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Abstract

A procedure for non‐proportional size scaling of the strength of concrete based

on the weakest‐link statistics is proposed to synchronize strength data from

specimens of different geometries and different loading modes. The procedure

relies on proportional size scaling of strength to determine the parameters of

the statistical model and often on finite element analysis to calculate the

coefficient of the equivalent strength. The approach for non‐proportional size

scaling is capable to synchronize the uniaxial strength data of concrete from

uniaxial tensile specimens and 3‐point bending specimens, or the biaxial

tensile strength data of circular plates in different loading mode. The non‐

transference of the uniaxial strength data to the biaxial strength data is unclear

in its mechanism but possibly due to the variation of statistical distribution of

microcracks with stress states in different specimens.
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1 | INTRODUCTION

The strength of concrete is a basic mechanical property
for integrity assessment of large‐scale concrete structures
such as dams, bridges, and nuclear power plant struc-
tures. The strength of concrete material has 2 distinctive
characteristics namely, size effect and random variation.
The size effect refers to the inverse correlation between
the nominal strength of concrete structures and their geo-
metrical dimensions. The random variation of strength
describes the large scatter of strength values measured
robability of a solid; V, volum
; p(σ, V0), fracture probability
th of a volume element V0; f(
with respect to S; σth, thresho
ominal fracture strength; σu,
trength, ξ = k · (σN − σth); F, f

wileyonlinelib
from a group of nominally identical specimens under
same loading conditions. These attributes bring about
significant complexity and challenges to the effort on
the structural integrity design against failure. Because it
is often not affordable or practical to assess the strength
and failure behavior by directly testing the full‐scale
structures, it is much appealing to infer or predict the risk
of failure of a large‐sized structural component under
complex loading conditions from the strength data of
small‐sized laboratory specimens. This is known as size
scaling of strength. Size scaling includes proportional
e of fracture process zone (FPZ); δV, differential volume element; V0,
of a volume element V0 under stress σ; a, microcrack size; amax, the

a), probability density functions of microcracks with respect to a; g(S),
ld strength; N(V), number of microcracks in a volume V; m, Weibull
scale parameter, σu = σ0/k; h(σN), a function of σN; k, coefficient of
racture load
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FIGURE 1 Proportional size scaling of strength in 3‐point

flexural specimens [Colour figure can be viewed at

wileyonlinelibrary.com]
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scaling and non‐proportional scaling. As described in
detail earlier,1 the proportional scaling concerns the scal-
ability of size effect on strength for a set of geometrically
similar structures under nominally same loading condi-
tions (loading mode and loading speed), eg, flexural
strength measurement via 3‐point bending of prismatic
beams with different sizes and loading spans as shown in
Figure 1. The non‐proportional scaling deals with the
transferability of strength data from specimens of 1 given
geometry at 1 loading mode to specimens of another
geometry at a same or different loading mode, eg, the
relationship between the flexural strength of a prismatic
beam in 3‐point bending and the strength of beams,
columns, slabs, and plates in any concrete frame struc-
ture. Figure 2 shows examples of specimens with differ-
ent geometries and loading modes for non‐proportional
scaling.

Size effect on brittle and quasibrittle fracture has been
tackled with both deterministic methods and statistical
approaches.1-5 The randomness of strength is attributed
to the inherent stochastic distribution of defects in
concrete in terms of their spatial location, orientation,
geometrical shape, and size. This consensus justifies the
adoption of statistical approach for size scaling of
concrete strength. On the one hand, the weakest link
postulate has been commonly adopted as the foundation
for statistical approaches to brittle fracture and size
scaling1,4-9; on the other hand, as analyzed in detail in
Lei,10,11 there is a long‐standing misrepresentation4,5,7-9

of the basic weakest‐link formulation for brittle fracture,
which further leads to a misinterpretation4,5,7,8 of Weibull
statistics.6 This is illustrated in Figure 3. In brief, the
previous work by Lei10,11 has emphasized the following
important aspects of the weakest‐link formulation for
brittle fracture:

(1) The basic weakest‐link formulation for brittle frac-
ture depends on the specific assumption of the spa-
tial distribution of microcracks in a material;

(2) Historically, both the uniform spatial distribution
and the Poisson spatial distribution have been
adopted;

(3) The assumption of mutual non‐interaction of
microcracks is needed to develop the weakest‐link
formulation;

(4) The uniform spatial distribution is compatible with
the assumption of mutual non‐interaction of
microcracks, which encompasses Weibull statistics
as its special case;

(5) The Poisson spatial distribution conflicts with the
assumption of mutual non‐interaction of microcracks,
resulting in the difficulty to develop the weakest‐link
formulation;
(6) Recent work12 proposed a more generic weakest‐
link formulation based on the assumption of
power‐law spatial distribution of microcracks, which
makes the uniform spatial distribution as its special
case;

(7) Weibull statistics6 was developed based on the
uniform spatial distribution of microcracks; The
conventional practice of using a power‐law
microcrack size distribution to interpret Weibull
statistics is invalid, which can be stretched to mimic
the 2‐parameter Weibull statistics, but fails to
formulate the 3‐parameter Weibull statistics.

To be more specific, as highlighted in Figure 3,
many researches falsely adopted the following weakest‐
link formulation for the cumulative probability of
failure4,5,7-9:

P Vð Þ ¼ 1− exp −∫V p σ;V0ð Þ·δV=V0
� �

(1)

where P = P(V) is the cumulative probability of failure
of a solid, V is the volume of fracture process zone
(FPZ). Within FPZ, the equivalent stress that controls
fracture initiation, σe = σ, which is a function of 3 prin-
cipal stresses (σ1, σ2, σ3) and microcrack orientation,
exceeds the critical fracture strength S, ie, σe = σ ≥ S,
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FIGURE 2 Non‐proportional size scaling of strength in specimens of different geometries and loading modes [Colour figure can be viewed

at wileyonlinelibrary.com]
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δV is a differential volume element, V0 is the average
volume occupied by each microcrack. p(σ, V0) is the
fracture probability of a volume element V0 due to the
unstable propagation of a microcrack embedded therein
under stress σe = σ. Under the maximum principal stress
fracture criterion (σe = σ1 = σ ≥ S), p(σ, V0) is given by

p σ;V0ð Þ ¼ ∫σ
σth g Sð ÞdS ¼ ∫amax

a f að Þda (2)

where g(S) and f(a) are the probability density functions
(PDFs) of microcracks with respect to fracture strength
(S) and microcrack size (a), respectively, amax is the
maximum microcrack size (0 ≤ a ≤ amax), σth is
the threshold strength (σth ≤ S < ∞). According to the
Griffith law, S·

ffiffiffi
a

p ¼ Const.
Equation 1 is problematic. As the basic formulation

for the weakest‐link statistics, Equation 1 should be self‐
consistent within the whole variable ranges of volume
V0 ≤ V < ∞ and probability 0 ≤ p(σ,V0) ≤ 1. However,
substitution of V = V0 in Equation 1 leads to

P V0ð Þ ¼ 1− exp −p σ;V0ð Þ½ � ≠ p σ;V0ð Þ (3)

While substitution of p(σ,V0) = 0 and p(σ,V0) = 1 in
Equation 1 yields

P Vð Þ ¼ 0 p σ;V0ð Þ ¼ 0ð Þ
1− exp −V=V 0ð Þ ≠ 1 p σ;V0ð Þ ¼ 1ð Þ

�
(4ab)

Obviously, both Equations 3 and 4b make no sense.
Equation 1 was derived by assuming the spatial

distribution of microcracks to follow either the Poisson
distribution law or the uniform distribution law
(Figure 3). As explained in Lei,11 the assumption of
Poisson spatial distribution of microcracks is not compat-
ible with the mutual independence of microcracks that
underlies the Griffith law relating the strength (S) and
size (a) of an arbitrary microcrack. While in the case of
a uniform spatial distribution of microcracks, the follow-
ing inappropriate approximation was introduced to
obtain Equation 1:

ln 1−p σ;V0ð Þ½ � ≈ −p σ;V0ð Þ (5)

As elaborated in Lei,10 Equation 5 is fairly accurate
only for 0 ≤ p σ;V0ð Þ ≤ 0:2! Figure 4 compares the values
of − ln [1 − p(σ,V0)] and p(σ,V0). By definition, the prob-
ability of failure p(σ,V0) always obeys 0 ≤ p(σ,V0) ≤ 1.
Due to both the random size distribution of a microcrack
within a volume element V0 at an arbitrary spatial
location and the arbitrary stress (σ) distribution thereat,
there is actually no guarantee that p(σ,V0) is always much
smaller than 1 at an arbitrary spatial location. In other
words, because one cannot justify that p(σ,V0) is always
much smaller, Equation 5 is invalid.

The adoption of the problematic Equation 1 further
led to a twisted interpretation of Weibull statistics by
assuming a power‐law distribution of microcrack size
(a) as follows,

f að Þ ¼ μ·a−κ μ > 0; κ> 1ð Þ (6)
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FIGURE 3 Illustration of different weakest‐link formulations [Colour figure can be viewed at wileyonlinelibrary.com]
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Substitution of Equation 6 in Equation 2 gives

(7)

By assuming amax → ∞ or σth = 0, Equation 7 is
reduced to

p σ;V0ð Þ ¼ aκ−1

κ−1
¼ σ

σ0

� �m

0≤ σ ≤ σ0ð Þ (8)

Substitution of Equation 8 in Equation 1 leads to the
expression seemingly same as the 2‐parameterWeibull sta-
tistics but with essential difference in the valid range of
stress σ:

P Vð Þ ¼ 1− exp −∫V
σ
σ0

� �m

·
δV
V0

� 	
0≤ σ ≤ σ0ð Þ (9)
Note that due to Equation 8, Equation 9 is only appli-
cable to the stress range 0 ≤ σ ≤ σ0, while the 2‐parameter
Weibull statistics applies to the whole stress range
0 ≤ σ < ∞! Based on Equation 9, Bazant and co‐
workers4,5,9 mistakenly concluded that Weibull statistics
is applicable only to a chain of infinite links (also known
as the infinite weakest link model) but not to the finite
weakest link model. As we will show below (Figure 3),
in fact, the power‐law distribution of microcrack size (a)
in Equation 6 was not adopted in Weibull's work.6

Recently, Lei12 proposed the generalized weakest‐link
formulation for brittle fracture induced by a population of
mutually non‐interactive microcracks as follows:

P ¼ 1− exp ∫V ln 1−p σ;V0ð Þ½ �· ∂N Vð Þ
∂V

· δV
� 


(10)

where N = N(V) is the number of microcracks in a
volume V.

http://wileyonlinelibrary.com


FIGURE 4 The difference between − ln [1 − p(σ,V0)] and p(σ,
V0) [Colour figure can be viewed at wileyonlinelibrary.com]
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When the number of microcracks in a volume V takes
the power‐law function as below:

N ¼ N Vð Þ ¼ V
V 0

� �β

β> 0ð Þ (11)

Equation 10 reduces to

P ¼ 1− exp β
V
V 0

� �β−1

∫V ln 1−p σ;V 0ð Þ½ �· δV
V 0

( )
(12)

According to the first mean value theorem for
integrals, Equation 12 is rewritten as

1

βVβ· ln
1

1−Pð Þ
� 	

¼ 1

Vβ
0

· ln
1

1−p ξ;V0ð Þ
� 	

¼ h σNð Þ
Vβ

0

(13)

where ξ is a stress value in the range σth ≤ ξ ≤ σN. In prin-
ciple, there is ξ = k · (σN − σth), with k being a constant
(0 < k ≤ 1), h(σN) is a function of the nominal fracture
strength σN.

Note that β > 0 includes 3 scenarios, namely β = 1,
0 < β < 1, β > 1, as exemplified in Lei.12 When β = 1,
the microcracks are uniformly distributed within a mate-
rial, Equations 12 and 13 reduce to the following in
sequence,

P ¼ 1− exp ∫V ln 1−p σ;V0ð Þ½ �·δV
V 0

� 

(14)

1
V
· ln

1
1−Pð Þ

� 	
¼ 1

V0
· ln

1
1−p ξ;V0ð Þ

� 	
¼ h σNð Þ

V0
(15)

Equation 14 can reasonably interpret Weibull statis-
tics. In fact, when g(S) is described by
g Sð Þ ¼ m
σ0

S−σth
σ0

� �m−1

· exp −
S−σth
σ0

� �m� 	
σth ≤ S<∞ð Þ

(16)

substitution of Equation 16 in Equation 2 gives

p σ;V0ð Þ ¼ 1− exp −
σ−σth
σ0

� �m� 	
σth ≤ σ <∞ð Þ (17)

Consequently, Equations 12 and 14 reduce to

P ¼ 1− exp −β
V
V0

� �β−1

∫V
σ−σth
σ0

� �mδV
V 0

( )
σth≤σ<∞ð Þ

(18)

P ¼ 1− exp −∫V
σ−σth
σ0

� �mδV
V 0

� 

σth≤σ<∞ð Þ (19)

or ln
1

1−p ξ;V0ð Þ
� 	

¼ h σNð Þ

¼ σN−σth
σ0

� �m

σth ≤ σN <∞ð Þ (20)

Equation 20 was actually used by Weibull to deduce
Weibull statistics6 according to Equation 15, instead of
the power‐law distribution of microcrack size (a) in
Equation 6. Note that in Equation 20, the upper bound
of σN extends to infinity (∞). Moreover, Equation 20 is
based on Equation 16. In the case that a different
assumption of g(S) is adopted, the specific expression
of h(σN) in Equation 15 will vary correspondingly.

Equation 13 provides an approach to scaling size
effect on strength by establishing the correlation

between the compound parameter
1

βVβ· ln
1

1−Pð Þ
� 	

and

nominal strength σN of specimens with different sizes.
Equation 13 was validated by the strength data of a wide
spectrum of quasi‐brittle materials including wood,
concrete, coal, gamma titanium aluminum alloy,
nuclear‐grade graphite, and aluminum foam on geomet-
rically self‐similar specimens under same loading condi-
tions. Specific to concrete, some initial results show that
β = 1 for uniform spatial distribution of microcracks
applies.1,12 Therefore, this work will resort to
Equations 14 and 15.

Equation 15 was successfully applied to the propor-
tional size scaling of strength of concrete.1,12 However,
the non‐proportional size scaling of strength remains a
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big challenge. An earlier work1 suggested to tackle this
problem by understanding the following 2 aspects:

(1) multiaxial‐stress based fracture criteria, and
(2) susceptibility of spatial distribution of microcracks

to stress state.

With respect to the fracture criteria, different stress‐
based microscopic fracture criteria (σe = σ ≥ S) have
been proposed, with each one corresponding to a spe-
cific expression of the effective stress σe.

13,14 Among
them, the maximum tensile principal stress fracture
criterion (σe = σ1 = σ ≥ S) is the simplest, so that
Equation 2 is applicable to evaluate the fracture proba-
bility due to a single micro crack p(σ,V0). For all the
other microscopic fracture criteria, Equation 2 is no
longer valid, and it is much complicated to evaluate
p(σ,V0). As an example, the analytical solution to
p(σ,V0) under the normal tensile stress (σn) criterion
is given in Lei.15

With respect to the susceptibility of spatial distribu-
tion of microcracks to stress state, because concrete is a
quasi‐brittle material, microcracks can initiate or grow
under external loading. It is thus reasonable to question
whether the spatial distribution of microcracks in con-
crete changes with stress state, eg, from uniaxial tension
to biaxial tension.

It calls for significant amount of work to understand
these 2 questions for non‐proportional size scaling. Before
pursuing that path, we believe it is meaningful to evalu-
ate the applicability of the following simplified
assumptions:

(1) The maximum principal tensile stress fracture crite-
rion (σe = σ1 = σ ≥ S) applies to different stress states
so long as at least 1 tensile stress component exists;

(2) The spatial distribution of microcracks does not
change with stress state.

This work will explore the non‐proportional size scal-
ing of the strength of concrete based on these 2 simplified
assumptions.
2 | PROCEDURE FOR NON ‐

PROPORTIONAL SIZE SCALING

As stated earlier, regardless of the specific stress state, the
spatial distribution of microcracks is assumed the same
and the maximum principal tensile stress fracture crite-
rion (σe = σ1 = σ ≥ S) applies. Also, based on the initial
results,1,12 we will assume that for concrete, the uniform
spatial distribution of microcracks (β = 1) applies.
Therefore, Equations 14 and 15 are adopted for size scal-
ing of concrete strength. This leads to the proposal of the
following procedure for non‐proportional size scaling, as
also shown in Figure 5:

(1) Determination of the empirical expression of h(σN)

According to Equation 15, there exists a master curve
that characterizes the unique correlation between the

compound parameter
1
V
· ln

1
1−Pð Þ

� 	
and nominal strength

σN of geometrically similar specimens. For simplicity of
discussion, here below σth = 0 is assumed. By performing
proportional size scaling of strength, the empirical
expression of the strength function h(σN) can be esti-
mated. Once h(σN) is known, due to Equation 15, we get

p ξ ¼ k·σN ;V0ð Þ ¼ 1− exp −h σNð Þ½ � (21)

and; g σNð Þ ¼ ∂p k·σN ;V 0ð Þ
∂σN

¼ h′ σNð Þ· exp −h σNð Þ½ � (22)

Note that k is a constant with 0 < k ≤ 1. At this point,
the function format of the probability p(ξ = k · σN,V0) for
an arbitrary microcrack or the PDF of microcracks with
respect to nominal strength σN, g(σN), is determined. But
until the value of the constant k is known, the explicit
relationship between p(ξ = k · σN,V0) and ξ cannot be
achieved. This is because other geometrically independent
model parameters as material constants such as the
Weibull scale parameter σ0 can be still entangled with k.

To elaborate the proposed procedure, now assume that

the correlation between
1
V
· ln

1
1−Pð Þ

� 	
and the nominal

strength σN can be approximated by
1
V
· ln

1
1−Pð Þ

� 	
∝σmN .

According to Equation 15, this suggests that the function
h(σN) fits to the power function in Equation 20with σth= 0.
As a result, Equation 19 reduces to

P ¼ 1− exp −∫V
σ1
σ0

� �mδV
V0

� 	
(23)

Equation 23 is rewritten as

1−P ¼ exp −
σN
σ0

� �m V
V 0

∫V
σ1
σN

� �mδV
V

� 	

¼ exp −
kσN
σ0

� �m V
V0

� 	
(24)

Note that the power function in Equation 20 is a sim-
ple and often typical expression to describe the function



FIGURE 5 Flow chart of non‐proportional size scaling procedure

[Colour figure can be viewed at wileyonlinelibrary.com]
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h(σN). Due to the different types of microcrack distribu-
tions, other expressions are possible.

(2) Estimation of some model parameters

Once the empirical expression of the function h(σN) is
determined, it is feasible to estimate at least some model
parameters. For example, Equation 24 can be further
expressed in 3 different formats:
Ln
1
V
Ln

1
1−Pð Þ

� 	� 

¼ mLn σNð Þ−Ln V0· σ0=kð Þ|fflfflffl{zfflfflffl}

σu

m

264
375
(25a)

1
V
Ln

1
1−Pð Þ

� 	
¼ mLn k·σN|ffl{zffl}

¼ξ

0B@
1CA−Ln σm0 V 0

� 

(25b)

1
km·V

Ln
1

1−Pð Þ
� 	

¼ mLn σNð Þ−Ln σm0 V 0
� 


(25c)

with

k ¼ 1
V
∫V

σ1

σN

� �m

dV

� 	 1
m

(26)

σu ¼ σ0=k (27)

These 3 equivalent expressions in Equation 25a,b,c
can be used for different purposes. Specifically, Equa-
tion 25a is used for proportional size scaling. This leads
to the estimated values of m and the compound parame-
ter σu (defined in Equation 27), while the pure material
property σ0 and the dimensionless coefficient k are to be
determined.

(3) Computation of parameter k

k reflects the effect of specimen geometry and loading
mode on the equivalent strength ξ = kσN. Numerical
calculation is often needed to determine the values of k
for specimens of dissimilar geometries or different
loading modes, unless an analytical solution of k is
available. The value of k remains the same for geometri-
cally similar specimens under a same loading mode.
Therefore, as stated earlier, the correlation between
1
V
· ln

1
1−Pð Þ

� 	
and the nominal strength σN based on

Equation 15 is sufficient for proportional size scaling of
strength regardless of the value of k. However, the non‐
proportional scaling of strength demands the value of k
in order to establish the correlation between
1
V
· ln

1
1−Pð Þ

� 	
and the mean strength ξ = k · σN, which

is transferrable between different specimen geometries
and different loading mode.

For the example given in Equation 24, the value of k
is calculated according to Equation 26.

http://wileyonlinelibrary.com


1740 QIAN ET AL.
(4) Non‐proportional size scaling

With the numerically determined values of k for dif-
ferent specimens as input, according to Equation 15, the
experimental strength data can be synchronized by corre-

lating
1
V
· ln

1
1−Pð Þ

� 	
and ξ = k · σN to enable non‐propor-

tional scaling of strength.
Equation 25b can be used for non‐proportional size

scaling by correlating the compound parameter
1
V
Ln

1
1−Pð Þ

� 	
and the equivalent strength ξ = kσN. Also,

the value of σ0 is known by Equation 27. Alternatively,
the non‐proportional size scaling can be also realized
via establishing the correlation between the other com-

pound parameter Ln
1

km·V
Ln

1
1−Pð Þ

� 	� 

and the nominal

strength σN according to Equation 25c. In this case, the
product km · V can be taken as an effective volume.

In the following, we will adopt some published
strength data of concrete to conduct non‐proportional
scaling based on Equation 25c.
FIGURE 6 Non‐proportional size scaling of strength in uniaxial

tensile specimens and 3‐point bending (3PB) specimens: A, raw

experimental strength data16; B, proportional size scaling; C, non‐

proportional size scaling with m = 11.7 [Colour figure can be

viewed at wileyonlinelibrary.com]
3 | CASE STUDIES OF NON ‐

PROPORTIONAL SIZE SCALING OF
CONCRETE STRENGTH

3.1 | Concrete strength in uniaxial tensile
stress state

The first example includes published strength data of
asphalt mixture in 3‐point bending of 3 different sized
specimens and in uniaxial tension of a given sized speci-
men by Le, et al.9 The nominal average size of taconite
aggregates and pit sand is 1.22 mm. The sizes of the 3‐
point bending specimens are (Figure 1): b = 40 mm,
2l = 6d, with d = 16.7 mm, 28.9 mm, and 50 mm, respec-
tively. The sizes of the uniaxial tensile specimen are
(Figure 2A): b = d = 55 mm, 2l = 255 mm. The nominal
strengths for the 3‐point bending specimens σN, B and the
uniaxial tensile specimen σN, T are parameterized as:

σN;B ¼ 3Fl

bd2
¼ 9F

bd
(28)

σN;T ¼ F
bd

(29)

where F is the fracture load.
The detailed strength data were tabulated in Le et al9

and are represented in Figure 6A, where the ordinate is
the rank probability P(σN, i) = (i − 0.3)/(n + 0.4) corre-
sponding to the i‐th nominal strength σN, i out of all the
N nominal strength values ranked in an ascending order
for a group of given sized specimens. Now, the strength
data in Figure 6A are converted to Figure 6B according
the proportional scaling relation in Equation 15 or 25a. It
shows that the 3 sets of strength data from the 3‐point
bending specimens fall onto 1 master curve which can be
fitted by the power‐law with m = 11.73. Equation 25a is
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adopted for linear regression of the experimental data in
Figure 6B to estimate m. This is the key parameter
obtained from the proportional size scaling analysis. This
makes it possible to adopt Equation 25b or 25c for non‐
proportional size scaling analysis. Besides, there are 2
points for caution. First, due to very limited number of
data points (only 7) for uniaxial tensile specimens, the esti-
mated value of m = 7.55 is lower than m = 11.73 from 70
data points of 3‐point bending specimens. Second, the
strength data of uniaxial tensile specimens do not fall onto
the same master curve for the 3‐point bending specimens.
This is expected because the value of dimensionless coeffi-
cient k in Equations 24‐27 is different for the 3‐point bend-
ing specimens and for the uniaxial tensile specimens. For
the uniaxial tensile specimen, it is obvious that

kT ¼ 1 (30)

Refer to Figure 1, the stress distribution in the 3‐point
bending specimen is

σ1 x; yð Þ ¼ σN ;B·
2xy
Ld

¼ σN;B·
2xy

3d2
(31)

Substitution of Equation 31 in Equation 26 yields

kB ¼ mþ 1ð Þ− 2
m (32)

The Weibull modulus m is a material parameter. It
should be the same for specimens under either uniaxial ten-
sion or 3‐point bending. Accordingly, with m = 11.73
obtained fromproportional scaling of 3‐point bending spec-
imens in Figure 6B as input together with the values of k in
Equations 30 and 32, Figure 6B is transformed into Figure 6
C according to Equation 25c. It is obvious that all data fall
onto a master curve. The “kink” between the data points
for 3‐point bending and those for uniaxial tension should
be due to very limited 7 strength data for uniaxial tension.
TABLE 1 Dimensions of specimens used for 3 test methods17

Specimen Dimensions, mm

4‐point flexure (Figure 2B) d
b
2 l
2c

ASTM C1550 (Figure 2C) Thickness (d)
Diameter(ϕ)
Radius to support (RS)
Radius of loading area (Rl)

Ring‐on‐ring (Figure 2D) Thickness (d)
Diameter(ϕ)
Radius to support (RS)
Radius of loading area (Rl)
3.2 | Concrete strength in uniaxial and
biaxial tensile stress states

Zi, et al17 studied the size effect on uniaxial and biaxial
flexure strength of concrete. The uniaxial flexure strength
was measured with the 4‐point bending (4PB) test of rect-
angular beams (Figure 2B). The equi‐biaxial flexure
strength was assessed with the ASTM C1550 (C1550) flex-
ure test (Figure 2C) and the ring‐on‐ring (RoR) flexure
test (Figure 2D) of circular plates. In each case, 3 sets of
specimens with different sizes (small, medium, and large)
are tested, with 13 specimens per set. The nominal stress
σN is defined as follows:

Four‐point bending (4PB) specimen (Figure 2B):

σN ;4PB ¼ 2Fl

bd2
(33)

ASTM C1550 (C1550) flexural specimen (Figure 2C):

σN;C1550 ¼ 3F 1þ νð Þ
4πd2

1þ 2Ln
Rs

re

� �
þ 1−ν

1þ ν

� �
2R2

s−r
2
e

2R2
0

� �� 	
(34)

Ring‐on‐ring (RoR) flexural specimen (Figure 2D):

σN ;RoR ¼ 3F

4πd2
2 1þ νð ÞLn Rs

Rl

� �
þ 1−νð Þ R2

s−R
2
l

� 

R2
0

� 	
(35)

where F is the load, d is the depth of a 4PB specimen or
the plate thickness for C1550 and RoR specimens, 2l
and b are the outer loading span and the thickness of a
4PB specimen, ν is the Poisson's ratio, R0=ϕ/2 is the
radius of the circular plate, Rs is the distance from
center of the C1550 specimen to the support or the
radius of the support ring for an RoR specimen; re is
the equivalent radius of the C1550 specimen,
Small Medium Large

30 48 75
30 48 75
90 144 225
30 48 75

30 48 75
262 420 657
125 200 312.5
5.5 11 14

30 48 75
262 420 657
125 200 312.5
31.5 50 78
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re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:6R2

l þ d2
q

−0:675d, Rl is the radius of the loaded

area for a C1550 specimen or the radius of the loading
ring for a RoR specimen.

Table 1 summarizes the dimensions of specimens
used for the 3 test methods. Figure 7A summarizes tensile
strength data, which were tabulated in Zi et al.17 As a
result of proportional scaling for each type of specimen
geometry, Figure 7A is transformed into Figure 7B.

Stress distribution inside the 3 types of specimens was
calculated using 3‐dimensional finite element method
(FEM) to seek the values of the dimensionless coefficient
k according to Equation 26. The following parameters
were used: Young's modulus E = 27 264 MPa, Poisson's
ratio ν = 0.22, Weibull modulus m = 10 and 8. Note that
the values of m were obtained in Figure 7B. Equation 25a
is adopted for linear regression of the experimental data
in Figure 7B to estimate m. Figure 8 shows the examples
of stress distribution in different specimens.

It was obtained that k4PB = 0.686, kC1550 = 0.357,
kRoR = 0.498 for m = 10, and k4PB = 0.637, kC1550 = 0.298,
kRoR = 0.427 for m = 8. According Equation 25c, Figure 7
B is transformed into Figure 7C,D to correlate
1

km·V
Ln

1
1−Pð Þ

� 	
and nominal strength σN for m = 10

and m = 8, respectively. It can be seen that the strength
data of all C1550 and RoR specimens in biaxial loading
fall onto a master curve. However, the strength data of
4PB specimens do not fit to the master curve. These
trends are similar for either m = 10 (Figure 7C) or m = 8
(Figure 7D).
FIGURE 7 Non‐proportional size scaling of strength in 4‐point

bending (4PB) prismatic beams, and ASTM C1550 (C1550) and

ring‐on‐ring (RoR) biaxial bending of circular plates: A, raw

experimental strength data13; B, proportional size scaling; C, non‐

proportional size scaling with m = 10; and D, non‐proportional size

scaling with m = 8 [Colour figure can be viewed at

wileyonlinelibrary.com]
4 | DISCUSSIONS

The 2 case studies of non‐proportional size scaling are
based on the assumptions of the maximum principal ten-
sile stress fracture criterion (σe = σ1 = σ ≥ S) and stress
state independence of the spatial distribution of
microcracks. In both cases, Equation 25a is adopted for
linear regression to estimate m. As shown in Figure 6C,
for the 2 loading modes of uniaxial tension and 3‐point
bending, which incur uniaxial stress states, all the
strength data are synchronized onto a single master
curve. While as shown in Figure 7C,D, the strength data
of ASTM C1550 and RoR specimens, which are subjected
to biaxial stress states, fall on a single master curve; while
the strength data of the 4‐point bending (4PB) specimens
do not fall onto the master curve. This makes the strength
data of the circular plates transferable between the 2 dif-
ferent loading modes (ASTM C1550 vs RoR tests). It also
suggests that the maximum tensile stress fracture crite-
rion and the assumption of a same spatial distribution

http://wileyonlinelibrary.com


FIGURE 8 Elastic stress distribution in

A, 4‐point bending specimens, B, ring‐on‐

ring specimens, and C, ASTC C1550

specimens calculated by FEM [Colour

figure can be viewed at

wileyonlinelibrary.com]
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of microcracks are acceptable for the ASTM C1550 and
RoR specimens. The deviation of the strength data of
4PB specimens from the master curve for those of ASTM
C1550 and RoR specimens need to be explored further.
As stated by Zi, et al,17 an accurate analysis of the size
TABLE 2 Summary of estimated values of m using maximum likelih

Method of
Data Fitting

Specimen
Size

Number of
Specimens
4PB/C1550/
RoR

Ca

4P

Maximum likelihood S 13/11/13 13
M 13/11/13 9
L 13/11/13 25

Linear regressionc S 13/11/13 14
M 13/11/13 9
L 13/11/13 5

Equation 25a S + L + M 39/33/39 10

a13.7 [9.4, 20.3] refers to unbiased estimate of m = 13.7 with 90% confidence bou
bR2 refers to the coefficient of determination.
cLinear regression is based on Ln Ln

1
1−P

� �� 	emLn σN:ð Þ
effect in these 3‐dimensional failures would be rather
complicated and not easy to interpret. Here, an attempt
is made to apply Equations 19 and 20 to analyze these
data. One possibility is that the distribution of
microcracks in uniaxial loading differs from that in
ood method and linear regression method of 3 types of specimens

librated Value of m

B C1550 RoR

.7 [9.4, 20.3]a 8.8 [5.8, 13.6] 15.5 [10.6, 22.9]

.5 [6.5, 14.0] 10.9 [7.2, 16.8] 11.3 [7.7, 16.6]

.9 [17.7, 38.2] 10.8 [7.2, 16.7] 19.0 [13.0, 28.1]

.33 (R2 = 0.894)b 9.1 (R2 = 0.946) 17.8 (R2 = 0.868)

.4 (R2 = 0.989) 9.9 (R2 = 0.930) 11.1 (R2 = 0.959)

.0 (R2 = 0.864) 11.2(R2 = 0.874) 3.5 (R2 = 0.973)

.4 (R2 = 0.835) 10.6 (R2 = 0.959) 8.2 (R2 = 0.848)

nds 9.4 to 20.3 in the bracket.

http://wileyonlinelibrary.com
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biaxial loading. However, at this point it is difficult to
make a conclusive judgement, because this issue is con-
founded with the accuracy of the calibrated values of
Weibull parameters. For example, the linear regression
using Equation 25a yielded m = 10.4, 8.2, 10.6 for 4PB,
C1550, and RoR specimens, respectively (Figure 7B).
With the corresponding values of k, we get σ0= k ·σu=10.6,
19.0, 15.3 (MPa) in sequence. For comparison purposes,
we also adopted maximum likelihood method and the
linear regression method for each type of specimens at a
given size (small, middle, large) to calibrate the value of
m, as summarized in Table 2. The maximum likelihood
method and procedure follow ASTM Standard C1239‐13:
Standard Practice for Reporting Uniaxial Strength Data
and Estimating Weibull Distribution Parameters for
Advanced Ceramics.18 It can be seen that due to the lim-
ited amount of specimens at each size (13 for 4PB or
RoR specimens and 11 for C1550 specimens), the values
of m are much different (m = 8.8‐25.9 by maximum like-
lihood method and m = 3.5‐17.8 by linear regression
method). The scatter of the calibrated values of m in dif-
ferent conditions is also reflected by the 90% confidence
bounds in the case of maximum likelihood and the coef-
ficient of determination R2 in the case of linear regres-
sion. When the number of data points is below 30, it
has a significant impact on the estimated value of m.19

In other words, a good number of specimens is needed
for each type to obtain better calibration of Weibull
parameters.
5 | SUMMARY AND CONCLUSIONS

A procedure is proposed for non‐proportional size scaling
of the strength of concrete measured from specimens
with different geometries in different loading modes. Pro-
portional size scaling of strength is needed to determine
the parameters of the weakest‐link statistical model.
Finite element analysis of stress distribution is conducted
to calculate the coefficient of equivalent strength. Two
case studies are conducted for validation. The following
conclusions can be drawn:

(1). The non‐proportional size scaling is feasible for
the transference of strength data between specimens in
a qualitatively same stress state. Specifically, the
strength data from uniaxial tension and 3‐point bend-
ing, both of which involve uniaxial stress states, are
synchronized. The strength data from circular plates
in the ring‐on‐ring and the ASTM C1550 test setups,
both of which involve biaxial stress states, are also
synchronized.

(2). The strength data from 4‐point bending speci-
mens (uniaxial stress state) and biaxial flexural discs are
not synchronized onto a single master curve. The root
cause is to be understood.
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