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Abstract

Dynamic properties of dissolutive flow in nanochannels were investigated by molecular dynamics simulations. It turned out
that the liquid flow pattern changes greatly after the dissolution effect taken into consideration. Liquid inside the channel
has a plug-like velocity profile when the dissolubility is low, whereas a Poiseuille-like flow was observed as the dissolubility
increases. By introducing the dissolution term to molecular kinetic theory, we explained the physical mechanisms of velocity
transition. During which a modified dimensionless Galilei number was proposed to describe the effect of main forces. The
results showed that in pressure-driven flow, when the dissolubility is low, the dominant dissipation is the viscous dissipation
and the theoretical model of insolubility is acceptable. However, as the dissolubility increases, the dissolving dissipation
takes priority, which results in the velocity profiles becoming Poiseuille-like. In addition, we analyzed the evolution of fluid
density, number of dissolved solid particles and concentration distribution of solute. The liquid density varying from layered
oscillation to uniform distribution was obtained, which can be described by a critical number. The analysis of solute con-
centration helps to establish the scaling relation among the dissolution rate, convection velocity, and diffusion coefficient.
These findings not only help to understand the physical mechanisms of dissolutive flow but also help to control and optimize
the flow patterns in dissoluble channels.
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1 Introduction

Dissolutive flow occurs when liquid flows over and simulta-
neously dissolves its solid surface. Due to its importance in
both practical applications and academic research, the dis-
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density Frenkel-Kontorova model (vdFK model) which
revealed that slip occurs at the solid surface via two mecha-
nisms (Lichter et al. 2004; Martini et al. 2008). In these
inert flows, a plug-like flow in nanochannel was observed, as
depicted in Fig. 1c. Compared with the classical Poiseuille
flow in parallel plate, it has been found that the effect of the
channel size (Netos et al. 2005; Lichter et al. 2004; Sofos
et al. 2009), properties of the substrate (Nagayama and
Cheng 2004; Sofos et al. 2010, 2011), as well as the compe-
tition of the driving force and resistance (Martini et al. 2008;
Wang and Zhao 2011) play a significant rule in the transition
from Poiseuille-like to plug-like flow. However, there is still
a lack of an explicit analysis when the dissolution effect is
included. Besides, plenty of density properties during inert
flow were analyzed (Alexiadis and Kassinos 2008; Thomas
and McGaughey 2008). Granick once proposed that the con-
fined fluid demonstrates the tendency of variable density
(Granick 1999), as shown in Fig. 1d. When the dissolving
factor is taken into consideration, the flow pattern will be
more complex due to the coupling transport of mass and
momentum. As described in Fig. le—h, the velocity profile
is not plug-like but Poiseuille-like, the density distribution
tends to be uniform but not fluctuant. This means that we
can regulate the characteristics of fluid in dissoluble chan-
nels by controlling the dissolubility of solid in liquid. The
inert flow theories are no longer applicable to applications
involving dissolution, which requires us to explore the physi-
cal mechanisms behind dissolution behaviors.

(@)

Previously, dramatic breakthroughs of dissolution behav-
iors have been made in metal/metal (Benhassine et al. 2011;
Odzak et al. 2014; Yin et al. 2006), metal/ceramic (Lan-
dry and Eustathopoulos 1996; Zhou and De Hosson 1996),
metal/acid (Bentiss et al. 2005) systems. Nevertheless, the
optical opacity of metal and ceramic material raises great
challenges to track the evolution of the solid/liquid bound-
ary, and the requirement of anti-oxidation greatly limits the
experimental operation (Singler et al. 2012). Additionally,
pioneering work has been done on drug dissolution (Sie-
pmann and Siepmann 2013), droplet dissolution of the
transparent substrates (Yang et al. 2018), and the dissolu-
tion behaviors in porous media (Bekri et al. 1995; Daccord
1987) that analyzed the fractal patterns and fractal dimen-
sion. However, the physical mechanisms of dissolutive flow
in channels are still far from well understood.

In this paper, we studied the characteristics of confined
fluid and dissolved solid particles by utilizing molecu-
lar dynamics (MD) simulations. Fluid velocity transition
between plug-like and Poiseuille-like was observed. While
the effect of competition between the dissolving and vis-
cous dissipation was analyzed. Further, the concentration
distribution of dissolved particles was obtained. We con-
cluded that the dissolution behavior in nanochannels can
be controlled by changing the dissolubility of solid in lig-
uid. These findings can help us understand more about the
physical mechanisms of dissolutive flow and we hope to set
a theoretical foundation for its applications.
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Fig. 1 Schematics of a liquid flows through a non-dissoluble nano-
channel, b molecular structure of non-dissoluble solid-liquid inter-
face, ¢ plug-like velocity profile, d liquid density that presents an
oscillating distribution, e liquid flows through a dissoluble nanochan-
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nel, f molecular structure of dissoluble solid-liquid interface, g Poi-
seuille-like velocity profile, and h the liquid density that is uniform in
nanochannel. (Color figure online)
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2 Molecular dynamics simulations

LAMMPS (Plimpton 1995) is used to simulate the
dynamic behaviors of fluid in nanochannels. As depicted
in Fig. 2a, our model consists of three parts. The liquid in
blue is explored as extended single point charge (SPC/E)
water model. The density, viscosity, and surface tension
of water are set as p =994 kg/m®, u=0.729 mPa s, and
y=0.0636 N/m, which are close to experimental values at
300 K and 1 bar (Berendsen et al. 1987). Atoms in pink are
the dissoluble solid atoms. Atoms in gray are non-dissoluble
which provide the impetus for the movement of water mol-
ecules with a constant speed V;=1 m/s. Loading forces by
controlling displacement is widely used to study the flow in
nanochannels driven by pressure (Chen et al. 2008; Joseph
and Aluru 2008). Figure 2b shows the overall process of
MD simulations.

The interaction between molecules is mainly determined
by two parts as many recent investigations (Grujicic et al.
2004; Werder et al. 2001):

E;= 45y’[("ij/’ij)u - ("ij/rij)é] +qi4;/ €07y M

The first part is the Van der Waals interaction (VDW)
that can be described by Lennard-Jones (LJ) potential
(Lennard-Jones 1931). In which €ijs Ojjs and ri indicate
the depth of the potential well, the effective molecular
diameter, and the distance between two atoms i and j,

respectively. The second part is the Coulomb poten-
tial, where g is the electrostatic constant. The oxygen
atoms and hydrogen atoms are charged LJ particles with
qo = —0.8476 e, and gy =+ 0.4238 e, respectively. This
interaction is also used to calculate the critical state during
dissolution which will be shown in detail later. A cutoff
radius of 1 nm is used. The time step is set to be 1 fs.
All simulations are run in NVT ensemble under periodic
boundary conditions. Nosé—Hoover thermostats are used
to maintain the liquid temperature at 300 K. Simulations
varying among different channel widths and dissolubility
are discussed, including d/D =0.24, 0.30, 0.37, e=0.65,
0.81,0.97,and 9.71, where d, D, and e=¢,_J/e,_, represent
the channel width, the total length in the y direction, the
ratio of solid—solid and solid-liquid interactions, respec-
tively. The smaller the ¢ is, the higher the dissolubility
is. As for the simulation parameters, the exact values of
the interaction between particles as well as the channel
widths are given in supplementary material (Tables S1,
S2). The solid-liquid interaction is fixed so that the wetta-
bility is unchanged. A hydrophilic solid—liquid interaction
is selected and the corresponding contact angle is nearly
50°. Besides, the dissoluble interaction of solid particles
is similar to the dissolution of ionic crystals. By changing
the solid—solid interactions, we change the dissolubility.
When £=9.71, it means that the solid particles cannot be
dissolved and this simulation is carried out to compare our
results with the non-dissoluble situation.

Fig.2 a The simulation domain is composed of three parts: solid sur-
face atoms (pink), water molecules (blue), and wall atoms (gray) that
push the water into the channel. b Evolution of dissolutive flow: lig-
uid dissolves the solid particles while it flows through the nanochan-

nel and the numbers in upper right corner indicate the dimensionless
time d and D, respectively, represent the channel width and the whole
width of the model in the y direction. (Color figure online)
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3 Results and discussion

3.1 Velocity transition between plug-like
and Poiseuille-like

Figure 3 depicts the dimensionless velocity profiles along
the x direction. Due to the similarity of velocities in different
cross sections (see in the Supplementary Material), a spe-
cific section is selected to calculate the velocity profiles. It
is obvious that as channel width increases, the fluid velocity
in a section within the channel decreases, which is consist-
ent with the dynamics of macroscopic fluid flow that can be
explained by continuity equations. Besides, the transition
between plug-like and Poiseuille-like flow occurs with the
variation in dissolving capacity. The physical mechanisms
of this transition were explored through multiscale theory
combined with molecular kinetic theory (MKT) and fluid
mechanics. By introducing MKT (Laidler et al. 1941; Wang
and Zhao 2011), we know that the fluid flow on solid surface
can be treated as a rate process. Liquid particles need to
overcome the potential energy barrier E, when they ran-
domly walk between the adjacent adsorption sites separated
by a distance 4. In the equilibrium state, the liquid particles
jump forward and backward in the same frequency. When
the system is affected by external forces, the frequency can
be amended as:

k= kgTF, [ hFoexp|(w/2 - Ey) [ ks T| )
(2)
— kgTF, / hFgexp|(—w/2 — E,) [ kg T].

where h, kg, T, w/2, F, and F, represent the Planck con-
stant, the Boltzmann constant, the absolute temperature,
the change in energy barrier, the partition function of acti-
vated and initial state, respectively. When the external forces
work, the energy barrier changes. The liquid molecules are

more likely to move forward, and their backward frequency
decreases. Thus, the liquid flows in a particular direction
and the net frequency « of liquid directional movement is
obtained. And @ can be expressed as:

o =—Gsinb, —7.4° +p A*h + (YLvy €08 0y — 1y cos 0;)
+ (Y51 €08 by — yg1 08 0,), ?3)

in which G, 6,, 8,, 7,, p,, h, vy, and yg; represent the dissolv-
ing energy, angle between the liquid that dissolves into the
solid and the horizontal wall surface, angle between the upper
liquid and the horizontal wall surface, shear stress, pressure,
characteristic length in the vertical direction, the liquid—gas
and the solid—liquid interfacial energy, respectively. In our
simulations, the dissolving resistance —G sin 8,, viscous
resistance —7, 4%, and driving energy —p, Ah that caused by
the pressure, are all considered. The changes of the surface
energy(yyyy €os 0y — 1y €08 0;) + (s €08 0y — yg1, €08 0,),
that caused by the changes of the surface tension here, is at
least one order of magnitude smaller than other factors (as
shown in the Supplementary Material) and can be neglect.
Obviously, the driving force is caused by the pressure, and
the resistance is the viscous and dissolving force. Here, we
propose a modified dimensionless Galilei number to qualify
the effect of these forces:

Ga’:AF/[y2<l+1/Sc2)/p], 4)
in which AF and Sc are driving force and the Schmidt num-
ber, respectively. The Schmidt number: Sc = u/ pD, repre-
sents the ratio of momentum and mass diffusivity, here D,
is the diffusion coefficient. Provided that the dissolubility is
low and negligible, the Sc is big and Ga' will converge to
Ga = AF/ (;42/ p), (Wang and Zhao 2011). In this case, the
main resistance is the viscous force u%/p, but it is pretty small
in nanochannels. As a result, the flow tends to be plug-like as
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Fig.3 Dimensionless velocity profile changes with respect to differ-
ent channel widths and dissolubility, in which V,=1 m/s is the wall
velocity. a d/D=0.24, b d/D=0.30, and ¢ d/D=0.37 represent differ-
ent channel widths. The redlines with triangles, olive lines with pots,
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blue line with rhombus, and black lines with squares represent differ-
ent dissolubility of £=9.71, 0.97, 0.81, and 0.65, where ¢ _ g,_/e,_;
represents the ratio of solid—solid to solid-liquid interaction. The

smaller the ¢ is, the higher the dissolubility is. (Color figure online)
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most MD simulations (Chen et al. 2008; Hanasaki and Naka-
tani 2006). But with the increase in dissolubility (¢ =0.65 or
£=0.81), the Sc becomes smaller, and the dissolving resist-
ance u*/p/Sc* becomes more apparent and the fluid is no
longer layered. Accordingly, the velocity distribution tends
to be Poiseuille-like.

Moreover, solid-liquid boundary is important in
nanoscale. As the solute particles dissolved, the solid wall
become rougher and will affect the liquid behavior in nano-
channels. Kasiteropoulou et al. found that the liquid veloci-
ties in nanochannels decreases as the effect of wall protrusion
considered. Kasiteropoulou et al. (2013), which is consistent
with our simulation results. Liakopoulos et al. described the
effect of boundary on liquid at nanoscale by analyzing the
Darcy—Weisbach friction factor where it was found that wall
slip conditions, viscosity and transport properties are differ-
ent in nanoscale and traditional continuum theory due to the
nature of nanochannels (Liakopoulos et al. 2017). Thus, so as
to characterize the liquid velocity near the solid surface, the
slip length is calculated by definition: b = u/ y. Slip length
is a very important physical quantity to characterize fluid
behavior and is strongly influenced by many factors, such as
surface wettability (Ramosalvarado et al. 2016), wall rough-
ness (Sofos et al. 2010, 2011) and interfacial nanobubbles
(Yen 2015). Nevertheless, the effect of dissolution on the
slip length is not clear. So, the slip length under different
dissolubility and different channel widths are calculated. All
slip lengths obtained are listed in Table 1.

Taking d/D =0.24 as an example, we depicted the slip
lengths and velocity profiles in Fig. 4. It can be seen that in
the case of high dissolution, the parabola fitting between the
two vertical lines connects perfectly with the straight-line
fitting outside the two vertical lines. Nevertheless, there is a
significant turning point between the parabola fitting and the
straight-line fitting in the case of low dissolution. Besides,
the slip lengths of the Poiseuille-like flow are close to that
of the plug-like flow. All of these indicate that the velocity
distribution in the dissoluble channel is no longer plug-like
but Poiseuille-like. This further confirms that the transition
between the viscous and dissolving dissipation leads to the
change of flow patterns in nanochannels. We can control the
dynamics of dissolutive flow by altering the dissolubility of
solid in liquid. To understand more about the effect of dis-
solution, we identify the density of liquid and properties of
dissolved solid particles in following parts.

Table 1 Slip length b (A) under different conditions

e=0.65 e=0.81 £=0.97 e=9.71
d/ID=0.24 12.50 17.70 34.95 36.32
d/D=0.30 9.99 15.13 31.97 35.60
d/ID=0.37 6.56 10.82 28.92 31.17

—.'-S=0.65
——=0.81]
—a—=10.97,
44 —=9.71]

Fig.4 The slip lengths and velocity profiles with different dissolubil-
ity, including £=0.65, 0.81, 0.97, and 9.71. The red triangles, olive
pots, blue rhombus, and dark rectangles represent the velocity pro-
files. The smooth lines between and outside the two vertical lines are
the parabola and line fitting of the velocity profile, respectively. The
slip length b is obtained by definition. (Color figure online)

3.2 Density distribution

Density distributions of the fluid in nanochannels are calcu-
lated. When fluid flows through solid substrates, the solute
molecules diffuse into liquid. As a consequence, the shape
of the solid—liquid interface changes over time, therefore it
is inappropriate to calculate density distribution by directly
dividing the simulation region in the y direction into sev-
eral layers like that in inert flow processes (Bakli and
Chakraborty 2013). The simulation domain should also be
divided in the x direction and then Lagrange interpolation
method is used to modify the results. As shown in Fig. 5,
when the dissolubility is low (¢=0.97), the density of fluid
presents an oscillating distribution and there is a peak near
the solid wall, which is very close to the density distribution
of non-dissoluble situation (¢ =9.71). This is because that in
nanoscale, if the dissolubility is subtle, the confined liquids
are mainly influenced by solid surfaces, then the layered
phenomenon which results in the density oscillation occurs.
However, with the increase of dissolubility (e=0.65), the
oscillation characteristic of the density distribution disap-
pears. Since dissolved solute alters the intrinsic nature of the
confined liquids, making their molecular arrangement more
disordered, and the layered structure is disrupted. Moreover,
the variation of the peak value with dissolubility is shown in
Supplementary Materials (Fig. S4) to illustrate the changes
of the liquid atomic configuration. The density distribution
here can be expressed as:

p(r) = pyexp [(—w + G)/kBT], (5)
where G is the dissolution energy that inhibits the occur-
rence of the density layering and w is the disjoining pres-
sure (Derjaguin and Obuchov 1936). We can see that the
density of water near the wall decreases with the increases
in dissolubility, this is in that the dissolved atoms occupy-
ing the positions of original water molecules and generating
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Fig.5 Evolution of density distribution among different channel
widths and dissolubility. a d/D=0.24, b d/D=0.30, and ¢ d/D=0.37
show the density distributions under different channel widths. d—g

disturbances to the orderly arranged liquid molecules near
the solid walls. With the enhanced dissolution of solid in
liquid, the disturbances rise and destroy the solid-like struc-
ture of liquid. This process increases energy dissipation
near the wall, so the velocity profile becomes Poiseuille-
like. Besides, the effect of dissolved atoms on the density
variation, as well as the radial distribution function of liquid
molecules nearby the surface has also been calculated in
supplementary material (Figs. S5, S6). We found that the
liquid near the solid wall is solid-like and the density transi-
tion always occurs whether the dissolved atoms are counted
or not, the arrangement of the fluid molecules becomes more
disorder with the dissolubility increases.

The most interesting thing is that when £=0.81, the den-
sity of liquid near the surface is almost equal to that in the
center of the channel. The density distribution realizes the
transition from fluctuant state to uniform state. Thus, we can
assume that ¢ exists a critical state €., under ¢, the dissolu-
tion dominates the density structure, while above ¢ the size
effect which results in the density fluctuation is more impor-
tant. The critical value of ¢, that equals to 0.88 is obtained
and analyzed in detail in Supplementary Material.

3.3 Dissolved particles and scaling analysis
As mentioned above, when fluid flows through the nano-

channels, the dissolved solid particles alter the charac-
teristics of solid-liquid interface and affect the internal

@ Springer

Illustrates the liquid structure from our MD simulations with different
dissolubility, including £=9.71, 0.97, 0.81, and 0.65. (Color figure
online)

properties of liquid. Therefore, the number of dissolved solid
particles is analyzed over time. As depicted in Fig. 6, the
black squares, red dots and blue triangles are the results of
e=0.65, 0.81, and 0.97, respectively. While the red lines in
all three pictures represent Boltzmann fitting curves. Obvi-
ously, the number of dissolved particles satisfies Boltzmann
distribution pretty well:

Ngy =N, =Ny /1 + e(t_to)/Al] +N,, (6)

here, Nk, t), N,, and N,, represent the number of dissolved
particles at time 7, the time at which the number of dissolved
particles reaching half of the total dissolved number, the
number of initial and final dissolved particles, respectively.
During this process, the variation of the density profiles
and the slip lengths are also calculated in Supplementary
Material (in Fig. S3). Furthermore, by analyzing the dif-
ferent dimensionless e values, we can find that the ratio of
solid—solid and solid-liquid interaction has a profound effect
on dissolution: when the ratio is equal to 0.97, the dissolubil-
ity is very low, and it almost has no effect on the liquid prop-
erties; when the ratio is between 0.81 and 0.65, the number
of dissolved particles increases significantly and this will
have a great disturbance to the nature of liquid. Through sta-
tistics of the number of dissolved particles can describe the
degree of dissolution. From Fig. 6, we can see clearly that as
the convection velocity increases, the number of dissolved
particles is easier to reach a stable state. In other words, the
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Fig.6 Numbers of dissolved solid particles among different chan-
nel widths and dissolubility are analyzed over time. a d/D=0.24,
b d/D=0.30, and ¢ d/D=0.37. The black rectangle is the result of
£=0.65, the red dots represent the outcomes of £=0.81, and the blue

dissolution is not only influenced by the dissolubility of solid
in liquid but also affected by the convection velocity along
the nanochannels.

On this basis, we analyzed the dissolution velocity of sol-
ute when the number of dissolved particles reached a steady
state. The dissolution rate of a section was measured over
time under different channel widths and dissolubility, and
the statistic results are shown in Fig. 7. It is obvious that
there exists a concentration boundary similar to macroscopic
study (Schlichting and Gersten 2017) if the dissolving capac-
ity is high (¢=0.81 or e=0.65). In these two cases, the scal-
ing analysis was carried out. The Nernst—Brunner equation
is used to specify our model (Dokoumetzidis and Macheras
2006):

dm/dt =A XD, x(C,—C)/é,, 7
where dm/dt, A, 6., C,, and C are the quality of dissolution
per unit time, the solid-liquid contact area, the thickness
of the concentration boundary, the saturation concentration,
and the concentration of the solute at statistical moment,
respectively. There are several hypotheses here: the contact
area in the x direction is proportional to convection velocity
U and a fixed section is analyzed; the solute concentration
near the wall is C and the solute concentration in the bulk
liquid is zero. Under these circumstances, Eq. (7) can be
verified in our simulation, and the detailed information are
given in Supplementary Material. Afterward, it can be seen
that the dissolution rate v is inversely proportional to the
thickness of the concentration boundary layer o, which is
consistent with the work of the Leif Ristroph in macroscopic
dissolution behavior (Huang et al. 2015). In addition, there is
a momentum boundary layer §,, near the wall and the ratio of
the two boundaries is also the Schmidt number Sc, in which
8,, ~ \/ ux/ pU is obtained from the Prandtl boundary-layer
equation and x is the characteristic length. Based on this, the

triangles show the consequences of £=0.97, while the red lines in
all three pictures represent the Boltzmann distribution fitting curves.
(Color figure online)

relation between diffusion coefficient and dissolution rate
indicates:

wow/ VU ~ D, ~ fe.d/D). ®)

In which v is the kinematic viscosity of water and our
simulation results are listed in Table 2.
Using Einstein relation:

D, = lim (Ir(t) = rO)*) / 21, 9)

the diffusion coefficient in the y direction is obtained under
different conditions as listed in Table 3.

It is obvious that the diffusion coefficient increases as the
dissolubility increase, which has the same change regulation
as v\/; / \/ﬁ . Previous literature (Sofos et al. 2010) has also

considered the liquid diffusion in nanochannels under the
effect of the rough walls, and found that the local diffusion
coefficient is smaller near a rough wall compared to a
smooth wall. In our simulations, as the solute dissolves into
the liquid, the solid surface becomes rougher, the results of
Sofos et al. further confirm that the fluid-flow is more easily
to be Poiseuille-like rather plug-like in a dissoluble
channel.

4 Conclusions

Dynamics of dissolutive flow in nanochannels were ana-
lyzed using MD simulations. First, the velocity of confined
fluid in our simulations was calculated. MKT was used to
interpret the velocity profile under different channel widths
and dissolubility. Fluid velocity along the cross section
presents a plug-like flow in a less dissoluble case like most
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Fig.7 Concentration distribution of the dissolved particles in nano-
channels with different channel widths and dissolubility. a d/D =0.24,
b d/D=0.30, and ¢ d/D=0.37. The graphs from left to right shows

Table 2 Relation between diffusion and convection V\/)_C / \/l_]

e=0.65 e=0.81 e=0.97
dID=0.24 0.096 0.044 0.039
d/ID=0.30 0.091 0.047 0.014
d/ID=0.37 0.095 0.043 0.009

Table 3 Diffusion coefficient D, (10™° m?s) under different condi-
tions

e=0.65 £=0.81 e=0.97
d/ID=0.24 0.90 0.46 0.32
d/ID=0.30 0.89 0.42 0.30
d/ID=0.37 0.90 0.41 0.31
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the influence of different dissolubility, including, €=0.97, 0.81, and
0.65. (Color figure online)

MD simulations. But with the increase of dissolution, the
energy dissipation will gradually change from viscous dis-
sipation to dissolving dissipation, thus a transition from
plug-like to Poiseuille-like flow occurs. Besides, the den-
sity distribution was analyzed and there exists a critical
state depending on the competition between dissolution
and size effect. If the dissolution is more important, the
liquid density oscillation will disappear due to the disorder
of the molecular arrangement and the disruption of the
layered structure. But if the size effect dominates, the den-
sity is fluctuant as that in inert flow processes. In addition,
from the density distribution we obtained a critical state €,
that controls the density transition between fluctuant and
uniform state. The number of dissolved particles was also
calculated and it satisfies the Boltzmann distribution and
ultimately it reaches a stable state. Based on this ste state,
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the scaling relation among the dissolution rate, convection
velocity, and diffusion coefficient was obtained when the
dissolution capacity is high. Through these investigations,
we have recognized that the flow patterns in dissoluble
nanochannels can be regulated by changing the dissolubil-
ity of solid in liquid and then the dynamics of dissolution
behaviors can be controlled and optimized.

This article helps to understand the microscopic mecha-
nisms of dissolutive flow in nanochannels and we hope to
provide theoretical support for practical applications.
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