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For general hypersonic vehicles flying at high altitudes and Mach numbers, the appearance of the 
large boundary layer displacement thickness can change the pressure distribution and aerodynamic 
characteristics significantly. As for the waverider, another side effect is that the shock wave position 
is deflected downward evidently even at the design Mach number, which is adverse for the shock 
wave being attached to the leading edge and may lead to more leakage of high pressure gas from 
the lower surface onto the upper surface. Therefore, this paper first develops a vorticity-based method 
to determine the boundary layer displacement thickness, in combination with the tangent wedge/cone 
method. Then, trying to alleviate the high pressure gas leakage near the leading edge, modification 
of a viscous optimized waverider is conducted under the condition of strong viscous interaction, by 
deducting the corresponding boundary layer displacement thickness from the original lower surface 
along the normal direction. Results show that the shock wave position around the lower surface of 
the modified waverider under the condition of strong viscous interaction is very close to that of the 
inviscid basic flowfield around the original waverider, which means less leakage of high pressure gas. 
But it’s found that such change has little influence on the aerodynamic characteristics of the upper 
surface. However, an interesting discovery is that due to the lower pressure near the leading edge of the 
modified lower surface, the wave drag is lowered for the same lift, thus the lift-to-drag ratio is improved. 
The modified waverider also exhibits higher lift-to-drag ratio at large angles of attack when compared 
to waveriders with upper expansion surfaces. Overall, a vorticity-based boundary layer displacement 
thickness determination method is proposed in this paper, which is then used to modify waveriders 
to achieve higher aerodynamic efficiency.

© 2018 Elsevier Masson SAS. All rights reserved.
1. Introduction

High lift-to-drag ratio (L/D) is a key design objective for vari-
ous kinds of hypersonic vehicles because higher L/D means higher 
down & cross range. For hypersonic flight characterized by large 
Mach numbers and high altitudes, the improvement of L/D is es-
pecially difficult due to the severe wave drag and friction drag. 
Kuchemann put forward a general empirical correlation for the 
maximum L/D based on data obtained from flight tests and ex-
perimental studies [1]:

(L/D)max = 4(M∞ + 3)

M∞
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It shows that as the Mach number increases, an “L/D barrier” 
exists for the traditional aircrafts. To break this barrier, a previ-
ous design concept of waverider proposed by Nonweiler [2], drew 
researchers’ attention. An idealized waverider is carved from an in-
viscid basic flowfield. In this approach, the shock wave is attached 
to the leading edge of the waverider, thus preventing the spillage 
of high pressure gas from the lower surface onto the upper sur-
face and achieving excellent aerodynamic efficiency. However, the 
earliest ‘caret’ waverider, generated from a planar wedge flowfield 
by Nonweiler, presented very limited ‘volumetric’ efficiencies and 
severe ‘aerothermodynamic leading edge’ that rendered them un-
realistic at that time. Moore and Jones et al. [3,4] extended the 
planar flowfield to the axisymmetric conical flowfield. Such cone-
derived waveriders present better volumes because the concave 
streamlines are closer to the shock wave [5]. Kim and Rasmussen 
et al. [6] applied the calculus of variations to yield the optimum 
cone-derived waveriders with maximum L/D even when subjected 
to suitable engineering constraints. However, configurations opti-
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Nomenclature

Ceff effective shape determination coefficient
CL lift coefficient
CD drag coefficient
CDwave wave drag coefficient
CDfric friction drag coefficient
H altitude
M Mach number
p pressure
T temperature
u, v, w velocity along the X, Y, and Z-axis

V̄ ′ viscous interaction parameter
Xcp relative location of the center of pressure
α angle of attack
γ ratio of the specific heats, 1.4
ξ vorticity
δ∗ boundary layer displacement thickness
β shock wave angle
θ deflection angle of body surface relative to the 

freestream direction
ρ density

Fig. 1. All-body model.
mized by inviscid analysis are likely to have very large wetted 
areas and massive friction drag [7]. Therefore, they may perform 
poorly when viscous effects are taken into account. The skepticism 
for the aerodynamic characteristics of waverider is eliminated by 
the concept of viscous optimized waverider proposed by Bowcutt, 
Corda and Anderson [8,9], where viscous effects were included for 
the first time during the optimization process. Then the effects 
of chemically reacting flow and viscous interaction were further 
included in the optimization process [10]. The viscous optimized 
waveriders were also the first hypersonic configurations to break 
the aforementioned “L/D barrier”. Since then, various kinds of 
waverider configurations are developed based on different basic 
flowfield [5,11–17]. A detailed overview of research on waverider 
design methodology is given by Ding et al. [18].

Potential application of waveriders for various hypersonic ve-
hicles has also been widely discussed, including airbreathing hy-
personic cruise vehicles [19], hypersonic entry vehicles [20], sec-
ond stage for two-stage-to-orbit (TSTO) systems [21], and mis-
sions on other planets [22], etc. Before the application to realistic 
hypersonic vehicles, the waveriders must be studied thoroughly 
in various aspects, including off-design performance, aerother-
mal heating, stability and control, etc. For most researches, vis-
cous effects are key factors that can seriously affect the theoret-
ical performance of the waveriders. A number of problems may 
arise when viscous effects are taken into account, such as skin-
friction drag, displaced shock, inviscid/viscous interaction in hyper-
sonic regime [23]. Takashima studied a Mach 6 viscous optimized 
waverider by solving the three-dimensional Navier–Stokes (N–S) 
equations, demonstrating excellent on-design and off-design per-
formance [24]. Viscous effects were also considered and studied 
by other literatures [7,25,26]. However, due to the relatively small 
Mach numbers, low altitudes and large waverider length-scale 
(30–60 m) focused on by most researchers, the viscous interaction 
is not strong enough to have an evident effect on the whole flow-
field around the waverider. Under the condition of strong viscous 
interaction, the large boundary layer displacement thickness makes 
the effective shape differ from the original shape and changes the 
pressure distribution apparently [27]. Then a problem may be put 
forward: what effect will have on the aerodynamic characteristics 
of waverider by the obvious change of the effective shape? This 
paper tries to explore the above problem, in combination with a 
vorticity-based method to calculate the effective shape. Further-
more, an optimization method for the lower surface of waverider 
is presented based on boundary layer displacement thickness mod-
ification.

2. Computational-fluid-dynamics code validation

2.1. Numerical methods

An unstructured Computational-Fluid-Dynamics (CFD) solver 
GMFlow is used in this study [28]. A cell-centered finite volume 
method is employed to solve the three-dimensional compressible 
Euler or N-S equations. The AUSM+ spatial discretization scheme 
is adopted [29], with an implicit lower–upper symmetric Gauss–
Seidel scheme for the temporal integration to accelerate conver-
gence [30]. More details about the CFD solver can be found in [28,
31].

2.2. Validation

The experimental results of an all-body hypersonic aircraft 
model from [32] are used to validate the accuracy of the cur-
rent CFD code. The model is shown in Fig. 1. The test con-
ditions include: M∞ = 7.4, Re∞,L = 15 × 106 (L = 0.9144 m), 
α = 0, 5, 10, 15 deg, T∞ = 62 K and T w = 300 K. The 3-equation 
k–ε–Rt turbulence model is adopted in the computations [33]. The 
effects of angle of attack on the windward and leeward centerline 
pressures are summarized in Fig. 2. For the windward side, good 
agreement is achieved between the pressures by the experiment 
and by the CFD code. The forebody pressures are slightly underpre-
dicted at higher angles of attack, which is similar to those from the 
NASA Ames UPS code [32]. For the leeward side, good agreement 
is also obtained between the experimental and numerical results. 
The above results show that the current CFD code is reliable for 
the calculation of hypersonic aerodynamic problems.

3. Vorticity-based effective shape determination method

It’s well known that for hypersonic flight, the high altitudes 
and large Mach numbers may lead to a thick hypersonic bound-
ary layer, which displaces the outer inviscid flow and changes the 
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Fig. 2. Pressure distribution along the centerline from the experimental and CFD results.
nature of the inviscid flow. In turn, the substantial changes on the 
outer inviscid flow may feedback to the boundary layer, affecting 
its growth and properties. Such mutual interaction process is called 
a strong viscous interaction [27], whose influence on the aerody-
namic characteristics of hypersonic vehicles can be captured by 
the concept of effective shape, namely the original body plus the 
boundary layer displacement thickness. According to the relation-
ship between vorticity and viscous flow, a vorticity-based semi-
empirical correlation to determine the average effective shapes of 
moving airfoils was proposed in [34]. Here, the idea is further de-
veloped in combination with the tangent wedge/cone method to 
obtain the effective shapes of hypersonic thin bodies in the steady 
flight condition.

3.1. Derivation of vorticity-based effective shape determination method

Generally speaking, the flow is highly rotational with high vor-
ticity inside the boundary layer and lowly rotational with low vor-
ticity outside the boundary layer. Therefore, vorticity can be used 
to distinguish the viscous flow from the inviscid flow, thus deter-
mining the effective shape.

Vorticity is defined as:

ξ = ∇ × V

=
(

∂ w

∂ y
− ∂v

∂z

)
�i +

(
∂u
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∂x

)
�j +

(
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)
�k (1)

The flat plate laminar boundary-layer displacement thickness 
equation by Anderson [27] for strong inviscid–viscous interaction 
case is:

δ∗ ∝ M1/2Re−1/4x3/4 (2)

where Re is the unit Reynolds number, M is the Mach number, and 
x is the distance offset from a point on the body surface to the 
leading edge in the longitudinal plane. Assuming that the normal 
gradient of the streamwise velocity is much larger than the gra-
dient of the other directions, which is reasonable for most flows 
around slender hypersonic configurations, we can get the follow-
ing criterion to obtain the effective shape:

|ξ | < Ceff
u

M1/2Re−1/4x3/4
(3)

where Ceff is the effective shape determination coefficient and in-
cludes the possible factors that affect the effective shape. The right 
side of Equation (3) represents an approximate expression of the 
average vorticity inside the boundary layer. According to the flow-
field from the steady N–S solutions, vorticity of each grid point 
is searched from the body surface to the outside flowfield along 
the normal direction. Then at the position where vorticity satis-
fies Equation (3) firstly, the edge of effective shape is determined, 
along with the local flow quantities at the edge of the boundary 
layer. Note that at each step, the local flow quantities are sub-
stituted into the right side of Equation (3). Therefore, the flow 
quantities Re, M and u are finally based on the local flow quan-
tities at the edge of the boundary layer.

The viscous interaction effect has a major influence on the 
boundary layer displacement thickness and viscous interaction pa-
rameters denote the strength of viscous interaction. Therefore, a 
correlation may exist between the effective shape determination 
coefficient Ceff and the viscous interaction parameter. The viscous 
interaction parameter V̄ ′ is adopted and defined as [27]:

V̄ ′ = M∞
√

C ′√
Re∞,L

(4)

where

C ′ = ρ ′μ′

ρ∞μ∞
(5)

where ρ ′ and μ′ are evaluated at the reference temperature T ′
within the boundary layer, and the reference length L equals the 
chord length in the longitudinal plane. A reference temperature 
method suggested by Anderson is employed here [35]:

T ′/T∞ = 1.28 + 0.023M2∞ + 0.58(T w/T∞ − 1) (6)

The viscosity coefficient μ′ is calculated by the Sutherland law:

μ′

μ0
=

(
T ′

T0

) 3
2 T0 + 110.4

T ′ + 110.4
(7)

where μ0 = 1.716 × 10−5 kg/(m s), T0 = 273.11 K and the wall 
temperature T w = 1000 K. Through Equation (4) to (7), the viscous 
interaction parameter V̄ ′ is determined at a given flight condition.

In order to find the relation between Ceff and V̄ ′ , a series of 
steady N–S numerical simulations for a two-dimensional semi-
wedge, with the semi-wedge angle being 6.33 deg and the length 
being 4 m, are conducted at zero angle of attack with different V̄ ′ . 
The geometrical parameter of the semi-wedge is chosen for that it 
has the same length and height in the base plane as the symmetry 
section plane of the original waverider used in this paper. The lam-
inar boundary layer is assumed in the CFD computations because 
of the large Mach number and small Reynolds number. In addition, 
an isothermal wall condition with T w = 1000 K is employed. And 
the paper adopts the perfect gas model, neglecting the real gas ef-
fect. Then the upper surface of the semi-wedge, which is a flat 
plate, is used to determine the relation between Ceff and V̄ ′ . The 
lower surface can be used to validate the accuracy of the flat plate 
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Fig. 3. Grid around the two-dimensional semi-wedge.

displacement thickness determination criterion when applying to 
the general thin bodies.

The grid around the semi-wedge is shown in Fig. 3. To deter-
mine the boundary layer edge as accurately as possible, the grid 
nodes adjacent to the wall are refined, with the height of the first-
layer grid nodes away from the wall being 1E–4m. And there are 
65 grid nodes along the streamwise direction and 101 grid nodes 
along the normal direction. The growth rates of the space between 
neighboring grid nodes are 1.1 and 1.05, respectively.

The tangent-wedge (TW) method is employed here to help 
determine the effective shape because the accuracy of this ap-
proximate method is usually surprisingly high when applied to 
the hypersonic aerodynamic forces prediction for simple two-
dimensional (2D) thin bodies. For three-dimensional (3D) bodies, 
the TW method is replaced by the tangent cone (TC) method.

For the TW method, the formula can be written as:

pe

p∞
= 1 + γ (γ + 1)

4
K 2 + γ K 2

√(
γ + 1

4

)2

+ 1

K 2
(8)

For the TC method, the formula is:

pe

p∞
= 1 + γ M2∞

2
· 4 sin2 θ(2.5 + 8K )

1 + 16K
(9)

where K = M∞θ .
For a given value of Ceff , an effective shape can be determined 

according to the process described above. The grid nodes on the 
effective shape are smoothed with a linear least square fitting us-
ing the following equation:

Y = c1 X0.25 + c2 X0.5 + c3 X0.75 + c4 X + c5 X1.25 + c6 X1.5 (10)

The TW method is used here to calculate the pressure distri-
bution of the effective shape, which is then projected onto the 
original body. Furthermore, the error between the pressure dis-
tribution on the original body from the effective-shape-based TW 
(ES-TW) result and CFD result is evaluated. The error is defined as:

Error =
n∑

i=1

(PCFD − PTW)2 (11)

where n corresponds to the number of total grid nodes on the 
body.

For each case, vary Ceff until the error in Equation (11) is min-
imized. Then the final boundary layer displacement thickness, or 
the effective shape, is determined. The corresponding flight con-
ditions and final results are listed in Table 1. The boundary layer 
displacement thickness and the comparison of pressure distribu-
tion at several flight conditions are plotted in Fig. 4 and Fig. 5, 
Table 1
Conditions for Ceff determination.

M∞ H/km V̄ ′ × 10−2 Ceff

10 40 0.427 0.787
10 45 0.613 0.904
15 50 0.945 1.056
15 55 1.267 1.210
15 60 1.707 1.381

Fig. 4. Flat plate boundary layer displacement thickness.

Fig. 5. Comparison of pressure distribution.

respectively. Excellent agreement between the pressure distribu-
tion from CFD results and effective-shape-based TW results is 
obtained. The vorticity distribution along the normal direction, 
both inside and outside the boundary layer, is plotted in Fig. 6
at several X-axis positions. Obviously, the value of vorticity inside 
the boundary layer is much larger than that outside the bound-
ary layer. In addition, the value of vorticity at the edge of the 
boundary layer gradually decreases along the streamwise direc-
tion.

Interestingly, a nearly linear relation between Ceff and 
√

V̄ ′ is 
found, shown in Fig. 7. Therefore, the expression for Ceff as a func-

tion of 
√

V̄ ′ can be determined through linear fitting:

Ceff = 9.05
√

V̄ ′ + 0.19 (12)

Then Equation (3) can be rewritten as:

|ξ | < (
9.05

√
V̄ ′ + 0.19

) · u

M1/2Re−1/4x3/4
(13)

3.2. Discussion about the application

The lower surface of the semi-wedge is used to validate the ac-
curacy of the method when applying to general hypersonic thin 
bodies. The inviscid aerodynamic forces, including the lift coeffi-
cients, drag coefficients and the relative position of center of pres-
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Fig. 6. Vorticity distribution along the normal direction.

Fig. 7. Linear fitting of Ceff with
√

V̄ ′ .

Table 2
Relative errors of inviscid aerodynamic forces.

M∞ H/km Relative error (%)

CL CD Xcp

10 40 1.87 1.87 0.84
10 45 2.55 2.55 1.26
15 50 4.31 4.31 1.20
15 55 4.29 4.29 1.59
15 60 4.24 4.24 0.91

sure (Xcp), calculated from the effective-shape-based TW method 
are compared with those from the CFD results. The relative er-
rors are listed in Table 2. The maximum error is only 4.31%, which 
demonstrates indirectly that the vorticity-based effective shape de-
termination criterion according to the flat plate is valid for general 
hypersonic thin bodies.

However, if we want to obtain a more accurate effective shape 
for a general thin body, the process of the above derivation for the 
flat plate can be used for reference. Namely, for a specified thin 
body, vary the value of Ceff until the error of pressure distribu-
tion in Equation (11) is minimized. The comparison of the effective 
shape and pressure distribution for the lower surface of the semi-
wedge at H = 60 km are shown in Fig. 8 and Fig. 9, respectively, 
where “ES2” represents the second effective shape, or the one ob-
tained according to the optimum value of Ceff . The two effective 
shapes are very close. It’s also shown that, compared to the CFD re-
sult, good agreement of the pressure distribution is achieved from 
both of the two effective shapes, while the pressure distribution 
calculated from the second effective shape is a little closer to the 
CFD result.

Therefore, based on the above analysis, for a rapid prediction 
of the effective shapes of general hypersonic thin bodies, the cri-
terion from Equation (13) is suggested. If a more accurate effective 
shape is desired, the optimum value of Ceff should be found for a 
Fig. 8. Comparison of the effective shape.

Fig. 9. Comparison of the pressure distribution.

specified thin body. The process for obtaining the effective shape 
is summarized in Fig. 10.

4. Strong viscous interaction effects

A typical viscous optimized cone-derived waverider is adopted 
as the research object in this paper. Then the influences of strong 
viscous interaction on the performance of the waverider are ana-
lyzed in detail in this section.

4.1. Viscous optimized waverider

Referring to the idea of Bowcutt [8], a viscous optimized cone-
derived waverider can be generated. The inviscid conical flow 
is calculated from the Taylor–Maccoll equations, using a fourth-
order Runge–Kutta numerical technique. Accordingly, the inviscid 
pressure of the waverider’s lower surface can be obtained. The 
freestream surface is adopted as the upper surface and the pres-
sure is freestream pressure, P∞ . In addition, the base pressure is 
also approximately equal to freestream pressure.

Viscous effects are calculated by Eckert’s reference temperature 
method [35]. For the laminar flow, the local skin friction is evalu-
ated as:

c′
f ,Lam = 0.664√

Re′
x

(14)

where the Reynolds number is defined as:

Re′
x = ρ ′uex

′ (15)

μ
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Fig. 10. Flow chart for obtaining the effective shape.
where ρ ′ = P∞/RT ′ and T ′ is calculated by Equation (6). For tur-
bulent flow, the local skin friction is evaluated as:

c′
f ,Tur = 0.074

(Re′
x)

0.2
(16)

The prediction and handling of the transition region is the same 
as the method used by Bowcutt [8], thus it is not introduced here.

The waverider is determined by the base curve on the base 
plane, shown in Fig. 11. A cubic spline-fit through five control 
points is used to generate a continuous base curve on one half 
and the curve is mirrored to the other half. Given a group of initial 
base curves, the simplex method by Nelder and Mead [36] is em-
ployed to obtain the optimum waverider with the maximum L/D . 
Note that the length of the generating shock wave along X-axis is 
chosen to be 1 and the radius of the shock wave on the base plane 
is calculated according to the shock wave angle β . Then the cre-
ated waverider is scaled up to the required length.

The current design condition is specified as: M∞ = 15, H =
60 km, β = 8.5 deg, L = 4 m. The generated viscous optimized wa-
verider is shown in Fig. 12. The base curve on the left half (Z ≥ 0), 
defined on the shock wave circle with a radius of 0.149, can be 
expressed as the following third-order polynomial:

Y = −0.0687 − 6.36Z 2 + 24.12Z 3 (17)
Fig. 11. Generation of cone-derived waverider.

Fig. 12. Viscous optimized waverider.
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Fig. 13. Half-symmetric grid used in CFD simulations (approximately 600,000 cells).

Table 3
Comparison of force coefficients at the condition: M∞ = 15, H = 60 km, α = 0 deg.

Grid Coarser grid Finer grid

CL 2.910E−2 2.914E−2
CDwave 3.771E−3 3.774E−3
CDfric 7.557E−3 7.565E−3

4.2. Grid generation

The half-symmetric grid, with approximately 600,000 cells, is 
generated due to symmetry of the waverider, shown in Fig. 13. At 
the condition of M∞ = 15, H = 60 km, the dimensionless distance 
of the first-layer grid nodes away from the body surface in the 
normal direction is 1E–4. A grid-sensitivity study is also conducted 
using a grid with approximately 1,200,000 cells, refined along the 
streamwise direction on the body. The corresponding force coeffi-
cients are listed in Table 3. The reference area of the half-model 
is 1.828 m2, being equal to the projected area toward X–Z plane. 
The base region is not included in the CFD analysis and the base 
pressure is set to be the freestream pressure. And the laminar flow 
model is employed. We can see from Table 3 that the results from 
two grids are extremely identical. Therefore, the coarser grid is 
used herein to save the computational resources and time.

4.3. Aerodynamic performance from numerical results

At the condition M∞ = 15, the Euler solutions and N–S solu-
tions at the altitudes of 40 km, 50 km, and 60 km are obtained 
through CFD simulation for the viscous optimized waverider. Then 
the effective shapes at different altitudes can be acquired by ap-
plying the rapid method introduced in Section 3 to aid in quali-
tative analysis. The influences of strong viscous interaction on lift 
and drag coefficients of the lower surface and upper surface are 
analyzed alone, which finally explains the variation trend of the 
inviscid L/D (not including the shear stresses) of the waverider at 
different altitudes.

Fig. 14 shows the comparison of the original waverider and 
effective shapes at different altitudes at α = 0 deg. At higher alti-
tudes, the viscous interaction effects are stronger, thus the effective 
shape becomes thicker. The stronger compression effect over the 
lower surface makes the Mach number lower and density larger 
behind the shock wave, which weakens the viscous interaction ef-
fects. Hence, the effective shape of the upper surface is thicker 
than that of the lower surface at the same altitude. The different 
compression and expansion effect can also explain the variation 
Fig. 14. Effective shapes at different altitudes.

Fig. 15. Effective shapes at different angles of attack.

Fig. 16. Pressure contour at the base plane.

trend of the effective shape with angle of attack at H = 60 km, 
depicted in Fig. 15, which shows that increasing angle of attack 
makes the effective shape thinner for the lower surface and thicker 
for the upper surface.

Fig. 16 shows the pressure contour at the base plane. It shows 
that at the design Mach number, the shock wave location at H =
60 km is deflected downward evidently from that of Euler result 
owing to the thick boundary layer displacement thickness. Further-
more, the pressure distribution along the centerline is shown in 
Fig. 17. Obviously, the pressure increase is more severe as the alti-
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tude increases, especially near the leading edge where the viscous 
interaction effects are strong. The difference gradually decreases 
toward the end of the centerline because the viscous interaction 
effects become weaker and weaker.

Fig. 18 shows the comparison of force coefficients at different 
angles of attack for the four calculation cases, including CL, CD, 
CDwave and CDfric . To see more clearly, the lift and drag coeffi-
cients of only 0–2 deg angles of attack are plotted. As the altitude 
increases, the major change is the increase in the friction drag, 
mainly caused by the decrease of the Reynolds number. Besides, 
the wave drag is also increased due to the thicker effective shape 
of the lower surface at higher altitudes. As the angle of attack in-

Fig. 17. Pressure distribution along the centerline at different altitudes, α = 0 deg.
creases, the effective shape of the lower surface is closer to the 
original surface, shown in Fig. 15. In turn, the difference of wave 
drag under the four different conditions is lowered at higher an-
gles of attack. Note that the contribution to the wave drag by the 
upper surface is negligible. Compared to the Euler result, the lift 
coefficients under the condition of strong viscous interaction are 
reduced. This result can be explained by Fig. 19, where the force 
contribution of the upper surface and lower surface to the to-
tal lift is shown. As the altitude increases, the lift of the lower 
surface and the negative lift of the upper surface both increase. 
However, the variation is larger for the upper surface. One rea-
son should be the stronger viscous interaction effects of the upper 
surface. The other reason may be due to the more severe leak-
age of high pressure gas from the lower surface onto the upper 
surface at higher altitudes, which will be analyzed in the next sec-
tion.

Finally, the values of inviscid L/D of the lower surface and the 
total waverider are plotted in Fig. 20. It can be seen that although 
the strong viscous interaction has an evident influence on the lift 
and drag coefficients, its influence on the inviscid L/D of the lower 
surface can be neglected. Furthermore, at small angles of attack 
(α ≤ 4 deg), the inviscid L/D of the total waverider decreases as 
the viscous interaction effects become stronger, mainly because of 
the negative lift produced by the upper surface as analyzed above. 
At larger angles of attack, it can be easily deduced that the force on 
the lower surface plays a dominant role in the inviscid L/D of the 
waverider and thus almost not affected by the viscous interaction 
effects.
Fig. 18. Force coefficients from Euler result and N–S results at different altitudes.
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Fig. 19. Force contribution to the total lift coefficient, α = 0 deg.

5. Boundary layer modification to the waverider

The above analysis shows that the pressure increase on the up-
per surface is the main reason that lowers the inviscid L/D of the 
waverider, which may be partly attributed to the leakage of high 
pressure gas from the lower surface onto the upper surface. For a 
real hypersonic waverider vehicle, such gas leakage near the lead-
ing edge is inevitable due to viscous effects, especially considering 
the fact that the leading edge must be blunted. However, under 
the strong viscous interaction condition, the downward deflection 
of the shock wave, shown in Fig. 16, is likely to further aggravate 
the leakage effect, which was not considered in past researches. 
Therefore, in an attempt to alleviate the leakage near the leading 
edge caused by the change of the shock wave position, a modifica-
tion method is first proposed here by deducting the displacement 
thickness from the lower surface of original waverider, namely, 
letting the shock wave around the effective shape approach that 
of the inviscid basic flowfield. The design condition is: M∞ = 15, 
H = 60 km, α = 0 deg.

5.1. Geometry generation

In order to obtain an accurate boundary layer displacement 
thickness, the optimum value of Ceff = 2.3317 is found in com-
bination with the tangent cone method. With each streamline of 
the lower surface deducted by the corresponding displacement 
thickness along the normal direction, a modified waverider can be 
generated. The comparison of the profile between the original and 
modified waverider is shown in Fig. 21.

It should be noted that the displacement thickness of the lower 
surface between the modified and the original waverider is a lit-
tle different due to the slightly different compression effect. Fig. 22
shows the comparison of the effective shape of the modified wa-
verider, from the optimum Ceff , and the original waverider at dif-
ferent cross sections. The two profiles are very close, which shows 
that the displacement thickness is not changed evidently by the 
minor difference of the lower surface.

5.2. Shock wave position

Fig. 23 shows the comparison of the pressure contour at differ-
ent cross sections. Obviously, the shock wave position of the mod-
ified waverider under strong viscous interaction condition is very 
close to that of the inviscid design condition, which also demon-
strates the reasonable accuracy of the boundary layer displacement 
thickness calculated in this paper.

Fig. 21. Profile of the original modified waverider.

Fig. 22. Comparison of lower surface between the original waverider and the effec-
tive shape of the modified waverider.
Fig. 20. Inviscid L/D from Euler result and N–S results at different altitudes.
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Fig. 23. Comparison of pressure contour at different cross sections.

Fig. 24. Comparison of pressure contour (P/P∞) from N–S results near the leading edge at the base plane.
Fig. 24 shows the comparison of the pressure contour at the 
base plane near the leading edge. As expected, the shock wave 
around the modified waverider lies closer to the leading edge, 
which generally means less leakage of high pressure gas. However, 
it’s found that such improvement of the shock wave position has 
little influence on the lift of the upper surface. Therefore, it can be 
inferred that the lift variation of the upper surface with altitude is 
mainly dominated by a direct influence of strong viscous interac-
tion effects, not the leakage of high pressure gas from the lower 
surface.

5.3. Aerodynamic performance of the modified waverider

The force coefficients of the lower surface for the two waverid-
ers at H = 60 km are shown in Fig. 25. At the same angle of attack, 
the lift and drag coefficients of the modified waverider are lower 
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Fig. 25. Force coefficients of the lower surface for the two waveriders.
Fig. 26. L/D of the lower surface for the two waveriders.

than those of the original waverider due to the lower pressure val-
ues. The decrease of drag is mainly owing to the wave drag, in 
that the difference of the friction drag between the two waverid-
ers is minimal. Furthermore, the total L/D of the lower surface are 
shown in Fig. 26 (α: −1 ∼ 10 deg). Compared to the original wa-
verider, higher aerodynamic efficiency is obtained by the modified 
lower surface, with the maximum L/D being improved from 4.18 
to 4.34.

In order to further inspect the reason for the improvement, 
the pressure distribution of the modified waverider at α = 4.4 deg
and the original waverider at α = 4 deg is shown in Figs. 27–28. 
The different angle of attack is chosen to obtain an almost equal 
lift coefficient for the two waveriders (CL = 0.0735). According to 
Fig. 27. Pressure distribution along the centerline.

the pressure distribution, the improvement of L/D should mainly 
attribute to the pressure decrease near the leading edge, which re-
duces the wave drag by 7.0%. As a result, the inviscid L/D and total 
L/D are improved by 6.35% and 4.34%, respectively.

5.4. Range of application

A series of modified waveriders at different altitudes are gen-
erated according to the optimum values of Ceff , listed in Table 4. 
Two of the modified waveriders are shown in Fig. 29. Different 
lower surfaces are obtained due to the different viscous interac-
tion effects.
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Fig. 28. Pressure contour of the lower surface.

Table 4
Optimum Ceff at different conditions.

M∞ H V̄ ′ × 10−2 Ceff

15 40 0.476 0.395
15 45 0.681 0.715
15 50 0.945 0.954
15 55 1.267 1.451
15 60 1.707 2.332

Fig. 29. Comparison of the original and modified waveriders at different design con-
ditions.

Fig. 30 shows the comparison of L/D between the original 
lower surface and the modified ones at different design conditions. 
Apparently, the modified waveriders have higher aerodynamic ef-
ficiency. Fig. 31 shows the relative improvement of L/D as a func-
tion of V̄ ′ at the same lift coefficient (for example, CL = 0.0735). 
It’s found that the improvement is more evident as the viscous 
interaction effects become stronger. Therefore, the modification 
method is more valid at higher altitudes. At the altitudes above 
60 km, the rarefied flow phenomena will play a more and more 
important part on the aerodynamic characteristics of hypersonic 
vehicles, thus it’s not studied for the moment.
Fig. 30. Comparison of L/D of the modified lower surface at different conditions, α = 0–6 deg.
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Fig. 31. Improvement of L/D as a function of V̄ ′ , CL = 0.0735.

Fig. 32. Profiles of the original waverider and the waverider with an upper expan-
sion surface.

5.5. Compared to the waverider with an upper expansion surface

When the upper freestream surface is taken into account, the 
comparison of L/D is unfair for the original waverider because 
of its larger volume (0.592 m3). An optimization method to im-
prove the L/D of waverider used in the past researches is to make 
the upper surface an expansion one [8,37]. This method is adopted 
here to obtain a waverider with the same volume as the modified 
waverider (0.468 m3) in Fig. 21. The profile of the new waverider 
with an upper expansion surface is shown in Fig. 32. First, the cen-
terline of the original upper freestream surface is deflected down-
ward by 1.4 deg. Then a spline is generated on the base plane by 
connecting the three points A, O, and B. Finally, the expansion sur-
face is generated according to the spline, the centerline, and the 
leading edge.

The values of L/D of the three waveriders are shown in Fig. 33. 
When the lift coefficient is small at small angles of attack, the 
L/D is improved by both optimization methods. However, as the 
increase in the lift coefficient, the L/D of the waverider with an 
upper expansion surface gradually approaches that of the original 
waverider and becomes lower than that of the modified waverider 
evidently. Therefore, compared to the optimization method with 
an upper expansion surface, better aerodynamic efficiency can be 
achieved by the modified waverider designed in this paper.

The leading edge of real hypersonic waverider vehicles must 
be blunted according to the requirements of thermal protection. 
Therefore, the leading edge of the three waveriders described 
above is blunted with the bluntness radius being 10 mm and 
20 mm by the adding material method suggested by Tincher [38]. 
The modified waverider with blunted leading edge is shown in 
Fig. 34. The values of L/D are shown in Figs. 35 and 36. Ap-
parently, the leading edge bluntness causes some loss of L/D . 
However, the trend comparison results are similar to those of wa-
veriders with sharp leading edge. Therefore, higher aerodynamic 
efficiency of the modified waverider can also be kept when the 
leading edge is blunted.

6. Conclusions

A vorticity-based boundary layer displacement thickness deter-
mination method is developed in this paper, in combination with 
the tangent wedge/cone method. For the flat plate, a nearly linear 
relation between the effective shape determination coefficient Ceff

and the viscous interaction parameter 
√

V̄ ′ is discovered, which 
can be used directly to calculate the effective shapes of general 
hypersonic thin bodies rapidly. For a more accurate evaluation of 
the displacement thickness, the optimum value of Ceff should be 
found. Then the effective shapes obtained from this method are 
used to aid in analysis about the influence of strong viscous inter-
action and modify the lower surface of the original waverider.

The comparison of the aerodynamic performance of a vis-
cous optimized cone-derived waverider is operated at the design 
Mach number between the Euler result and the N–S results at 
H = 40 km, 50 km, and 60 km. As the altitude increases, the vis-
cous interaction effects become stronger and the boundary layer 
displacement thickness becomes larger, thus deflecting the shock 
wave downward evidently. The influences of strong viscous inter-
action on the lift coefficient, drag coefficient and L/D are also 
Fig. 33. L/D of the three waveriders.
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Fig. 34. Modified waverider with blunted leading edge.

analyzed in detail. As expected, the increase in friction drag is the 
main reason for the decrease in L/D . In addition, the increase in 
pressure on the upper surface also leads to the decrease in the in-
viscid L/D (not including shear stresses).

In order to make the shock wave closer to the leading edge and 
alleviate the leakage of high pressure gas from the lower surface 
onto the upper surface, the original waverider is modified by de-
ducting the corresponding boundary layer displacement thickness 
from the lower surface along the normal direction at H = 60 km. 
It’s found that the shock wave position around the lower surface of 
the modified waverider under the strong viscous interaction con-
dition is very close to that of the inviscid basic flowfield, thus 
being closer to the leading edge than that around the original 
waverider. This means less leakage of high pressure gas. Different 
from expectations, such improvement of the shock wave position 
has little effect on the lift of the upper surface. However, an inter-
esting discovery is that the modified lower surface exhibits higher 
aerodynamic efficiency than the original one, with the maximum 
L/D being improved from 4.18 to 4.34. Such improvement mainly 
attributes to the pressure decrease near the leading edge, which 
reduces the wave drag. For example, for the inviscid lift coefficient 
(not including the shear stresses) of 0.0735, the wave drag of the 
modified lower surface is reduced by 7.0% compared to the origi-
nal one. As a result, the inviscid L/D and total L/D are improved 
by 6.35% and 4.34%, respectively. A series of modified waverider at 
different altitudes are also obtained. It’s found that the improve-
ment of L/D is lowered as the viscous interaction effects become 
weaker.

The aerodynamic performance of the modified waverider is also 
compared to that of the waverider with an upper expansion sur-
face with the same volume. The same improvement of L/D by the 
upper expansion surface is obtained as the modified waverider at 
small angles of attack. However, at larger angles of attack, the 
modified waverider exhibits higher L/D . In addition, we should 
notice that the disadvantage of the present method is the reduc-
tion in the body volume. Therefore, the original waverider with the 
Fig. 35. L/D of the three waveriders with blunted leading edge (R = 10 mm).

Fig. 36. L/D of the three waveriders with blunted leading edge (R = 20 mm).
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volume being slightly larger than the requirement should be cho-
sen in engineering applications.

In summary, a vorticity-based boundary layer displacement 
thickness determination method is developed in this paper. The 
displacement thickness calculated by this method is used to mod-
ify the lower surface of the original waverider. The shock wave 
position around the modified lower surface under the strong vis-
cous interaction condition is very close to that of the inviscid ba-
sic flowfield. What’s more, the modified waverider exhibits higher 
aerodynamic efficiency than the original one due to the lower 
wave drag.
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