introduce correction factors related to the adsorption
system [ 19, The radius of the adsorption test was corrected by XRD experiments and observations
on nonporous silicon, and then the Kelvin equation was modified %! All these correction schemes
for the Kelvin equation are empirical, and the scope of application is only limited to the
experimental system [!!]. With the discovery of various new materials, the rise of new industries,
and the unique requirements of the environment, such work will be more and more restricted. At
the same time, we can see that the BJH method is not complete; it is only a discretized and
simplified method to solve the PSD. The assumptions made by the BJH method for individual
cases not only bring about the inaccuracy, but also inconvenience. Based on the idea of coupling
multilayer adsorption and capillary coacervation, a differential BJH method is proposed in this
work, and a clear and straightforward model for shale PSD is found through experimental
verification. This model is a general method to solve the PSD of rock by using the low-temperature
nitrogen adsorption data. It can directly explain the "false peak" phenomenon in the PSD of porous
media and can be used to study the PSD of complex porous media. It has significant theoretical
and application value.

The Differential BJH Model for PSD Analysis

In the derivation below, for the convenience of expression, p indicates relative pressure P/P,.

If the adsorption process is assumed to be coupled by physical adsorption and capillary
condensation, only two corresponding relations are needed to establish the PSD solution method:

1. The relationship between pore size and relative pressure under the critical condition of
adsorption;

2. The relationship between adsorption volume and pore volume under the adsorption process
on different pore shapes.

Consistent with the BJH method, set the thickness of the adsorption layer t = f(p), capillary
condensation radius 73, determined by the Kelvin equation, then the relationship between pressure
and pore size is established by r = 13, + ¢,

2YVm
RTIn(p)

For the second question, introduce length distribution function L(r), by defining L(r)dr the
total length for pores whose radius from r to r + dr in range. When the relative pressure drops from

r(p) = f(p) + ()
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p + dp to p, the volume of the released capillary condensed phase is dV, = nr>N(r)dr, which can
be represented by relative pressure p,

2y Vi \’ (p)
v, = (Wn(p)) L (r (P)) 3)

with the infinitesimal pressure variable Ap, the change of the adsorption layer thickness is At =
f (p)Ap. The volume of multilayer adsorbed gas released from pores with radius r is dV;,(r) =
m((r —t)? — (r — t — A)?)L(r)dr. With integration over 7, the volume of multilayer adsorption
from the pore system is obtained as shown in Eq.4, then the total volume of gas released by the
process of pressure reduction is dV; = dV, + dV,,. isotherm(p) represents adsorption isotherm
measured experimentally, the volume of gas released in this process is the differential increment of
isotherm, dV, = d(isotherm(p(r))). So d(isotherm(p(r)))dp/dr can be calculated from the
adsorption isotherm, that is, the right term of Eq.5 is known, while the left terms are divided into three
terms, which are respectively called capillary term, positive multilayer adsorption term, and negative
multilayer adsorption term. Eq.5 is the principle to solve the pore length distribution function using
physical adsorption and capillary condensation. This formula assumes that the pores are cylindrical.
We will further analysis these three items to find out the simplified solution, the relationship between
L(r) with the volume, PSD plot in Eq.6,

AV = 2nf (p)dp ( | nwar-rm | L(r)dr> @
r(p) r(p)
ave _ o odr o fem) L Fe)f(em)
= rim L() +2 ( - ) rL(r)dr — 2w r‘(p(r)) jr L(r)dr (5)
Z—I:=7TTZL(1‘) (6)

Quantitative analysis of different terms
Dollimore recommended that 2! f(p) can be expressed in nanometers as follows:
1/3

F) =-037( ()

5
)
According to Barrett's work 11, we can simplify the Kelvin equation to the following formula,
T 18 In nanometers,

0.9533

Tk

In(p) = - ®)

Subsequently, we will discuss the right terms of Eq.6 about its three coefficients on the
parameters of the distribution function L(r).

Capillary condensation term

Because the adsorption of this process is mainly capillary condensation, it is evident that the
coefficient 1, is close to the value r naturally, similarly r? and 2. As shown in Fig.1, the first
coefficient r and 712 vary with the relationship 7 is very relevant.
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Figure 1. Coefficient of capillary condensation term and its approximate simplification

A conclusion can directly reach from Fig. 2 that the capillary condensation radius and pore
radius are considered to be equal, while the coefficient of capillary condensation term itself is
positively related to the quadratic power of the pore radius and has a large quantity in value. It is
considered available for replacing 7r? with r? to some extent.

Positive multilayer adsorption term

Considering the coefficient of positive multilayer adsorption term, Fig.2 shows the relationship
between this term and the pore radius. It is obvious that inconsistent with the situation that the
coefficient of capillary condensation term increases with the pore radius, the overall magnitude of the
factor is significantly small and decreases with the pore radius. When the pore radius is larger than
0.7nm, the ratio of positive multilayer adsorption term coefficient to capillary condensation term
coefficient is less than 1. Moreover, when the pore radius is larger than Snm, this ratio decays to less
than 0.01. The coefficient of positive multilayer adsorption term is negligible compared with that of
the capillary condensation term.
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Figure 2. Change of coefficient of positive multilayer adsorption term with pore radius
+Multi-Adsor-Coef: positive multilayer adsorption coefficient
Capil-Coef: Capillary Coefficient
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Negative multilayer adsorption term

To make it convenient to discuss and present, we further investigated the absolute value of the
term coefficient with the pore size. Fig.3 shows the relationship between this term and the pore radius.
Similar to the positive term, the coefficient of this term is considerably small overall with magnitude
and decreases with the pore radius. It is consistent with the positive multilayer adsorption that when
the pore radius is larger than 0.7nm, the ratio of the coefficient to the coefficient of capillary
condensation is less than 1, and when the pore radius is larger than 4nm, the ratio will be less than
0.01. In most cases, the negative multilayer adsorption coefficient is also negligible.
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Figure 3. Change of coefficient of negative multilayer adsorption term with pore radius
-Multi-Adsor-Coef: negative multilayer adsorption coefficient

Simplification and experiments analysis

Based on the analysis of the coefficient of capillary condensation term, positive multilayer
adsorption term, and negative multilayer adsorption term, it can be concluded that the coefficient of
positive and negative multilayer adsorption terms are too small compared with the coefficient of
capillary condensation term. The positive and negative multilayer adsorption terms will partly balance
themselves out, so the influence of multilayer adsorption terms on the condensation term can be
removed. That is, the length distribution of porous materials L(r) can be calculated by the Eq.9,

d(isotherm(p)) dr

dp / dp

The PSD of the sample can be calculated from L(r), and Eq.10 can be obtained from Eq.6 and
Eq.9,

= nr?L(r) ©)

av d(isotherm(p)) dr (10)
dr dp / dp

Eq.10 is of great significance for indicating that the PSD is only related to the slope function of
isotherm and the relation of r and p.

The shale nitrogen adsorption test was carried out at 77.4K. Firstly, ground the rock samples
into debris by ball mill, and then sieved the powder samples of 100-150 mesh out by vibration. After
degassing for 8 hours in a vacuum environment of 120 °C, the adsorption isotherm was measured by
the domestic specific surface instrument BeiShiDe 3H-2000PS2 (pressure transducer error < 0.15%,
the highest precision in the current industry). Due to the limitation of accuracy, it is necessary to deal
with the isotherms measured and remove the points with relative pressure less than 0.005 or greater
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than 0.998. One of the isotherms and its slope curve is shown in Fig.4. According to the method in
this proposed, the corresponding hole length distribution can be easily calculated. Furthermore, to
evaluate the effect of the neglected multilayer adsorption term on the distribution results, substitute
pore length distribution L(r) into the integrated calculation of the previously neglected multilayer
adsorption term, and the results are taken as the correction term, use Eq.5 to calculate the pore length
distribution corrected by multilayer adsorption term C (r)(See Eq.11), and the results before and after
correction are converted to PSD, as shown in Fig.5.
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Figure 4. Adsorption isotherm and its slope of shale nitrogen at liquid nitrogen temperature
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Figure 5. PSD of adsorption and desorption branches before and after multilayer adsorption revision

Fig.6 The results are of great value. The red line and the hollow red square dot represent the
PSD of the desorption branch before and after the correction, respectively; the black line and hollow
black circle represent the PSD of the adsorption branch before and after the correction respectively.
It is clear from Fig.6 that the PSDs are almost the same no matter being corrected or not, which
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provides strong evidence that the multilayer adsorption term has little effect on PSD calculation or
C(r) = 0. It is reasonable to consider only the capillary condensation term when calculating the
adsorption volume, and we find a simplified model for calculating PSD of shale and other mesoporous
porous media.

The simplified BJH differential model also tells us a direct truth, which can refer to Fig.4 and
Fig.5 that the jump of isotherm slope leads to the peak of PSD. Specifically speaking, the false peak
in the BJH method is caused by the abrupt change of the slope of the desorption branch, ultimately
coming from the abrupt closure of the desorption branch of isotherm at relative pressure between 0.42
and 0.50. The closure point is the so-called spinodal '*!. Groen considered this mechanism as the
tensile strength enhancement effect ('], that is when the diameter is smaller than a specific size, the
capillary condensation surface will be stretched and destroyed, thus eliminating the capillary
condensation and also the hysteresis loop under low pressure. Because the PSDs calculated from the
adsorption branch and desorption branch are of considerable consistency except for the false peak, it
is reasonable to calculate the PSD from the adsorption branch of isotherm too.

Deviation analysis and a brief discussion

Some deviation is inevitable for only considering the influence of capillary condensation term
on adsorption volume, but if it can be kept within the controllable range, the simplification is practical
and reasonable. In this section, the magnitude of deviation caused by simplified treatment will be
discussed by testing 20 groups of shale adsorption samples. These isotherms are measured from the
rock samples of different burial depths of several shale gas wells of Longmaxi formation and Wufeng
formation. Calculate PSD using the simplified differential BJH model, and then evaluate the pore
volume of the sample by integrating the PSD, while the isotherm directly gives the accurate pore
volume. The results are shown in Fig.6. The overall deviation between the estimated pore volume of
the simplified model and the measured pore volume of 20 groups of shale samples is within 20%, and
the calculated pore volume of the adsorption branch is closer to the measured value, with the deviation
controlled within 10%. When using isotherm adsorption branch data, the variance of PSD obtained
by the simplified model is acceptable, which proved that the simplified method is effective and
reasonable by ignoring multilayer adsorption terms. It is also noticeable that the deviation of the
desorption branch result is slightly larger, and it may be caused by the false peak, which should avoid
in practical application.
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Figure 6. Comparison between estimated pore volume and the measured value of 20 groups of shale
samples using the simplified model

Vol: Volume; Dev: Deviation

Through coefficient analysis and experimental analysis of differential BJH model, it is found
feasible only to consider the contribution of total adsorption volume brought by capillary
condensation, and the contribution of positive and negative multilayer adsorption terms can be
ignored, from which a simplified BJH model was conceived. The deviation analysis shows that the
overall deviation of the reduced model is acceptable.

In this section, we obtain a simplified differential BJH model, as shown in Eq.10, which only
needs three steps:

(1) According to Kelvin equation and the formula of adsorbed layer thickness, converse relative
pressure to pore radius;

(2) Calculate the derivative of isotherm, and obtain the relationship between isotherm slope and
pore radius;

(3) Calculate the slope distribution of pore radius to pressure. Divide the isotherm slope
distribution by the size slope distribution to obtain the pore diameter distribution.

Analyzing PSD of Complex Geometry Shaped Porous Media

The simplified differential BJH model is based on the assumption of the hole shape of a
cylindrical hole, which dr/dp represents; thus, it generally can apply to different hole shapes.
Specifically, for cylindrical pores, the expression has been given,

2V 5 \°
= —m —0.37 (m) (12)

For slit pores, it can be translated into the following 1!:
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1/3

B YV 5
s = —m —0.37 (m) (13)

To quantify the PSD for different pore shapes in the porous media containing cylinder and slit
pores, dV./dr and dV;/dr can be solved by the Eq.14,

d (isotherm(p(r))) av, dr, N dV, dr
e s TS

= (14)
dp dr dp dr dp

Considering that a porous media has n compositions of different shapes of pores, we only need
to find the relationship between the critical radius of each pore shape and the relative pressure, and
then get the dr/dp value. The Eq.15 can quickly obtain the PSD of n kinds of pore shapes in the
porous media,

d(lsotherm(p(r)) = av; dTl

> G (15)

Eq.14 and Eq.15 are challenging to solve directly, and however, if process the data to a matrix,
we can quickly obtain the optimal solution.

Summary

Based on the phenomenon of multilayer adsorption and capillary coacervation, this work
proposed the differential BJH model for determining the PSD of a porous media, and further discuss
the influence of capillary condensation term, and multilayer adsorption term on adsorption through
coefficient analysis and adsorption experiments. It proved that the impact of the multilayer adsorption
term can be ignored in this system, so the simplified differential BJH model proposed. The overall
volume deviation caused by this simplification is controlled at about 10%. This model is simple and
clear and adequately accurate.

On the other hand, the simplified differential BJH model shows that the PSD is directly related
to two factors, namely, the slope function of adsorption isotherm and the derivative function of pore
size with pressure. The former is determined by adsorption isotherm, the latter is determined by the
relationship between pore size and pressure, and the latter makes it possible to evaluate the PSD of
different pore shapes in a complex porous media. It is believed that the differential BJH model will
have a more comprehensive application and the simplified differential BJH model will be a powerful
tool for analyzing the PSD of porous media.
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