
lable at ScienceDirect

Acta Materialia 157 (2018) 165e173
Contents lists avai
Acta Materialia

journal homepage: www.elsevier .com/locate/actamat
Full length article
A free energy landscape perspective on the nature of collective
diffusion in amorphous solids

Yun-Jiang Wang a, b, *, Jun-Ping Du c, d, Shuhei Shinzato c, Lan-Hong Dai a, b, **,
Shigenobu Ogata c, d, ***

a State Key Laboratory of Nonlinear Mechanics, Institute of Mechanics, Chinese Academy of Sciences, Beijing, 100190, China
b School of Engineering Science, University of Chinese Academy of Sciences, Beijing, 100049, China
c Department of Mechanical Science and Bioengineering, Graduate School of Engineering Science, Osaka University, Osaka, 560-8531, Japan
d Center for Elements Strategy Initiative for Structural Materials (ESISM), Kyoto University, Sakyo, Kyoto, 606-8501, Japan
a r t i c l e i n f o

Article history:
Received 3 April 2018
Received in revised form
23 June 2018
Accepted 11 July 2018
Available online 17 July 2018

Keywords:
Metallic glasses
Collective diffusion
Accelerated molecular dynamics
Free energy landscape
* Corresponding author. State Key Laboratory of Non
Mechanics, Chinese Academy of Sciences, Beijing, 100
** Corresponding author. State Key Laboratory of Non
Mechanics, Chinese Academy of Sciences, Beijing 100
*** Corresponding author. Department of Mechanica
Graduate School of Engineering Science, Osaka Unive

E-mail addresses: yjwang@imech.ac.cn (Y.-J. W
(L.-H. Dai), ogata@me.es.osaka-u.ac.jp (S. Ogata).

https://doi.org/10.1016/j.actamat.2018.07.029
1359-6454/© 2018 Acta Materialia Inc. Published by E
a b s t r a c t

The nature of collective diffusion in amorphous solids is in strong contrast with diffusion in crystals.
However, the atomic-scale mechanism and kinetics of such collective diffusion remains elusive. Here the
free energy landscape of collective diffusion triggered by single atom hopping in a prototypical Cu50Zr50
metallic glass is explored with well-tempered metadynamics which significantly expands the observa-
tion timescale of diffusion at atomic-scale. We clarify an experimentally suggested collective atomic
diffusion mechanism in the deep glassy state. The collective nature is strongly temperature-dependent. It
evolves from string-like motion with only several atoms to be large size collective diffusion at high
temperature, which can promote the atomic transport upon glass transition temperature. We also clarify
the apparent diffusivity is dominated by the highest free energy barrier of atomic diffusion among widely
distributed free energy barriers due to the dynamic heterogeneity of metallic glass, which suggests the
sequential nature of diffusion is a proper assumption to the metallic glasses with dynamic heterogeneity.
The temperature and pressure dependence of diffusion free energy landscape are further quantified with
activation entropy, (19.6 ± 2.5)kB, and activation volume, (7.9 ± 3.4) Å3, which agree quantitatively with
experiments. Laboratory timescale simulations of atomic diffusion brings physical insights into the
unique atomic motion mechanism in non-crystalline materials.

© 2018 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction

Metallic glasses (MGs) are thermodynamically metastable
structures which are prone to undergo various atomic rearrange-
ment processes that affect their macroscopic behaviors. The long-
range atomic diffusion is such a fundamental process in glass and
its melts and continues to be a focus of materials science and
condensed matter physics [1e8]. A microscopic understanding of
diffusion is of vital importance to various critical phenomena of
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MGs, such as structural relaxation [9e12] and rejuvenation
[13e15], crystallization [4,16], glass transition [1,5e7,17e20], and
viscoelastic/plastic deformation [21e23], all of which are both of
fundamental and broad scientific curiosity, and of technical
importance towards applications. Unlike crystals, the diffusion
mechanism in amorphous solids has not been thoroughly under-
stood since it is hard to envisage an on-site hopping of single atoms
or any other ‘point defect’ in the disordered structure [2,3]. Various
experiments suggested that the collective diffusion involving
multiple atoms plays a critical role in the long-range atomic
transport [1,24,25]. Recently, advancement has been achieved to
study in-situ diffusion in both crystalline [26] and amorphous alloys
[27e29] by using X-ray photon correlation spectroscopy. Strong
correlation has been established between the heterogeneous dy-
namics and cooperative atomic motion in amorphous alloys
[27,28,30]. However, an in-situ atomic-level observation of such
processes still remains extremely challenging in either experiments
[26] or computer simulations.
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Molecular dynamics (MD) has made great success in simulating
atomic diffusion in MGs and their melts, providing important
microscopic insights into the diffusion processes [12,31e33]. For
example, MD has recognized a collective chain-type (or string-like)
cooperative motion in MG at elevated temperature in the vicinity of
glass transition or above [3,12,32,33], the fine details of the string-
like excitation and how such excitations evolve with temperature
during very long temperature ramps [34e37]. MD also well sub-
stantiated the mode-coupling theory (MCT) in explaining the glass
transition phenomenon as a dynamical phase transition [31].
However, diffusion is a rare event well below the glass transition
temperature Tg, which is far out of the classical MD time window
(~ns) [12]. For a general thermally activated plastic mechanism
with a free energy barrier of the order of 30kBT (about 0.78 eV at
ambient temperature, kBT is thermal energy), it takes about 1 s to
observe such an event. This experimentally relevant timescale is
about 10 orders of magnitude longer than the atomistic computa-
tional capacity of a modern supercomputer. This is why MD sim-
ulations were usually carried out at high temperature or under
extreme stress conditions, at which the hopping time of atom or
thewaiting time of a plastic event is relevant to the prototypical MD
timescale window [38].

Direct atomic-scale simulations in deep glassy state is rarely
reported, in which regime diffusion is still important for mechan-
ical deformation and structural relaxation [10,11]. Therefore, an
experimental timescale understanding of the diffusion thermody-
namics and its mechanism, in particular in the glassy state at
ambient temperature, is of great interest to the glass physics
community but remains as an unresolved issue [38]. Until recently,
a concept of metadynamics was introduced for exploring the free
energy surface (FES) or free energy landscape of many dynamic
processes [39]. The configurational state is forced to escape from a
local energy minimum with adding bias potential to the original
FES. Similar methods have been established and utilized to un-
derstand phenomena of creep [40,41], dislocation mobilities
[42e44], and diffusion [45e47] in crystals. It is now just started to
overcome the timescale limitation in simulating the structural
relaxation [48], viscosity [49], crystallization [50], shear and creep
deformation of disorder materials [9,51e53].

In this work, the well-tempered metadynamics is conducted to
explore a single-atom-triggered diffusion mechanism of a proto-
typical model glass over wide temperature range that has never
been achieved by the classical atomistic simulations. We find a
temperature-dependent string-like cooperative motion of atoms in
glassy state, while the size of collective motion increases signifi-
cantly with increasing temperature. This observation perhaps ex-
plains the enhanced diffusivity beyond the Arrhenius law at
temperature near glass transition. The kinetics of collective motion
is quantified with experimentally comparable activation entropy
and activation volume.

2. Free energy sampling

We demonstrate the free energy landscape and the long time-
scale collective atomic diffusion mechanism triggered by Cu atoms
in a prototypical Cu50Zr50 model glass which is described by a
Finnis-Sinclair type empirical interatomic potential [54]. The 3D
CuZr glass model contains 4000 atoms which is prepared by a
standard heating-quenching technique from liquid state to glass
with a cooling rate of 1010 K/s. An additional sub-Tg annealing at
700 K is performed for 500 ns to thoroughly relax the structure
[55]. Periodic boundary conditions are applied in each direction
during both normal MD and metadynamics samplings. The MD
timestep Dt¼2 fs.

The hopping distance of a single “tracer” Cu atom with respect
to its initial position is adopted as the collective variable (CV) of
metadynamics [56]. At each target temperature, the configuration
is adopted from the cooling process with memory of velocity in-
formation. The finite temperature models are further being equil-
ibrated for 200 ps within an isothermal-isobaric ensemble before
metadynamics samplings [57]. Well-tempered metadynamics
samplings [56,58] are then performed within the canonical
ensemble with constant number of atoms, temperature and vol-
ume. A history-dependent bias potential is constructed on-the-fly
according to the fluctuation of the hopping distance (or CV). The
Gaussians are deposited every 1000 steps (each timestep 2 fs), with
a starting height of 0.02 eV. The width of Gaussian is 0.35Å with a
0.01Å resolution. Note that there may exist an obvious length and
energy scale at which the transitions take place. In a glass, these
quantities are not at all clear and perhaps there might not even be
such length-scales. However, the length scale is at least larger than
the nearest neighbor distance of usually the order of ~2Å (2.7Å for
the present Cu50Zr50 glass) [59], and activation energy of the order
of ~eV [60]. The present choices of the shape of bias potential in
terms of the Gaussian width and height are much smaller than the
characteristic length and energy scale of a collective diffusion
event, which guarantees reasonable quantitative estimation of the
explored free energy landscape. The bias potential adding rate is
gradually decreased according to a fictive temperature
TþDT¼ 3000 K of CV [56]. By adding bias potential, the configu-
ration is forced to escape from the original free energy basins.
Finally, the FES is reconstructed by recalling the history of the
added bias potential as a function of the chosen CV. All the physical
quantities are ensemble average of 20 randomly selected atoms
(corresponding to 20 independent events) to include the statistical
feature of the well-known inhomogeneous structure and dynamic
heterogeneity in MGs. A convergence test has been done which
shows that 20 samplings are good enough to derive the standard
error of the average free energy barrier. While we focus on collec-
tive atomic diffusion which is triggered by Cu atoms, the results of
collective atomic diffusion triggered by Zr atom are also provided in
Fig. S1 of Supplemental Information (SI) for comparison, which
actually leads to the same conclusion as Cu.

Fig. 1 summarizes a typical well-tempered metadynamics
samplings of diffusion triggered by Cu atom hopping in Cu50Zr50,
which is sampled for 20 ns normal MD time (2 � 107 time steps) at
300 K. Note that the metadynamics sampling time denotes 2 �
107 � Dt, while the physical time should be much longer (~100 s at
300 K) for a typical diffusion event, and it should be recalculated
recalling the bias potential added to the free energy surface during
sampling. Fig. 1 (a) shows the evolutions of CV. The hoppings in CV
except the thermal fluctuation indicate several diffusion events. In
this work, we focus on the first event (first hopping) to exclude the
mutual interactions. The collective event consists of 1) a single Cu
atom hopping corresponding to escaping from one energy basin
with overcoming the free energy barrier and 2) many atom hop-
pings induced by the single Cu atom hopping happening because of
mutual influence. The inset in Fig. 1(a) shows the trajectories of a
metadynamics boosted atom (tracer) in comparison with that of a
normal MD atom for the same time steps, which demonstrates the
advantage of sampling capacity of metadynamics over the con-
ventional atomistic simulations. The added bias potential is plotted
in Fig. 1(b) as a function of CV. An analysis on the deposited
Gaussians reproduces the original FES, as shown in Fig. 1(c). Note
that the free energy landscape shown in Fig. 1(c) is roughly the
inverse plot of the outer envelope of the added bias potential
during well-tempered metadynamics samplings, as shown in
Fig. 1(b). The free energy landscape is actually the cumulative work
done by the bias potential as it moves with variation of the CV.
Histograms of the single atom hopping distance a and free energy



Fig. 1. Well-tempered metadynamics simulations of Cu self-diffusion in Cu50Zr50 at 300 K. (a) Evolution of CV (hopping distance) as a function of sampling time. The inset shows the
trajectories of a metadynamics atom in comparison with that of a normal MD for the same time steps. (b) The added bias potential as a function of CV (hopping distance). The
crosses denote the deposit positions of bias potential in the bias-potential - distance space during metadynamics samplings. (c) Estimated free energy landscape from the bias
potential shown in (b). (d) Histogram of the hopping distance a, and (e) free energy barrier DG of 20 randomly selected boosted atoms.

Fig. 2. The hopping incubation time of the triggered atom as a function of tempera-
ture. The shaped area is drawn by the longest and shortest physical hopping time of 20
independent metadynamics samplings at each temperature. The wide range of hop-
ping time indicates dynamic heterogeneity of metallic glass, in particular at low
temperature.
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barrier DG(300K) of 20 independent samplings are shown in
Fig. 1(d) and (e). At 300 K, the hopping distance is a¼ 2.7 ± 0.5 Å,
which is of the order of the nearest neighbor distance in the present
glass. This magnitude is comparable either to the experimental
observations [1] or previous atomistic simulations [18,61]. The free
energy barrier DG(300K) of diffusion is estimated between 0.53 eV
and 1.33 eV at 300 K, as searched within 20 independent samplings.
According to the transition state theory (TST) [62], the frequency of

atom hopping is predicted as n ¼ n0exp
�
� DGðTÞ

kBT

�
, where kB is the

Boltzmann constant, and n0 ~ 3 � 1012 s�1 is the attempt frequency
of hopping that determined from the initial energy curvature along
the FES. Therefore, the atom hopping time can be derived at each
temperature with the knowledge of temperature-dependent free
energy barriers.

After sampling the free energy landscape of all temperatures,

the hopping time of diffusion events, i.e. t ¼ n�1 ¼ n�1
0 exp

�
DGðTÞ
kBT

�
,

as a function of temperature are further provided in Fig. 2. The
meshed area defines a possible regime of hopping time in the
present laboratory timescale samplings. The spanned range of
hopping time is calculated with the largest and smallest activation
free energies as searched, which determine the longest waiting
time tupper and shortest waiting time tlower, respectively. Note that
the dynamic heterogeneity due to inhomogeneous structure is an
intrinsic feature of metallic glasses, there should be diffusion events
of very wide range of timescales, especially at low temperature.
Therefore more quantitative estimation of the apparent hopping
time requires more samplings because we need to figure out the
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spatial distribution of atomic hopping frequency with fine resolu-
tion, while here we demonstrate a possible regime of hopping time
within the finite 20 independent samplings for simplicity. Since the
samplings are still computationally expensive with about 107

timesteps to observe diffusion events, the present strategy is
accepted to capture the qualitative picture of the dynamic hetero-
geneity of glass. Fig. 2 shows that the hopping timescale of atoms
depends strongly on temperature and spans many orders of mag-
nitudes from 100 K to 700 K. At ambient temperature, the hopping
timescale (~second) is significantly beyond the reach of normalMD.
At extremely low temperature, e.g. 200 K, the estimated timescales
of some events are already beyond the experimental observation
time limit. Finally, the narrowed spanning range of hopping time at
high temperature is an indication of reduced dynamic heteroge-
neity, which is in agreement with experimental phenomena [11].
Besides the atomic diffusion triggered by Cu atom, we also per-
formed extra samplings of the diffusion events triggered by Zr atom
(refer details to Fig. S1), which is shown to have relatively larger
free energy barrier (since Zr atom is heavier than Cu atom) but
comparable single atom hopping distance, which is also of the or-
der of nearest neighbor distance. In detail, the hopping distance of
the triggered Zr atoms is 2.6± 0.9 Å after 20 independent samplings
on randomly selected atom at 300 K, which is almost identical to
the value of Cu atom, i.e., 2.7 ± 0.5 Å at the same temperature.
However, its free energy barrier is estimated as 1.38 ± 0.76 eV at
300 K, which is obviously larger than that of Cu (0.84 ± 0.25 eV). It
indicates that the collective diffusion events triggered by Zr atoms
take longer time to occur since Zr atom is heavier than Cu atom. But
the collective atomic diffusion mechanism remains unchanged no
matter if the diffusion is triggered either by Cu atom or Zr atom.

3. Results and discussion

3.1. Quantify the mechanism of collective atomic diffusion

Fig. 3(a) demonstrates the diffusion patterns from extremely
low temperature 1 K to high temperature 700 K, which has already
touched the thermal glass transition temperature (Tg¼ 690 K esti-
mated from the present interatomic potential). Only the hopped
atoms more than 0.5Å hopping triggered by the single atom hop-
ping have been shown by comparing the inherent structures before
Fig. 3. Typical transition in diffusion mechanisms from 1-D string-like to 3-D large size col
temperatures. The shown atoms are those experienced hopping distance more than 0.5Å
vectors. The scale bar is 0.5 nm. (b) In contrast with the single-hopping distance an of the t
increase approaching Tg¼ 690 K which would significantly enhance diffusion. The error bars
of the references to colour in this figure legend, the reader is referred to the Web version
and after hopping, respectively. The inherent structure is a struc-
ture in local energy minimum of potential energy surface [63]. The
arrows represent the displacement vectors of the hopped atoms.
Note that the configurations in Fig. 3(a) are one typical example of
the 20 independent samplings at each target temperature. The
atomic diffusion events consist of multiple atomic hopping. They
are shown to be localized string-like cooperative motion in the
glassy state, agreeing with previously findings explored by normal
MD [12,32e35]. The diffusion string becomes longer and longer,
and finally presents 3D characteristics. Since the inherent struc-
tures changes very little with variation in temperature (shown in
Fig. S2), onemay attribute the transition of diffusionmechanisms to
the critical role of temperature in modulating the diffusion free
energy landscape. Although the displacement field of the collective
event is noisy at high temperatures, the minimum energy reactive
pathway is of a normal single-peak profile, as shown in Fig. S3 of SI.
It indicates that the collective event is a real hopping between
neighboring basins in the energy landscape.

There still leaves an open question that why only one atom
excitation can be a trigger of such string-like local structural exci-
tation (LSE) consisting of many atom hoppings, and whether such
string-like LSE can happen anywhere. By further examination of the
searched minimum energy reactive pathways using nudged elastic
band method (NEB) (as shown in Fig. S3 of SI), we observe an
interesting mechanism of downhill dynamics corresponding to the
string-like collective atomic motion, and this can happen any-
where. Most fraction of the event is after the saddle point, while the
uphill activation involves only few atoms motion including the
triggered atom. As a result, the whole event can be induced by only
encouraging hopping of the triggered atom in the well-tempered
metadynamics samplings.

In Fig. 3(b), the mean distance of hopping of the triggered atom
becomes slightly shorter with increasing temperature; see also the
scattered plot in Fig. S4 of SI. However, free energy barriers become
smaller at high temperature [18,61]. Instead of the hopping dis-
tance of the triggered single atom, the l2 -norm which is the
Euclidean norm, can be utilized to better quantify the total diffusion
distance in the 3N-dimensional configuration space, which is a kind
of ”size” of the collective atomic diffusion event triggered by a
single atom hopping. The l2 -norm of a collective atomic diffusion
event is defined as
lective atomic diffusion with increasing temperature. (a) Diffusion patterns at different
during a transition to neighboring basin. The yellow arrows represent displacement

riggered atom, the collective hopping distance, l2 -norm jDrj, experiences a remarkable
denote the standard error of the mean of 20 independent samplings. (For interpretation
of this article.)
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������Dr
������ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i¼1

�
Dr2i

�vuut ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N,MSD

p
; (1)

where i is the ID of atoms, Dri the displacement vector of atom i, N
the total number of atoms, and MSD short for the usual concept of

mean squared displacement of all atoms, i.e., MSD ¼PN
i¼1ðDr2i Þ=N.

jDrj is obtained by comparing the inherent structures of the initial
free energy minimum and that of its neighboring basin, respec-
tively. Note that jDrj is mathematically similar to the root mean
squared displacement (RMSD). However, it compares two inherent
structures (before and after hopping) that already excludes the
thermal fluctuation, which is quantitatively meaningful to charac-
terize the size of a bare collective atomic diffusion event.

In Fig. 3(b) we plot the single atom hopping distance of the
boosted atom a and l2 -norm of the whole collective atomic diffu-
sion event as a function of temperature. Instead of the very slight
decrease in single atom hopping distance, jDrj increases moder-
ately with increasing temperature up to 400 K. This is to say that
the size of the 1-D string-like collective atomic diffusion does not
change substantially. It is in agreement with the consensus of
mode-coupling theory that MSD experiences a plateau below the
MCT critical temperature Tc due to the well-known cage effect of
local rattling [3,31,64]. The MSD then increases as the relaxational
motions begin to set in, as evidenced from the neutron scattering
experiments [64]. In our case, jDrj increases very rapidly after a
temperature between 400 K and 500 K. This is maybe corre-
sponding to the transition from 1-D string to 3-D large diffusion as
shown in Fig. 3(a). The diffusion event becomes larger at higher
temperature with participation of more atoms that contributes
significantly to MSD (as well as diffusivity). It seems that the col-
lective atomic diffusion nature in glass transforms from 1-D (local)
to 3-D (unlocal) upon approaching the thermal glass transition.
Table 1
Parameters for estimation of diffusivity predicted by well-tempered metadynamics
at 300 K.

Physical quantity Symbol Value

Geometric factor g 1/6 [3]
Correlation factor f ~1 [65]
Effective hopping distance aeff 8.7Å
Attempt frequency n0 3.0 � 1012 s�1

Free energy barrier DG 0.53�1.33 eV
Activation entropy DS (19.6 ± 2.5)kB
Pre-exponential factor D0 1.2 � 102 m2/s
Diffusion coefficient D 2.5 � 10�29�4.8 � 10�16 m2/s
3.2. Estimation of collective diffusivity

Under the assumption that diffusion is a thermally activated
process below the MCT critical temperature [3,7,17], the diffusion
kinetics can be understood with the knowledge of the activation
Gibbs free energy,

DGðT; PÞ ¼ DQ þ PV � TDS; (2)

where P is hydrostatic pressure, V the activation volume, and DQ
the activation energy at condition of P¼ 0 and T¼ 0. DH¼DQþ PV
is the activation enthalpy, and DS the activation entropy. TST
consequently predicts the temperature- and pressure-dependent
diffusivity as [62] [3],

DðT ; PÞ ¼ gfa2effn0exp
�
� DGðT; PÞ

kBT

�
; (3)

which significantly depends on the effective hopping distance of

the collective atomic motion aeff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i¼1ðDr2i Þ
q

z

�����Dr
����� besides the

energy barrier, where n is the number of the travelled atoms except
the thermal fluctuation, as those shown in Fig. 3(a). Note that here
we have assumed the diffusivity is mainly contributed by the
travelled atoms which have experienced real hopping from one
energy basin to another neighboring basin. Thermal fluctuation has
been excluded in determination of jDrj. g¼1/6 is a geometrical
factor for the 3-D diffusion [2,3]. 0< f� 1 is a correlation factor of
the order of unity for diffusion inmetallic glasses [1,65]. The sudden
increase of jDrj and the number of diffusing atoms approaching Tg
probably rationalizes the frequently experimental observation of
non-Arrhenius kink around Tg [1], while the hopping frequency of
single atom remains Arrhenius-like which is thoroughly governed
by the free energy barrier, i.e., nf exp[DG(T,P)/kBT]. It is the abrupt
increase in size of the diffusion event that plays a dominating role
in the enhanced diffusivity, as we confirmed here in Fig. 3. The
results are consistent with a recent demonstration of the transition
from localized process in the slowly quenched glass to cascade
deformation in the fast quenched metallic glass sample [18]. While
the cascade deformation involves more atoms since a higher den-
sity of local potential energy basins appear in the less stable glassy
structure, as explained by Fan et al. in Refs. [61] and [18], in analogy
to the high temperature cases of our metadynamics samplings.

After metadynamics samplings, all the parameters used to
calculate the diffusivity are listed in Table 1, shown in the case of
300 K as an example. The average hopping distance of single atom
is a¼2.7 ± 0.5 Å as explained in Fig. 3, which is of the order of the
nearest neighbor distance. If the diffusionmechanism involves only
one atom, then the hopping distance should be similar to such a
nearest-neighbor distance. However, the diffusion in metallic glass
is collective in nature. As a result, the effective hopping distance of a
collective diffusion is aeff¼ jDrj ¼ 8.7 Å, which is much larger than
the single atom hopping distance. In the 3N-dimensional configu-
rational space, the squared hopping distance is a2eff , which is one
order of magnitude larger than a2 at 300 K. In particular at high
temperature (e.g. 700 K), one may anticipate a huge difference in

diffusion size between collective diffusion (a2eff � 1600�A
2
) and

single atom diffusion (a2~7Å2). Consequently, there should be a
transition in diffusivity due to the abrupt increase in a2eff which is
beyond the conventional Arrhenius law as presented in crystal
diffusion. This is likely to the atomic-scale mechanism underlying
the non-Arrhenius diffusivity upon glass transition. In summary, an
increasing diffusivity with temperature can be the result of (i)
atoms hopping further, (ii) atoms hopping at a higher rate, (iii)
more atoms hopping; or any combination of these three. Obviously
(i) is not true as shown in Fig. 3(b), (ii) is trivial and therefore true,
so what we see is the presence of effect (iii): more atoms hopping.
This last effect can be easily explained by the glassy structure. In a
glass there is a whole spectrum of activation energies available for
atomic hoppings (also if executed by groups of atoms rather than by
single atoms) [18,61]; as temperature increases, more and more of
the higher-energy barriers become crossable, and hence more and
more atoms take part in the diffusion.

At 300 K, the sampled free energy barriers of 20 events are
calculated as between 0.53�1.33 eV. Consequently, we estimate the
lower limit and upper limit of diffusivity as D(300K)¼ 2.5 � 10�29

m2/s, and 4.8 � 10�16 m2/s, respectively. The upper limit implies an
existence of a weakest link of diffusion pathway, such as a link of
low energy saddle points of hopping in FES, in the inhomogeneous
structure and dynamic heterogeneity of MGs, while lower limit
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implies the weakest link is interrupted and subdivided by high
energy saddle points. The scope of diffusivity is of about 10 orders
of magnitude slower than the simulating capacity of the normal
MD. The metadynamics predicted diffusivity is comparable to usual
experimental data [3]. The diffusivity prefactor
D0 ¼ gfa2eff n0expðDS=kBÞ ¼ 1:2� 102 m2/s is also fairly within the
range of experimental data range (10�15�1015 m2/s), considering
the large scattered values of the activation enthalpy for diffusion of
glasses, as summarized in Ref. [3]. Large prefactor of diffusion co-
efficient indicates strong entropic effect on collective atomic
diffusion. The critical role of activation entropy played in collective
atomic diffusion will be explained later when the temperature
dependence of FES is discussed.

Fig. 4 shows the Arrhenius plot of diffusivity at wide tempera-
ture range (100e700 K), including the regime of metadynamics
prediction, normal MD data at high temperature, as well as
experimental data for several metallic glasses. For reference,
Tg¼690 K for the present chemical composition of the model glass.
In the general disorder materials, there should display a broad
distribution of energy barriers [18,61,66e68]. Given such a wide
spectrum, i.e. assuming the probability distribution function of free
energy barriers is P(DG), where

R∞
0 PðDGÞdDG ¼ 1, one can define

an effective free energy barrier DG by assuming that the apparent
event frequency is the summation of individual event frequencies,

i.e. exp

 
� DG

kBT

!
¼ R∞

0 PðDGÞexp
�
� DG

kBT

	
dDG. This assumes a par-

allel diffusion, DG
Para
eff ¼ �kBT ln

" R∞
0 PðDGÞexp

�
� DG

kBT

	
dDG

#
[68].
Fig. 4. Arrhenius plot of diffusivity accommodated by collective atomic motion in
Cu50Zr50. The four lines with solid symbols define a possible regime of diffusivity
predicted by the well-tempered metadynamics samplings, based on different defini-
tions of effective activation free energies, i.e. the minimum barrier DGmin, the
maximum barrier DGmax, the effective barrier with the assumption of parallel diffusion
DG

Para
eff , and the effective barrier with the assumption of sequential diffusion DG

Seq
eff . The

open rhombi represent normal MD estimation, which benchmarks the metadynamics
calculations at high temperature. Experimental diffusivity of different glasses are
shown by open symbols. The dashed line denotes an Arrhenius plot with DQexp¼ 1.51
eV for experimental diffusivity. Metadynamics overestimates the experimental diffu-
sivity since the shallow basins in free energy landscape of MD sample (highly reju-
venated state). The inset indicates the slowed down diffusivity with decreasing cooling
rate in glassy structure preparation.
Thus, even some events are almost killed by very high free energy
barriers, the other events having low free energy barriers can still
be activated and almost maintain the apparent frequency. In this
assumption, the diffusion event with having the lowest energy
barrier dominates the apparent diffusivity. One the other hand, we
can also define a sequential diffusion by assuming that the apparent
diffusion event incubation time is the summation of individual
events incubation time. In this case, there is no bypass route when
the event encounters very high free energy barrier. The effective

barrier can be written as DG
Seq
eff ¼ kBT ln

" R∞
0 PðDGÞexp

�
DG
kBT

	
dDG

#
.

In this assumption, since the high free energy barrier should be
overcome for successive diffusion, the diffusion event having the
highest energy barrier dominates the apparent diffusivity. There
are four solid lines in Fig. 4 which denote diffusivities predicted by
different definitions of effective barriers of the samplings. The
minimum barrier DGmin of samplings leads to the upper limit of
diffusivity, while the maximum barrier DGmax yields the lower limit
of diffusivity. The diffusivities based on the effective barriers of
parallel and sequential diffusion nature are always mathematically
within the regime defined by the upper and lower limit of
diffusivity.

To benchmark the metadynamics calculations, we also plot the
diffusivity calculated by normal MD at high temperature
(550e900 K). The normal MD data are calculated according to the
Einstein equation that the diffusivity is measured as the slope of
MSD as a function of time. The temperature range here is likely
below the MCT critical temperature Tc (well above Tg), where
Arrhenius relationship is assumed to be applicable according to the

MCT [3,7,17]. The metadynamics diffusivity based on DG
Seq
eff is in

agreement with the normal MD data. It indicates the sequential
scenario is a reasonable assumption of diffusion in metallic glass, at
least at high temperature where conventional MD is statistically
reliable. We believe that the sequential scenario is true even at
lower temperature, while further study for dynamic heterogeneity,
such as the details of spatial distribution of atomic hopping fre-
quency, is necessary to confirm it. To partially support this scenario,
we further provide the spatial distribution of free energy barriers of
a deep glassy structure at 0 K in Fig. S5 of SI. One can notice that the
low energy barrier regions (preferred diffusion locations) are
frequently surrounded by high barrier regions, which means easy
diffusion pathways are intermediately interrupted and conse-
quently the effective diffusivity should take the high energy bar-
riers into consideration. Therefore, the assumption of parallel
diffusion may not be applicable to metallic glasses.

An Arrhenius fit of the metadynamics data yields the apparent
activation energies of DQlower¼ 0.70 eV, and DQupper¼ 1.99 eV,
respectively, for the upper and lower limit of diffusivity. For a
qualitative comparison, the calculated activation energy is in line
with the available experimental data range, e.g., 1.33 eV, and 1.57 eV
for Cu diffusion in Zr61Ni39 [69], and Zr50Ni50 [70], respectively. In
Cu50Zr50, the activation energy of Ag, and Au diffusion is measured
as 0.82, and 1.55 eV, respectively [71]. The experimental diffusivity
are also shown in Fig. 4. Metadynamics overestimates diffusivity for
several orders of magnitudes. Besides the difference in glass
composition and the tracer atoms, the discrepancy is also possibly
attributed to the less stable MD glassy structure than those of ex-
periments. The MD samples are prepared with a fast cooling rate
which leads to an unstable energetic state with a relatively low
relaxed shear modulus [60] and a shallow mega-basin [18,61]. This
assumption is verified by the slowed down diffusivity with
decreasing cooling rate of glass preparation, as demonstrated in the
inset of Fig. 4. The dashed line in Fig. 4 denotes an Arrhenius plot of
diffusivity with a hypothetic apparent activation energy of
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DQexpz 26kBTg¼ 1.51 eV [10], which matches the experimental
diffusivity as anticipated. Therefore, it is concluded that the over-
estimation of diffusivity is due to the hollow basin of unstable
computer glassy structure.
3.3. Temperature and pressure dependence

The temperature and pressure effect on free energy landscape
are summarized in Fig. 5. In Fig. 5(a) we show three representative
FES at 1, 300, and 700 K, respectively. The free energy barrier is
effectively reduced by increasing temperature. The CV is also
affected by temperature. At high temperature, more local basin is
presented with smaller barriers; see a log-log scatter plot of bar-

riers versus hopping distance in Fig. S4 of SI. Fig. 5(b) plots DG
Seq
eff of

20 samplings versus T. Here we choose the sequential effective

barrier DG
Seq
eff at each temperature, since it yields the effective

diffusivity which is comparable to the normal MD estimation of
diffusivity at high temperature, as shown in Fig. 4. The free energy
barrier decreases almost linearly with increasing temperature. The
Fig. 5. Temperature and pressure dependence of free energy landscape for collective atom
DG

Seq
eff � T relation yields activation entropy of the order of DS¼ (19.6 ± 2.5)kB which assum

300 K. (d) The calculated free energy barrier DG(P,300K) as a function of pressure at 300 K.
circles denote the effective barrier DG

Seq
eff ðP;300KÞ. Linear fit leads to an activation volume of

shown in (e).
slope leads to a temperature insensitive activation entropy of the
order of

DS≡� vDG
vT

¼ ð19:6±2:5ÞkB; (4)

according to Eq. (2). The derived activation entropy agrees with the
experimental data [3,8]. For activation enthalpy ranging 1e3 eV, the
activation entropy could be 19 kB to 56 kB [3]. If diffusivity is

expressed as, D ¼ D0exp
�
� DH

kBT

	
, then the pre-factor is

D0 ¼ gfa2eff n0exp
�
DS
kB

	
[3]. Considering the pronounced entropic

effect, the pre-factor of diffusion coefficient is estimated to be
~1.2 � 102 m2/s, as shown in Table 1. Since DS is not significantly
temperature dependent, the experimentally found kink in Arrhe-
nius plot around Tg should be attributed to the strong temperature
dependence of the effective hopping distance aeff¼ jDrj as
appeared in Eq. (3). The hypothesis is confirmed by the tempera-
ture induced transition of diffusion mechanisms as the patterns
ic diffusion. (a) The free energy surface is modified by temperature. (b) Linear fit of
es sequential diffusion mechanism. (c) The free energy surface is altered by pressure at
The open symbols represent the raw data of 25 samplings at each pressure. The solid
V¼ 7.9 ± 3.4 Å3, which agrees with the normal MD data of V¼ 6.9 ± 0.2 Å3 at 700 K, as
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shown in Fig. 3. Note that P(DG) is not fixed at different tempera-
tures due to maybe the vibrational entropic effect, which is
confirmed by the distribution of free energy barriers shown in
Fig. S6 at different temperatures.

Fig. 5(cee) demonstrates the pressure effect on FES of collective
atomic diffusion. Fig. 5(c) shows that pressure increases the free
energy barrier. It means that one may manipulate pressure to
control the dynamics of glasses. Fig. 5(d) shows the effective barrier

DG
Seq
eff of five different atoms triggered diffusion events considering

the spatially heterogeneous structure. Each event also includes five
independent samplings at the same pressure. The applied hydro-
static pressure is between �2 and 2 GPa. It seems reasonable to

assume a linear relationship between DG
Seq
eff and P, which yields an

activation volume of

V≡
vDG
vP

¼ ð7:9±3:4Þ�A3
; (5)

according to Eq. (2). This value is V¼ (0.46 ± 0.20)Uatom, with
Uatom¼ 17.3 Å3 the average atomic volume in the present CuZr
glass. For comparison, Fig. 5(e) shows the results at 700 K, which is
available within the direct normal MD timescale. It predicts the
value of activation volume as [3] [2],

V ¼ �kBT
v ln DðT ; PÞ

vP
¼ ð6:9±0:2Þ�A3

; (6)

according to Eq. (2) and Eq. (3). The magnitude is about 0.5Uatom
which is much smaller than the activation volume of shear trans-
formations [72]. Our simulations are in agreement with previous
MD calculations showing V¼ 0.43Uatom for Ni diffusion in Ni50Zr50
[33]. The activation volumes from both metadynamics and normal
MD are self-consistent, and they also agree quantitatively with the
experimental data [3]. For example, the activation volume is
experimentally determined as V¼ 0.5Uatom for Hf, Au diffusion in
Ni54Zr46 [73]; V¼ (0.35�0.64)Uatom for 63Ni in Zr-Cu-Ni-Ti-Be [74];
and (0.66 ± 0.15)Uatom for Ni diffusion in Co42Zr58 [75]. Finally, we
note that even though large collective atomic diffusion happens, it
is a result of a single triggered atom hopping process. So that we
can estimate the thermodynamic values (activation entropy, vol-
ume) using the calculated DG (free energy barrier of a single atom
hopping). The strategy is confirmed by the agreement between the
calculated thermodynamic parameters and those from
experiments.

4. Conclusion

The physical nature of collective atomic diffusion mechanism in
amorphous solids are explored by the free energy samplings with
atomic details in the framework of well-tempered metadynamics.
Unveiled diffusive atomic motion suggests a temperature-
dependent 1D string-like motion in deep glassy state, with
increasing size at higher temperature, and finally transitions to 3D
large size collective atomic diffusion. The finding explains the
extraordinarily enhanced diffusivity once the temperature is near
the glass transition. By comparing with normal MD diffusivity at
high temperature, the apparent diffusivity computed from the
distribution of free energy barrier of atom hopping seems to be
dominated by the highest free energy barrier among them, which
suggests the sequential nature of diffusion is proper assumption to
the metallic glasses which have the dynamic heterogeneity. The
kinetics of collective atomic diffusion are quantitatively examined
by testing the temperature and pressure dependence of diffusion
free energy landscape, which yields experimentally calibrated
values of activation entropy and activation volume. The activation
parameters benchmark the rationality of the metadynamics sam-
plings. The present calculations provide experimentally relevant
timescale observation of diffusion at atomic-scale which bring
comprehensive insights into the physical mechanism of collective
atomic diffusion as unique fundamental process of atom motion in
amorphous solids, which is beyond the knowledge well-
established in diffusion of crystals.
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