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Combined Effect of Pressure
and Shear Stress on Penny-
Shaped Fluid-Driven Cracks

Penny-shaped fluid-driven cracks are often detected in many fluid—solid interaction prob-
lems. We study the combined effect of pressure and shear stress on the crack propagation
in an impermeable elastic full space. Boundary integral equations are presented, by using
the integral transform method, for a penny-shaped crack under normal and shear
stresses. The crack propagation criterion of stress intensity factor is examined with the
strain energy release rate. Dominant regimes are obtained by using a scaling analysis.
Asymptotic solution of the toughness-dominant regime is derived to show the effect of
shear stress on the crack opening, crack length, and pressure distribution. The results
indicate that a singular shear stress can dominate the asymptotic property of the stress
field near the crack tip, and the stress intensity factor cannot be calculated even though
the energy release rate is finite. Shear stress leads to a smaller crack opening, a longer
crack, and a slightly larger wellbore pressure. A novel dominant-regime transition
between shear stress and pressure is found. Unstable crack propagation occurs in the
shear stress-dominant regime. This study may help in understanding crack problems
under symmetrical loads and modeling fluid—solid interactions at the crack surfaces.
[DOI: 10.1115/1.4038719]
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1 Introduction

Fluid-driven cracks under symmetrical pressure and shear stress
on the crack surfaces are observed in various fluid—solid interac-
tion problems, such as magma (or water) driven cracks in the earth
crust (or glacier beds) [1-3], the fabrication of flexible structures
and electronics [4], the storage of carbon dioxide under the ground
[5,6], and hydraulic fracturing in the oil and gas industry to
enhance the production [7-15]. In the problems, a viscous fluid
flows into the channel between the crack surfaces generating sym-
metrical normal and shear stresses on the crack surfaces and fur-
ther forcing the solid to be fractured gradually. The problems are
pure mode-I because both the normal and shear stresses are sym-
metrical about the crack plane.

Most of the existing models assume that the shear stress is neg-
ligible compared to the normal stress [1-4,7,8,11,12]; however,
recent studies revealed that a singular shear stress may cause a
singular stress field with a square-root singularity, which is of the
same order as that caused by a normal stress [9,10]. This shear
stress-induced stress-singularity problem is due to the lack of
physical details near the crack tip. Physically, there is a fluid-lag
zone between the fluid tip and the crack tip [11]. The fluid-lag
zone is small and often neglected in modeling the problem. At the
crack tip, the lack of this physical detail leads to singular normal
and shear stresses acting on the crack surfaces because of the use
of lubrication theory approximation [9,12]. The asymptotic prop-
erties of displacement and stress fields change near the crack tip.

The change in the asymptotic properties of stress fields results
in the requirement of the examination of the crack propagating
criteria. One of the most often used criteria is the stress intensity
factor being equal to the fracture toughness. The calculation of
stress intensity factor relies on the square-root singularity of stress
field at the crack tip. However, a stronger singularity of stress field
may be obtained due to the shear stress [10]. Thus, the criterion of
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stress intensity factor requires an examination for hydraulic frac-
turing. There are other criteria for mode-I cracks such as strain
energy release rate and J-integral. Only the strain energy release
rate is discussed because of the equivalence of the two criteria for
linear elastic materials. The strain energy release rate is calculated
as the validation of the stress intensity factor [16,17]. Owing to
the existence of shear stress acting on the crack surfaces, the con-
clusion that zero-stress intensity factor results in zero-energy
release rate may be conditionally right.

Unstable crack propagation was reported for pure mode-I
plane-strain fluid-driven cracks [10]. A negative shear stress act-
ing on the upper crack surface, which is positive on the lower
crack surface, tends to inhibit the crack. In the viscosity-dominant
regime, the crack surfaces overlap near the crack tip under the
shear stress, indicating an unstable crack propagation. Singular
stress intensity factor and energy release rate were obtained.
Either criteria are inappropriate under the assumption that the
crack is fractured straightly and steadily without a fluid lag. For
penny-shaped fluid-driven cracks that are subjected to different scal-
ing laws of crack opening, crack length and pressure [18,19], the
combined effect of symmetrical normal and shear stresses on the
stress intensity factor and strain energy release rate remains unsolved.

In this paper, the combined effect of pressure and shear stress
on fluid-driven penny-shaped cracks is analyzed. The fracturing
fluid is assumed of power-law rheology and modeled by lubrica-
tion theory. The theory of linear elastic fracture mechanics is used
to describe the deformation and fracture behavior of a brittle solid.
By using the integral transform method [4,20], the boundary inte-
gral equations of displacement and stress fields are derived. And
the shear stress-dependent stress intensity factor is derived from
the stress filed in front of the crack tip. In the toughness-dominant
regime, the crack-propagation behavior with the shear stress-
dependent stress intensity factor is analyzed by deriving an
asymptotic solution. The crack propagation criterion based on
stress intensity factor is examined with the energy release rate.
Near-crack-tip asymptotics are used in the viscosity-dominant
regime where stress intensity factor may be singular. It is found
that there can be instabilities and failures at the crack center, and

MARCH 2018, Vol. 85 / 031003-1

Downloaded From: https://appliedmechanics.asmedigitalcollection.asme.org on 04/10/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



the dominant-regime transition from shear stress to pressure is
discovered.

2 Mathematical Expression

A penny-shaped crack of length / is in the linear-elastic full
space, as shown in Fig. 1. The cylindrical coordinate system is
used such that the origin coincides with the crack center and the 7-
axis is parallel to, and the z-axis is perpendicular to, the crack
plane. There are symmetrical normal and shear stresses p and t©
acting on the crack surfaces and uniform compressive stress, 0.,
at infinity. For convenience and without loss of generality, we
focus on the first quadrant where >0 and z > 0.

2.1 Fluid Flow. Lubrication theory is used to model the frac-
turing fluid with power-law rheology. Local mass conservation
gives

ow(r, 1) L@q(r,t)_
ot 2nr Or =0 M

where w(r, ) and ¢(r,t) are the distribution of crack opening and
flow rate, respectively. The relation between the flow rate, ¢(r, 1),
and pressure, p(r, 1), is given by

1
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N ap(ht)} 4nmr () nin
q(’ J) = Sgn{ o Cl/,,2(2n+l)/n(2n+ 1) or w

where sgn{} is the Signum function, C and n are the flow consis-
tency index and flow behavior index, respectively. A detailed deri-
vation of Eqgs. (1) and (2) is given in Appendix A. Flow rate is
pregiven at the wellbore, » = 0, and at the crack tip, r = [(¢), as

q(0,t) =qo and q(I(t),1) =0 3
Physically, there is a wellbore and a fluid-lag zone at the center
and the tip of the crack, respectively. For a long crack, the radius
of the wellbore can be neglected [11]. It is known from Ref. [13]
that the fraction of the fluid-lag zone to the half-length of the
crack decreases quickly during the hydraulic fracturing under the
action of crustal stress, and the effect of the fluid-lag zone can be
neglected at a large time. Consequently, the details of the center
and the tip of the crack are assumed to be negligible. Global mass
conservation gives

(1)
qot = 2n L w(Z, 0)d¢ 4

Fig. 1 A penny-shaped crack driven by a viscous fluid flow
and a uniform normal stress at infinity
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which is dependent on Eq. (3),. Here, Eq. (4) is used for conven-
ience. The relationship between pressure and the crack opening is
obtained, by integrating Eq. (1) with the boundary condition Eq.
(3), and substituting the result into Eq. (2), as

op(r,t) _ —sgn{Jl(r) ow((,1) CdC} ol

or , ot w2 (r,1)

n

1

r

J Pl Lde

, ot

(5)
in which C" = C x 22"*1[(2n + 1)/2n]". The shear stress can be
obtained by force equilibrium as

w(r,t) Op(r,t)
2 or

T(r,t) = (6)

2.2 Quasi-Static Crack Propagation. By using the Hooke’s
law, 6 = Ayl + 2uy, the equations of equilibrium are [4]

1 u

1721/vy—7

2
Vou + 2

=0 @)

V2 =0 ®)

where y =V - u is the dilatation of an infinitesimal element, v
is the Poisson’s ratio, V =e,(0/0r+ 1/r)+e.0/0z and
V2 =0%/or* + (1/r)0/0r + 0022

The far-field stress can be decomposed with the superposition
method. The assumption of o, = 0 is used in the following for
convenience. The dynamic conditions on the crack surface of the
original crack problem are:

0r(r,0%) = {f)fr)’ rree<3,720) ©)
0::(r,07) = —p(r), re€(0,]) (10)

and the related kinematic boundary condition is
u,(r,0t) =0, re(l,o0) 11

The normal displacement is coupled with the crack opening as

u,(r,0%) —u(r,07) = 2u.(r,07) = w (12)

2.3 Solution to the Crack Problem. Hankel transforms are
used to solve Eqgs. (7) and (8) with the boundary-condition equa-
tions (9)—(11) [10,20]. The displacement and stress components
are, therefore

1
up(r,z) = (1 = 20)Ipo 4 2(1 — v)IT10) + o (zlp11 + zl11)

1
-——I

Lt
(13)

1 1
u(r,z) = - [2(1 = v)Ipo + (1 — 20)I100) + o (zIpor + zlto1)

(14)
2 2
O (1, 2) = — - (Ipor + 2It01) + - (zlpoz + zlt02)
2 1 1
+= {(1 —2v)=Ip1o +2(1 = v) *IT10:|
n r r
2 (z z
——(jIPn +—1T11) (15)
T \7 r
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2 2
0r2(r 2) = =Irin — = (elp12 + zl12) (16)
i 7
2 2
02(r,z) = — =Ipor — = (zlpoz + zl102) an
b 7
where Ip;; and I1;; are defined by
ol £ g
- {p(0)dl
Ipjj(r,z) = J Ty(&r, Z)dfj % (18)
0 0/ —¢
I I
d
h(r,2) = J i (& )édéj od (19)
0 r-¢

in which the subscripts “P” and “T” represent the normal and
shear stresses, respectively, and Z; is given in Table 1. Thus, only
the infinite integrals for j =0 are required to be solved. The solu-
tion for full space can be obtained, with the solution for the first
quadrant and the mirror symmetry about the crack plane.

The calculation of displacement and stress on the crack surfaces
and in front of the crack tip under symmetrical loads requires the
integrations of Ipgo, Ip10, Ipo1, I100, IT10, @nd ITo;, according to
Egs. (13)—(17). The solution based on iterated integrals is obtained
by substituting Eqgs. (18), (19), and z =0 into Eqgs. (13)—(17). For
0<r<li

uz(r,oﬂ:z“‘”) [' de J {p(L)dC

O L
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Table 1 The infinite integrals with Z=z—i¢ and H{x} being the
Heaviside function
r>0,z>0 z=0 r=0,z>0
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0..(r,0) = (22)

24 J’ da¢ J tp(0)dL
mrdrloy/r—&loye - ¢

The iterated integrals can be reduced to single integrals, which are
given in the Appendix B. By using Eq. (12), the crack opening
can be calculated with

g 2(1 —2v) (1@
W) = | o ptcna + T2 g

(23)

where E' = 2p/(1 — v) and Kpqp is defined in Appendix B.

Uniform loads acting on the crack surfaces are assumed to vali-
date Egs. (22) and (23) and to clearly show the effect of a negative
shear stress. The analytical solution can be obtained for z=0 by
integrating the normal stress of Egs. (20) and (22) and the shear
stress on the right-hand side of Eq. (B2) as

u:(r,0%) :_po\/zz__,‘z +( )E, w(l—r), re(0,)
(24)
0) =2 : i ! 25
o:(r,0) —;PO(\/ﬁ*arCCSC 7)» € (l,00) (25

in which py and 7( are constant normal and shear stresses, respec-
tively. Note that the uniform normal and shear stresses do not rep-
resent the pressure and shear stress in the fluid flow. For 79 = 0,
the solution degenerates to the formula of only a normal stress act-
ing on the crack surfaces [20]. It is evident that a negative shear
stress reduces the value of u., and leads to a non-zero first deriva-
tive of u. at the crack center, i.e., for a shear stress-only problem,
the u, is negative and the upper and lower crack surfaces overlap
each other. From the contour lines and streamlines of the displace-
ment, as shown in Fig. 2, the material on the axis of symmetry
moves toward the crack surface, and the material near the crack
surfaces moves away from the crack center. According to the
boundary conditions and property of axial symmetry, i,(0,z) =0
and ii,(7,0%) = 0 for 7 > 1, the material has the ability to “slip”
along the axes. The shear stress rotates the material counterclock-
wise for Z >0 and clockwise for z < 0. The rotation of the

z ., z .,
72 \ /] 732
o, o g
1t
0
/
o af
5 \.r 5 . T
0 1 2l 0 1 2l
(@ (b)

Fig. 2 Displacement field under uniform shear stress on the
crack surfaces: (a) contour lines of total displacement and (b)
streamlines of the displacement vector. The dot (1,0) represents
the crack tip
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material leads to the overlap of crack surfaces. Consequently, a
negative shear stress tends to inhibit a crack.

3 Shear Stress-Dependent Stress Intensity Factor and
Energy Release Rate

There are two kinds of energy dissipations, the fracturing of the
rock and the viscous flow of the fluid, which have been fully stud-
ied [12-14,21] and reviewed by Detournay [19]. The toughness-
dominant regime represents the work done by fracturing the rock
being much more than that done by overcoming the friction of the
fluid flow; and the viscosity-dominant regime is defined con-
versely. In the two different dominant regimes, the near-crack-tip
asymptotics are different. In the toughness-dominant regime, the
viscosity of the fracturing fluid is negligible, and the square-root
singularity of the stress field at the crack tip holds. Whereas, in
the viscosity-dominant regime, the fracture toughness is negligi-
ble, and the non-square-root singularity of the stress field at the
crack tip can only be obtained with the coupling of fracture
mechanics and lubrication theory. The stress intensity factor, Kj,
is commonly calculated as

{p(0)dL

K; = lim
r—lt 2 — €2

2n(r — )o..(r,0) = (26)

\/HJO

which is independent of the shear stress. Note that the hydraulic
crack is modeled as pure mode-I because the pressure and shear
stress are symmetrical about the x;-axis. Here, the near-crack-tip
properties of the boundary integral equations are studied and the
crack propagation criteria of stress intensity factor and energy
release rate are examined.

Near-crack-tip asymptotics are required to evaluate the stress
intensity if the stress intensity factor is shear stress dependent.
The asymptotic solutions of displacement and stress fields near
the crack tip are known for the stress intensity factor being non-
zero [16,17]. The hydraulic fracturing is assumed in the viscosity-
dominant regime. Thus, the stress intensity factor is assumed to
approach zero. It is known that the pressure and shear stress
depend on the rheology of the fracturing fluid [19]. To overcome
this difficulty, power-law loads are implemented separately for
either a normal stress-only or a shear stress-only problem as

R

2

In which ep and er are arbitrary constants subjected to ep > —1/2
and er > —1, and 1 + 2ep is used to vanish the Kj. The minus sign
in front of the parentheses of Eq. (27); is from the fluid—solid
interaction problem [9-12], where pressure decreases and shear
stress is negative because of the fluid viscosity. According to a
numerical calculation based on the Gauss—Chebyshev quadrature
[22], there are

’2 1+ep }’2 1+er
u,(r,0%) = Ap (1 —1—2) + A (1 —1—2)
- 3/2 / 2+er
[ R s e
72 p 2 er
(1 0)_Bp(l—2—1) +BT(2—1> +0(1) (29
2 ep
(;_.(;,0)_191)(%2 1) +0(1) 30)
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where A’s and B’s are constants, Ap and Bp are positive for ep
being negative, and At and Bt are negative for a negative shear
stress.

An improper choice of the stress component, to calculate the
stress intensity factor, may lead to the exclusion of the effect of
shear stress. From Egs. (29) and (30), it is evident that stress inten-
sity factor is conditionally influenced by shear stress. However,
0,:(r,0) is zero for the pure mode-I crack and o..(r,0) is inde-
pendent of the shear stress according to Eq. (30). Thus, g,,(r,0)
is used vrather than o.(r,0) to calculate K; as
K{ =lim,_+ \/2n(r — l)o,,(r,0), where the prime symbol is
used to distinguish from that calculated with o.,(r,0). From Eq.
(29), there is

er+1/2
Kl = PO sy lim (f 1) 31)

mjom ,2

which is related to Ky as K} = K + /By lim, _;+ (1
A negative shear stress leads to a negative value of By and the
decrease of the total stress intensity factor. This is in accord with
the result of Sec. 2.3 that a negative shear stress tends to inhibit a
crack. For e > —1/2, K{ = K, the use of stress intensity factor is
valid, and there is a square-root singularity of stress field at the
crack tip. For ey < —1/2, K{ is infinite and the concept of stress
intensity with a square-root stress singularity is inappropriate. For
er = —1/2, K can be calculated as K| = Kj + 2‘[0\/p7
Compared to stress intensity factor, energy release rate is more
general to build the crack propagation criterion. Only o, (r,0")
and u,(r,0") are needed to calculate G for mode-I crack problems
[16,17]. Using Egs. (28) and (30), one has
I+ep+ter
ApBr (%) (32)

in which Al is the distance that the crack propagates and I'(x) is
the Gamma function. For ep + er > —1, G is finite and valid in
the determination of crack growth; otherwise, G is infinite. This
criterion is looser than ey > —1/2 which is derived from stress
intensity. A positive and infinite G represents infinite energy being
needed to fracture a material, and a negative and infinite G repre-
sents an unphysical phenomenon that a spontaneous crack grows
with releasing infinite strain energy from a material.

_ 12)5’T+1/2.

2l e (1 4 ep)T(2 + e7)

G= 1
o (34 ep+er)

AlJI—0*

4 The Toughness-Dominant Regime—Asymptotic
Solution

In the toughness-dominant regime, where the work done by
fracturing the rock is much more than that done by overcoming
the friction of the fluid flow, crack opening and pressure are
characterized by v/ — r and In (/ — r), respectlvely [12]. Accord-
ing to Eq. (6), the shear stress is O[(/ — ) /%], which results in a
stress field of the same order as that induced by pressure. The
stress intensity factor represents the amplitude of the stress field
in the vicinity of the crack tip. As discussed in Sec. 3, it is
rational to use g;; to calculate the stress intensity factor. Assum-
ing that the mode-I fracture toughness is valid, one can use this
stress intensity factor to build the crack propagation criterion.
The criterion of crack propagation becomes, therefore

.2 p(Z, 0L
Ky = J \/127 ,/ Hl m \/12(t) — r?w(r,1)
<P S e (33)
or

The fluid-driven crack problem is mathematically expressed with
Egs. (5), (6), (23), (33) and a certain initial condition such as the
initial crack length /5. Consequently, crack opening, crack length,
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and pressure are functions of r, #, C', n, u, v, Kic, ly, and ¢o. The normalization scheme is chosen to be

r=0l(0)F, w(r,t)=elgpw(F,7), p(r,t)=Pp(F,i) and t=T7 (34)
where
4K, K 8/al’k
_ e - p _Ke mo g ¢ 8VE K (35)
Nz 2 Vil E'qo

Two dimensionless parameters are obtained as

R E;2n+lqnc/ - (1 — 2U)K1c T
oo EMgC s (2K [ 36
25n+l l%nflK%élJrz an Q 2(1 - V)E, \/; ( )

which represent the ratio of viscous dissipation to the work of fracturing and the ratio of shear stress-caused crack opening to the
pressure-caused crack opening, respectively. Using the normalization scheme, one obtains

1
i=7(0) L w(Z,NZdt 37)
1 1 ~ (7 =
5.0 =10 [ & Dn(2.2)0E + 0 [ .0 P o
Op(F,1) gt
PG )
i ew@D) e ewe@D]s s
—Cl(z){’—zL {1(:) o [ }gac}
1= l(f)Jl Zp({ )dC+ ™ _ Jim i2(f)—rzw(~~)aﬁ(i’t~) (40)
0 %2 1) st o

with the initial condition being I (o) = 1 in which 7 is an unknown variable that is obtained by solving Eq. (37).
Perturbation theory is used to solve Eqs. (37)—-(40), where the dependent variables are expanded with C as

1(7) = Io(?) + CL (D) + C°L(7) + -+
(7, 7) = Wo(F, 1) + CWy (7, 7) + Coa (7, 1) + - - (1)
(7, E) = po(F,7) + Cpy (7, ) + C oy (7 F) + - -

The first two orders of the asymptotic expansions are

o)) =37, voo(1,0) =3V 1-7 and jo(&1,7) =374 “2)
and
o 34 = 671:
L(f) = —= 7 1/525Q 756
. 58 7 2 3*P4m e
Wi (F,1) = (—31/575t 5—i——32/550Ql + 25 et 1—7
4/5 , . 2. _ 2
+ 3 275[(?) — 3715 SFarccosi — 37257 50 In % 43)
o 17 - 4 3P27e_3 3¥5(32475In2)
P =~ @ s T 225 a
—3257% I3 Uin7 —éln(l — )
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Fig. 3 First-order asymptotic expansion of crack opening, crack length, and pressure in the toughness-dominant regime

with

(44)

1) = J'l Vi1— ZzarcsinZdZ

. 22,

7 (—I”

in which there are two dimensionless parameters, Q and ¢, which
are dependent for a known Poisson’s ratio. For C = 0, the asymp-
totic solution degenerates to the solution to the pressure-only
model, which was obtained by Savitski and Detournay [12]. The
zeroth-order asymptotic expansion represents a penny-shaped
crack driven by an inviscid fluid and shows no new information
other than the toughness scaling [19]. The first-order asymptotic
expansion takes effect for a relatively larger value of C, but the
singularities always exist.

The first-order asymptotic expansion is nontrivial due to the
existence of fluid viscosity. A larger Q leads to a smaller crack
opening and a larger pressure at a same point near the crack cen-
ter, and the effect of a constant Q increases with the increase of
Poisson’s ratio. It is evident that the first-order asymptotic expan-
sions of crack opening and pressure are singular. As shown in
Figs. 3(a) and 3(c), both crack opening and pressure are singular
at the wellbore for O being non-zero. The singular pressure has
been discussed in the toughness-dominant regime [11-13], and
the singularities can be removed by considering the diameter of
the wellbore and the fluid-lag zone near the crack tip. The singular
crack opening, which is limited in the vicinity of the crack center
and the crack tip, is due to the existence of shear stress. Because
the singularity of shear stress is stronger than pressure according
to Eq. (6), and a singular crack opening is obtained from the sec-
ond term on the right-hand side of Eq. (38). Even though the sin-
gularities are unphysical and removable, they indicate potential
instabilities and failures to release the concentration of stress.

According to Fig. 3(b), the existence of shear stress leads to a
positive first-order expansion of crack length at a small time and a
negative one at a large time, and the transition is smooth over
time. A plausible reason is the competition between shear stress
and stress intensity factor. In the first stage, shear stress decreases
the crack opening leading to a higher pressure drop and a lower
stress intensity factor; and in the second stage, a higher wellbore
pressure is rebuilt to fracturing the rocks leading to a larger crack
opening and a small value of shear stress. At a small time, the
effect of shear stress is dominant. A smaller crack opening is
therefore obtained, and a longer crack is fractured because of the
fluid mass conservation. At a large time, the effect of stress inten-
sity factor becomes dominant. A larger crack opening is obtained
and the first-order expansion of crack length is negative. As
shown in Fig. 4, the first-order expansion of crack opening is neg-
ative at f = 107® and gradually becomes positive, and the nega-
tive crack opening at the wellbore becomes increasingly
negligible with time. Even though the small time, e.g., 7 = 107°,
is not easy to be obtained in experiments, it is meaningful in the

031003-6 / Vol. 85, MARCH 2018
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Fig. 4 Time evolution of the first-order asymptotic expansion
of crack opening

theoretical analysis due to the transition between the dominant
effects of shear stress and fracture toughness.

5 The Viscosity-Dominant Regime

For a full-stress model in the viscosity-dominant regime, where
the work done by fracturing the rock is much less than that done
by overcoming the friction of the fluid flow, the crack may propa-
gate unstably. The crack opening and pressure near the crack tip
are characterized by (I —r)** and — (I — r)*l/ 3, respectively, by
using a pressure-only model [12]. Shear stress is obtained from
Eq. (6) as —O[(I — r)~*/*]. Consequently, there is an unconver-
gent stress intensity factor and a negatively finite strain energy
release rate according to Eqs. (31) and (32). However, crack arrest
has not been reported in the past visible experiments [21,23-25].
There should be a criterion for the shear stress-induced crack
arrest.

Here, it is demonstrated, by using scaling analysis, that crack
arrest disappears at a large dimensionless time due to the decreas-
ing effect of shear stress. In a scaling analysis, it is convenient to
neglect the other relevant physical effects for one physical effect
being dominant [26]. The physical quantities become time inde-
pendent after the self-similar transformation. For a penny-shaped
crack, a set of simplified transforms

I(1) = L(1),
r=L(t)F

and
45)

w(r,t) =W(Ow(F), p(r,1) = 2(0)p(r)

are used for the scaling analysis. In Eqgs. (45), L(t), W(t), and 2(¢)
can be either exponential or power functions [1,19], which differ
from the boundary condition of flow rate. Using the power func-
tions [12,13,15,18], one obtains from the Egs. (5), (6), (23), and
(33) that
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where V is from the mass conservation; P is from the boundary
integral of crack opening under pressure; M is from the lubrica-
tion theory; C is from the crack propagation criterion; and Q is
from the boundary integral of crack opening under shear stress.
Following Refs. [12], [18], and [19] V =P = M =1 is used to
ensure the mass conservation and globally positive crack opening
in the viscosity-dominant regime. Consequently, there are

n+2E/ 3(n+2)
2(n+1)
L([) = <qOC’ ) form

1
n+2c/2 3(n+2) N
W([) = <6]0E'/2> t(;+37/

“47)

n

1
Z(l) _ (C/E/n+l ) n+2l,m
with two dimensionless groups

K -1
IC ; 13n+2)
(q8+2 C;SE/6n+7 ) 6(n+2)

(48)

which represent the ratio of the work of fracturing rocks to vis-
cous dissipation and the ratio of shear stress-caused crack opening
to the pressure-caused crack opening, respectively. The power-
law exponents ex and eq of Q ~ ¢ and K ~ ¢ are shown in
Fig. 5 for various n. The temporal evolution of the two dimension-
less groups gives the dominant-regime transitions between shear
stress and pressure, and between viscosity and fracture toughness.
It is evident that for a fracturing fluid with power-law rheology,
the shear stress dominates the problem either for the flow consis-
tency index being very large or for the time being small so that Q
is sufficiently large. The two conditions are not possible to
achieve in the indoor experiments, where well-prepared rocks or
glasses were used. However, the fluid channel constructed by frac-
turing a laminated rock consists of corners, throats, and other sec-
ondary structures, which can lead to very high hydraulic
resistance, and the effect of shear stress is much underestimated in
this analysis.

The near-crack-tip stress field in the rock can be obtained from
the local properties of pressure and shear stress. Similar to the
problem of a uniform normal stress acting on the crack surfaces, a
stress component can be reduced to two separate factors, a radial
component and an angular component. The former is determined

(b) foo (p only)

0’ \‘

(a) To (p On1+y2

+ ot

(¢) fso (p only) + =

ep = —0.45
=015
=0.15
=0.45

- 0
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|
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=
I
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Fig. 6 Angular distribution of normalized stress components around the crack tip. The normalized distance from the crack

tipis p =104,
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by the radial coordinate and boundary conditions, and the latter is
determined by the power-law exponent of either pressure or shear
stress. The angular component is the normalized angular distribu-
tion of the stress component, which helps in the determination of
crack deflection. A polar coordinate system is introduced at the
crack tip as

p=7/(r=0>+22, and 9 =Arg(r—[+iz) (49)
where Arg represents the argument of a complex number, and p is
normalized by /. By assuming power-law pressure and shear stress
distributions in Eq. (27), the stress components in the rock are cal-
culated with Egs. (15)—(17). The normalized angular distributions
of stress components near the crack tip are plotted in Fig. 6 for
normal stress-only and shear stress-only problems. f,,,, f,9, and fyy
represent the normalized o,,, 0,9, and gy, respectively. It is evi-
dent that ¢,, and gyy are in tensile state for p = 1, but there are
both tensile and compressive states for ¢,, and gyy around the
crack tip for ep < 0. The maxima of ¢,,, and gy are at ¥ = 0, and
the minima are near the crack surfaces. And for ep > 0, negative
stress components are obtained and in accord with Sec. 4. For
shear stress-only problems, gyy is negative except for ¥y = 0 and
=+, where gyy = 0. This means that the material is in compres-
sive state and possible to be fractured either straightly or perpen-
dicularly to the crack surface. Note that ¢,, is non-zero and
minimum at ¢ = 0, where ayy is zero. Consequently, the use of
ays(p,0) does not reveal the asymptotic property of the stress
field. The analysis of the near-crack-tip stress field is based on
the singularities of pressure and shear stress. Either a fluid-lag
zone or a two-dimensional flow assumption will eliminate the
singularities [10,19,27]. Even though the fluid-lag zone, or the
region of two-dimensional flow, with a negligible size influences
the distribution of the stress field slightly because the stress sin-
gularities are integrable. A global solution to the fluid-driven
crack problem with a fluid-lag zone is still needed by using the
full-stress model.

6 Conclusions

A full-stress model is proposed to analyze the combined effect
of pressure and shear stress acting on the crack surfaces for a
penny-shaped fluid-driven crack. The boundary integral equations
of displacement and stress in the full linear elastic space with
crack are derived by integral transform method. An asymptotic
solution is derived in the toughness-dominant regime.

A negative shear stress (i.e., g,.(r,07) < 0 and 6,.(r,07) > 0)
leads to the decrease of the normal displacement and stress and
tends to inhibit the crack. For cracks under power-law loads, the
exponents of the power-law shear stress may change the asymp-
totic properties of the solution, which results in the change of the
order of the stress singularity at the crack tip. For problems with
nonzero shear stress acting on the crack surfaces, a,,(r,0"), rather
than a_,(r,0™), should be used to calculate the stress intensity fac-
tor, because the latter is independent of the shear stress. The crack
propagation criterion of stress intensity factor is conditionally
valid for power-law loads. The strain energy release rate is proved
to be more universal than the stress intensity factor. There are
dominant-regime transitions between shear stress and pressure,
and between fracture and viscosity. The transitions are dependent
on the flow behavior index. Unstable crack propagation occurs in
the shear stress-dominant regime. The effect of shear stress
decreases with time. Shear stress leads to a smaller crack opening,
a longer crack and a slightly larger wellbore pressure. Singular-
ities of stress components and crack opening are found at the
crack center, which reveals potential instabilities and failures at
the wellbore.

This study gives a theoretical analysis on the combined effect
of pressure and shear stress in hydraulic fracturing, and will be

031003-8 / Vol. 85, MARCH 2018

useful for future investigations of the fluid—solid interaction
problems.
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Nomenclature

Ap, At, Bp, Bt = coefficients of the asymptotic solution, sub-
scripts “K”, “P” and “T” represent stress inten-
_ ity factor, normal and shear stress, respectively
C = dimensionless flow consistency index
E =2p/(1 —v)
Jop>Jpo> foo = normalized stress components of the polar coor-
dinate system at crack tip
G = energy release rate
Ipjj, Ii; = functions of r and z, subscripts “P” and “T” rep-
resent the pressure and shear stress
1;; = infinite integral of the inverse Hankel transform
K1 = mode I stress intensity factor calculated with o,
K7 = mode I stress intensity factor calculated with o,
Kjc = fracture toughness
Kp;j, K1;j = kernel functions related to /p;; and I,
respectively ~
I = time-dependent dimensionless group of K’j¢
| = crack length
p = distribution of pressure
Q = dimensionless parameter representing the ratio
of shear-stress-caused crack opening to the
pressure-caused crack opening .
= time-dependent dimensionless group of O
u,, u, = displacement components
w = crack opening (width of the fluid channel)
¥, ¥ = strain tensor and its trace
I' = Gamma function
¢ = dimensionless parameter
u, v = Shear modulus and Poisson’s ratio
6, 0y, 02, 0, = stress tensor and its components
Opp» Opgs Oy = stress components of the polar coordinate sys-
tem at crack tip
0 = uniform stress at infinity
T = distribution of shear stress
The symbol “~” above a variable represents
that the variable is dimensionless

Appendix A: Derivation

Here, Egs. (1) and (2) are derived. The viscous flow in the
very thin channel between the crack surfaces is approximately
one-dimensional. Pressure is, therefore, the function of coordi-
nate r and time only. The balance of force in the fracturing
fluid is

op(r,t) 0t(r,z,1)

Al
or 0z (AD
Using the Ostwald—de Waele relationship,
© = Csgn{Ov,/dz}| Ov./0z|", Eq. (A1) is converted into
ap(r,t)y 0 {8\/2(1‘, z, t)} v.(r,z,0)|"
o CE Sen 0z 0z (A2)
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The mass conservation holds due to no sink and source inside the
channel. Consequently, there is

10

ov.(r,z,1)
ror [

0z =0

v (r,z,t)] + (A3)

Equations (A2) and (A3) are the governing equations of the vis-
cous fluid flow. The integration of Egs. (A2) and (A3) requires
velocity boundary conditions. Using the symmetry of the geome-
try, one has

vr<r,—W(;’t)J) :v,.(r,w(;[),l) :WZO (A4)

(A5)

Integrating Eq. (A2) twice across the fluid channel with Eq. (A4),
and Eq. (A3) across the fluid channel with Eq. (AS) gives

) _n 1 op(r, )} op(r,t) '
WO%O_n+1< E%{ ar S| "o
R
R o
2
19| 0?2 ow(r,t)
ror { LW KR R

The flow rate across a section of the fluid channel, i.e., a cylin-
drical surface with its radius being  and its height being w(r, 7), is

defined by
w(r,t)/2
q(r,t) = 2m’J v (r,z,t)dz (A8)
—w(r.)/2
Thus, Eqs. (A6) and (A7) are rewritten as
ap(r,l)} dnmr Op(r,t) opi z
f)=— t
q(l’, ) Sgl’l{ or Cl/"2(2”+1)/"(2n—0—1) or w (I’, )
(A9)
ow(r, 1) 1 Oq(r,1)
— =0 A10
ot 2nr  Or ( )

Appendix B: Single Integral-Based Solution for z =0

The iterated integral-based solution can be reduced to single
integral based solution by changing the order of integration. There
are, for 0 <r </

1-2v (" 2(1 — "
ur ("70+) = 2MFVJ0 {p(0)dL +(T€V)L Krio(§r)t(0)dC
(B1)
_ ! _ /
u (,-7 0+) — 2(1n7/11/)J0KP00(C; r)p(s)ds+127uzyj ({)d¢ (B2)
1-2v ("
R RGL
4! 4(1—v) (!
+EJ0 K1 (Gr)r(0)dl— ( - ) JOKTlo(C;")T(C)dC
(B3)
and for r > [
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1—2v AP
u,(r,0) = o arctan C2 3 {p(O)dC
KTIO(C7 )t(0)dC (B4)
T 0
2 1 \/ cz
G,-,-(I‘,O) =
12 0o 12—
17211 flz
——arctan e {p(0)dC

4(1 !
+7T"LKT“ Gr) dC—%J Krio(&r)t(0)de

0
(BS)
2 1 [(Ve-r
O-L(r?()) :ng.O 52 é’p(C)dC (B6)
where the kernel functions
22 2
;F arcsin 527—22,’(—2 , Le(0,r)
Kpoo({57) = (B7)
AT
I'| arcsin lz—rz’? , {e(rl)
2
o) +) cens
Krio(Gr) = ¢ 2 2 (BB)
i E<C2> K(Z2>:|» e ()
’.2 CZ é'Z
ﬂ_@EQJ‘KQQ’CGw”
Kri (&) = (B9)

are the finite integrals obtained by changing the order of Ip;; and
Itjj. (%, %), E(*), and K () are the incomplete elliptic integral of
the first kind, the complete elliptic integral of the first kind and the
incomplete elliptic integral of the second kind, respectively. Note
that stress singularities may exist at the crack tip and crack center.
Thus, the solutions at the two points are obtained with, for dis-
placement, » — 0" and r — [~, and for stress, » — 07 and
r— It
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