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An interesting fact which was used in the construction of targeted essentially non-oscillatory
(TENO) schemes is that a (n + 1)th order accurate scheme can be written as a linear combi-
nation of two nth order accurate schemes. Taking advantage of this fact, we propose a formula
to determine the ideal weights used in developing finite difference WENO/WENO-like schemes.
Such quantitative results are helpful for further discussion on finite difference WENO/WENO-
like schemes.
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1. Introduction

2 are a class of shock

The weighted essentially non-oscillatory (WENO) schemes':
capturing schemes that have been quite popular for the past two decades. When
shock occurs, the WENO schemes assign small weights (approximately zero) to
stencils containing jumps. This method is somewhat similar to ENO schemes,*™
which only select the “smoothest” sub-stencil to perform further computations.
When shock is not present, a higher order accurate flux will be computed using all the
fluxes computed in the ENO schemes. Such a procedure improves the scheme’s

accuracy in smooth zones.
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As far as we know, there are at least two kinds of methods to determine the ideal
weights for WENO schemes. One kind of the methods is to determine the ideal
weights by solving a system of linear equations.® For example, with given point
values u;(1 < ¢ < 5) for the fifth-order WENO-JS scheme, we can first determine the
numerical fluxes f;(u;, u;y1,u;49) (1 <4 < 3) on all the three sub-stencils, and then

determine the numerical flux f(uy,...,us) on the whole stencil. The system of linear
equations for the ideal weights ¢; (1 < ¢ < 3) just reflects the fact that
afitaltafs=rf (1)

and the weights ¢; (1 <14 < 3) are independent of u; (1 <4 < 5). This example is for
conservative schemes. The basic idea can also be used in the case of nonconservative
schemes.

Another kind of methods of determining the ideal weights of WENO approx-
imations employs recurrence relations. There exist recurrence relations for interpo-
lation, integration, and reconstruction-approximation to derivatives.” For the case of
finite difference schemes, two kinds of recurrence relations are involved: one for
conservative schemes, and the other for nonconservative schemes. The recently
developed targeted ENO (TENO) schemes® " used the “recurrence relation” idea.
When it comes to constructing high order accurate schemes, the TENO schemes take
advantage of the fact that two nth order accurate schemes can construct a (n + 1)th
order accurate scheme, by expressing the latter as a linear combination of the former.

The aforementioned fact is actually a recurrence relation. When we consider
conservative schemes, this fact corresponds to Aitken—Neville interpolation.” When
we consider nonconservative schemes, this fact leads to computations of linear re-
currence sequences. Thus the fact suggests a means of determining the ideal weights
of finite difference WENO/WENO-like schemes. Regardless of conservative or
nonconservative, the ideal weights are the same in both cases for uniform meshes
since both cases lead to the same recurrence relation.

In this paper, we propose and prove an explicit formula for the ideal weights for
finite difference WENO schemes on uniform meshes. The rest of this paper is orga-
nized as follows. In Sec. 2 a formula is introduced, which serves to determine the ideal
weights for finite difference WENO schemes on uniform meshes. In Sec. 3, the for-
mula is proved. Discussions on the ideal weights of upwind WENO schemes and
those of TENO schemes are presented in Sec. 4. In Sec. 5, the conclusion is outlined.

2. Main Result

In order to introduce the main result, we introduce some definitions first.
Let T}, be the shift operator with step h, which maps f(x) to f(x + h):

T, [f1(x) = f(z + h). (2)
And D stands for the differential operator, i.e.
d

:a.
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If the function f(x + iy), considered as a function of complex variable x + iy, is
entire (i.e. f(z + iy) is analytic at all finite points of the complex plane C), then the
Taylor series

fla+ ) = f)+ 30 0 @) @)

i=1

converge for all real number x, and the convergence radius is co. Thus, we have in
that case

h h?
T,,,=1+FD+§D2+---=ehD, Vh € R, (5)
where I represents the identity operator which maps f(z) to itself:

1fl(z) = f (). (6)

The rest of our discussion is based on (5). With 7}, and D, we define the highest order
accurate finite difference schemes as follows.

Definition 1. Suppose p, q € Z satisfy p < ¢, and h € RT. The operator Dh_p’q is
defined as

- 1 <
Dh,p,q = E ; a; Ty, (7)
where a; (p <i < q) satisfy
q h & hn ’
Z 0Ty =D+ > —buD". (8)
1=p n=q—p+1

Remark 1. In Definition 1, a uniform mesh is assumed, i.e. the points x; = ih
(where i € Z) are evenly distributed on the real axis. The scheme (operator) f),,m
uses consecutive grid points: p and ¢ in the subscript indicate where to start and
where to end, respectively. Note that p and ¢ are indices of the grid points.

Using the knowledge on the Vandermonde determinant, one can easily verify that
the weights a; occurring in Definition 1 are uniquely determined.
Now, we are ready to give the main theorem.

Theorem 1. Suppose p,q,n € Z satisfyp+n<0,p+q>0,n>0,qg>1. Then

(), )

Dh = D . .
pptatn h.p+i,ptq+i
=0 ( g+n >

n

Remark 2. In Theorem 1, p represents the leftmost index of the whole stencil, while
q equals to the rightmost index minus the leftmost index for all sub-stencils. The
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integer n represents the difference between the leftmost index of the rightmost sub-
stencil and that of the leftmost sub-stencil.

The inequalities p +n < 0 and p + ¢ > 0 actually mean that all the sub-stencils
contain the same grid point, i.e. the point at which the derivative is evaluated. The
inequality n > 0 means that the total of sub-stencils is no less than 1. The inequality
¢ > 1 means that each sub-stencils should contain at least two grid points (see
Fig. 1).

The ideal weights turn out to be rational functions of binomial coefficients.
Generally, given nonnegative integers a, b such that a > b, the binomial coefficient

(a) can be computed via the following formula:

b
<Z) :<a—a7'b>'b' (10)

a!:Hi:1x2x-~~xa (a>1) (11)
i1

where a! represents factorial:

and 0! = 1. The formulae of (a — b)! and ! can be deduced by analogy.

3. Proof of the Main Theorem

In this section, we prove Theorem 1. Before giving the proof of the main theorem, we
would like to introduce and prove three lemmas.

Lemma 1. Suppose zq, ..., z, € R, and
n
Sp = Zaixf, k>0 (12)
i1
p p+1 p+n o ptqg ptg+l ptg+n
| | | | | | |
| | I I I I |
| | | | | | |
| | | | | | |
So b i i ‘ : | |
| | ! | |
| | } | |
— ‘ 1
Snl j "

Fig. 1. A line plot to aid understanding the meanings of parameters p, ¢ and n. The sub-stencils are S,
Si, ..., S,. Note that all the sub-stencils contain the index 0.
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Cos C1s -+ -5 C € R satisfy
Then Vk € ZT U {0},

Here, we define 00 = 1.

Proof. From (13), we have

Multiplying a,z¥ on both sides of (15) gives

n
Zaicjxfﬂ =0, 1<:<n.

j=0

Thus

Q
—
.
Il
o
Ry
o
H

Lemma 2. Suppose p,q € Z satisfy p < q, and

- % pi-1 Z_
Dipg=D+ Y —bD'"
i=q—p+1
Then
q
byp1 = (—1)0PH Z H J-
=p p<j<q
j#i
Proof. By Definition 1, Ja,, ..., a, such that

ijai:fz;,— D+ > —bDL
i=p

7,qp+1

If we rewrite (20) as

ZaTm _Zﬁb Di.

i=p i=0
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Then
q
b= ai*, VkeZ'U{0}. (22)
i=p
Let
q q—p+1 ]
[[@—i=>" ca' (23)
i=p =0
By Lemma 1,
q—p+1
> b =0. (24)
i=0
It is clear that
b() = O7 b1 = 17 bQ = = bqu =0 (25)
So, we have
Clbl + Cq—p+1bq—p+1 =0. (26)

Note that by = ¢,_,11 = 1. (26) implies
bypr1 = —¢1 (27)
and the lemma follows. O

Lemma 3. Suppose p, q € Z satisfy p < 0 < q, then

~ q ~ 7p ~
DhAp,q = - Dh,p,qfl + fp Dh,p+1,q' (28)

q—p q

Proof. Since p € Z and p < 0, we have p < —1. In other words, for the operator
Dy, py1,4, we have

p+1<0<gq (29)

Applying Lemma 2 to Dh7p+1,q gives

- _ hepl ) 3 X pi-l .
Dupng =D+ | T i 3 Srbpt (0
N pt+1<i<yg Jj=q-p+1 /°
i#0

Similarly, for the operator D hpg—1, We have

p<0<qg-1 (31)
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and

- ha—p—1 o pi-l ,
Diypg1 =D+ (=1)"7 i I i YD el

(a=p)! p<i<qg-1 =l I

i#0
Using (32) and (30), we have
7 5 P 5 o~ b
——Dy 1 +——D =D+ —d;D".
q—7p h,p,q—1 q—p h.,p+1.q i:;—;}“ ]

Use Definition 1 and the lemma follows.
Now, we are ready for the proof of Theorem 1.
Proof [Proof of Theorem 1]. Let ¢ + n = m, then the theorem becomes

E (_p> <p+m>

n . .

~ 1 n-—1t ~
Dh,p,p+m =

Dh,,p+i‘p+mfn+i .
=0 < m

n
And the constraints become
0 <n <min(—p,p+m,—1+m).

We proceed by mathematical induction on n.
For the base case n = 0, (34) becomes

Dy pprm = Dhpprms

which is true.
For the inductive step, suppose (34) is true for n =k, i.e.

—-p p+m
- R\ k—i ) =
Dh‘p,erm = Z

Dh,p+i.p+mfk+i .
. m
=0

0 <k <min(—p,p+m,—14+m).

And k satisfies

Then Vi € {0,1,...,k},
p+i<p+k<p+min(—-p,p+m,—1+m) <0
and
p+m—k+i>p+m—k>min(—p,p+m,—1+m)—k>0.
In other words, Vi € {0,1,...,k}, the operator Eh,pﬂ,mm,kﬂ satisfies

p+i<O0<p+m—k+i.
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So, we can apply Lemma 3 to Dy, s pim—k+i:

p+m—k+i - —p—i -

Dipoesirs s =
pti,p+m—k+i m—k

On the other hand,

—p\[p+m —p p+m

(D)) v (DG
m m—k B m E+1 7
(+) ()

—p p+m —p p+m
i—1 k+1—-1) —p—i+1 i k+1—3 i
m m—k m k+1°
k k+1
Using (43), (44) together with (37) and (42), we have
()0
. k i E+1—i) k+1—4 -
D = ) )
h,p,p+m ; m k +1 h,p+i,p+m—k—1+i
k+1

—-p p+m
b+l i E+1—14 i

Z ( m > k+1 Dh’eri-,Perfk,lJri
i=1

And

E+1

—-p p+m
o ( i ><k+1—i> _
- ; m Dhm-&-im-km—k—l-o—i
)

i.e. the claim is true for n = k + 1, which completes the inductive step.

4. Discussion

4.1. Ideal weights for upwind WENO schemes

D hoptiptm—k+i-1 T m—k Diw+i+1,p+’m—k+i'

(42)

(45)

In this subsection, we first present an example of Theorem 1. This example is taken
from the fifth-order accurate WENO scheme proposed by Jiang and Shu.? For
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Theorem 1, the linear combination corresponds to p = —3, ¢ =3 and n = 2

o2, o

h,—3+i,i*
=0 5
2

The ideal weights are, by Theorem 1

0E) o 00 . O6) .

5 10° 5 10’ 5 10°
2 2 2
It is clear that the result is consistent with the published work.? Note that a fifth-
order accurate TENO scheme used the same sub-stencils,” the ideal weights in (47)
are also suitable for this case.

If we consider the upwind finite difference WENO schemes, the parameters in
Theorem 1 can be set to

{p:—(n—l—l), (48)

q=n-+1.
And the equation becomes
(n + 1) ( n >
) PRSI n=t) g (49)

D —(n n — D —(n 3,0
h,—(n+1), - (2n+1> h,—(n+1)+1,

i=l
n

The values of the ideal weights are summarized in Table 1 from n =1 ton = 9.

Table 1. Ideal weights for upwind WENO scheme Dhﬁ(nﬂ)‘n,

1<n<09.
n  Order Ideal weights
12
1 3 33
13 3
2 5 10°5°10
112 18 4
3 7 35035235735
1 10 10 20 5
4 9 12676321763 126
15 25 100 25 1
5 11 620777772310 1647 77
6 13 17 105 175 175 21 7
T716 2 286 7 572 > 429 572 » 286 7 1716
7 15 1 56 196 392 490 392 196 _8
6435 * 6435 » 2145 7 1287 7 1287 > 2145 > 6435 6435
S 17 1 36 504 2352 882 3528 1176 144 _ 9
24310 > T2155 > 12155 12155 * 2431 > 12155 * 12155 * 12155 * 24310
9 19 1 45 810 5040 13230 15876 8820 2160 405 _ 5

92378 7 46189 7 46189 7 46189 * 46189 * 46189 > 46189 ’ 46189 * 92378 ? 4618()
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4.2. Determining ideal weights for TENO schemes

In this subsection, we observe Theorem 1 from a different angle. The ideal weights
can be regarded as partial derivatives from the perspective of expressions. More
specifically, the recurrence relation, i.e. Lemma 3, can be considered as the “chain
rule”. This observation leads us to the fact that the ideal weights for TENO schemes
can also be determined. To be more exact, the recurrence relation can be written,
from the perspective of expressions, as

a[)h,p,q _ q
8D1L,p7Q71 q—p (50)
aDh D.q p

And Theorem 1 can be written as

) < —p) (p +q+ n)
aDh,ﬁp,p-&-qu _ i n—i . (51)

oD hpi pa-ti ( qg+n )

n

Note that setting n = 1 in (51) will give (50), we can use (51) to determine the ideal
weights for TENO schemes. As an example, let us consider the sixth-order accurate
TENO scheme. In this case, the basis schemes are

D}I,,73707 thQ,l ) Dh,fl,Qv D}zsl‘,S' (52)

We use a schematic diagram similar to one of artificial neural networks to explain the
process of constructing the final scheme D), _3 3 and the method of determining the
ideal weights (see Fig. 2).

Level 0 m m m ( Dh,oﬁ ! Level 0

Level 1 lN);L,_Lg Level 1
Forward Backward
Propagation Propagation
Level 2 Level 2
Level 3 Level 3

Fig. 2. Schematic diagram for the sixth-order accurate TENO scheme.
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From Fig. 2, it is clear that to construct the highest order accurate scheme
(i.e. ﬁh’_&s), we have to “move forward”: use schemes from level 0 to construct
schemes at level 1, then construct schemes at level 2 using schemes from level 1, and
finally construct the only scheme at level 3 using schemes from level 2. Note that this
time a sub-stencil for the sixth-order accurate WENO scheme (i.e. the sixth-order
WENO-SYMOO scheme'') is missing, therefore the scheme for that sub-stencil is
missing (i.e. the node drawn with dashed circle, D, o 3).

When we try to determine the ideal weights for the TENO basis schemes, there
are two ways: move forward and move backward. Either way, Lemma 3 is actually
used to determine the ideal weights. Due to the missing node, we can not always
apply Theorem 1 to determine the ideal weights for TENO schemes. However, if all
the lattice paths used when we perform back propagation are available, then the
ideal weights given by (51) are still valid. From Fig. 2, we can deduce that for the
sixth-order accurate TENO scheme, three of the ideal weights can be determined
directly from (51):

And the remaining ideal weight can be determined by the “chain rule”; i.e.

ODy, 55 0Dy 55 <§> <?> (i) (§> _3 (54)

0Dy, 9z 0Dy 12 (6) <4> 10°
1

2
We did so because one of the paths that is needed for a complete back propagation is

missing, i.e.
Dy 33— Dy 93— Dj 13— Dj_19. (55)

And this missing path is already shown in Fig. 2 (note the dashed lines and the
dashed circle). In conclusion, Theorem 1 can be used to determine the ideal weights
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for TENO schemes. As a test, the ideal weights for the sixth-order accurate TENO
scheme are in agreement with the published work® (pp. 338-339).

5. Conclusion

Based on the observation that two nth order accurate schemes can construct a
(n 4+ 1)th order accurate scheme by expressing the latter as a linear combination of
the former, we propose a formula to determine the ideal weights which occur in finite
difference WENO schemes. Although the formulation is based on nonconservative
form, the formula is still valid for conservative form because a uniform mesh is
assumed. Using Theorem 1, the ideal weights can be determined even if the specific
expressions of the finite difference schemes on both the sub-stencils and the whole
stencil are unknown. Besides, the ideal weights for TENO schemes can also be de-
termined, if we consider the process of constructing a high order accurate scheme as a
feedforward process similar to an artificial neural network. The ideal weights are, in
this point of view, partial derivatives that can be determined through back propa-
gation. Such a quantitative approach is helpful for further discussion on finite dif-
ference WENO/WENO-like schemes.
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