J Therm Anal Calorim (2017) 129:1255-1263
DOI 10.1007/s10973-017-6256-x

CrossMark

@

An improved model for thermal conductivity of nanofluids
with effects of particle size and Brownian motion

Shuangling Dong' - Xiaodong Chen”

Received: 18 May 2016/ Accepted: 6 March 2017 /Published online: 11 March 2017

© Akadémiai Kiado, Budapest, Hungary 2017

Abstract Based on the generalized distribution of the
temperature field, an improved model for the thermal
conductivity of nanofluid has been derived. The impact of
particle size and Brownian motion is modeled through the
effective volume fraction, based on particle radius. In the
special case, the generalized relationship reduces to the
classical Maxwell model. On the other hand, the effect of
Brownian movement is equivalent to increasing the effec-
tive volume fraction of nanoparticles. The effective radius
of the nanoparticle is proposed, where the switching time
and the equivalent volume fraction depend on the Brown-
ian velocity of the nanoparticles. Considering the above
two effects, an effective model is obtained. Comparison of
thermal conductivity for Al,O;—water nanofluid is made
between the present model and several theoretical models.
Theoretical predictions on CuO-water nanofluid, ZnO-
TiO, hybrid nanofluids and MWCNTs nanofluid are also
verified against experimental data.

Keywords Nanofluid - Enhanced thermal conductivity -
Maxwell model - Particle size - Brownian motion

List of symbols

A A constant independent of the fluid type (—)
a Average acceleration of the particle (m s72)
ai A constant dependent on the fluid type (-)
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Bi Nanoparticle Biot number (-)

c An empirical constant (-)

C,  Specific heat J kg™' °C™")

i A constant for considering the Kapitza resistance (-)
o A proportional constant (—)

Dy Fractal dimension (-)

ds Diameter of liquid molecule (m)

dn Equivalent diameter of a base fluid molecule (m)
Maximum diameter of nanoparticles (m)
dmin  Minimum diameter of nanoparticles (m)

dy Diameter of nanoparticle (m)

Fp Drag force (kg m s72)

G Temperature gradient (°C m™")

k Thermal conductivity (W m~' °C™")

ks Boltzmann constant 1.3805 x 10723 (J °C™")
n Mass (kg)

n Number of particles (-)

Nu Nusselt number (-)

Pr Prandtl number (-)

r Radius (m)

s Radius contributed by Brownian motion (m)
Re Reynolds number (-)
f Thickness of the interfacial nanolayer (m)

T Temperature (°C)

To Reference temperature 273 (°C)

VB Velocity (m s_l)

VB Average Brownian velocity (m s~ ")

Greek symbols

o Fraction of the liquid volume (-)

B Index coefficient (-)

T Relaxation time (s)

T Ratio of particle to effective volume fraction (-)
Yy Dynamic viscosity (kg m™~' s™")
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y Kinematic viscosity (m2 s_l)

¢, Density (kg m)

@4 Volume fraction of particles in the fluid (-)
@, Average volume concentration (-)

Subscripts
Reference
Brownian motion
Effective

Base fluid
Liquid layer
Nanoparticle
Solid

(2o B I CE v v B )

Introduction

As a significant challenge in engineering applications,
cooling and exchanging heat requires imperative develop-
ment. With the developments in energy and power devices,
heat transfer performance needs to be improvement. Con-
ventionally, the optimized approaches have been taken to
increase the heat exchange area with high thermal con-
ductivity fluid, which may need a complicated design with
little effect to the expectation [1]. Therefore, new genera-
tion of heat transfer working medium is especially needed.
Nanofluids have been proposed by dispersing nanoparticles
with high thermal conductivity into a base fluid such as
mineral oil and water [2]. The heat transport can be
improved up to 20% by adding nanoparticles with volume
fraction less than 4% [3]. The main four factors contributing
to thermal conductivity enhancement include the adsorbed
liquid layer at the interface, the nanoparticle aggregation,
the nanoparticle Brownian motion and the Brownian
motion-induced microconvection [4]. The dynamic
enhancement mechanism mainly stems from Brownian
motion. As the size of nanoparticle is small, the intensity of
Brownian motion is high and it plays a very important role.
Brownian motion of particles is considered as a result of the
impact of liquid molecules. However, it is very difficult to
perform accurate measurements of the Brownian velocity
with sufficient resolution due to its complexity. The first
successful measurement of the instantaneous movement of
particles in air and in water was implemented by Li et al. [5]
and Huang et al. [6], respectively. The interaction among
the convective flow induced by neighboring particles
increases the complexity of the nanoparticle movement in
nanofluids [7]. The impact of Brownian motion mainly
consists of two parts; one is the energy transport due to
microconvection induced by Brownian movement, and the
other is the heat conduction through collisions of nanopar-
ticles caused by the Brownian motion [8]. Furthermore, due
to the interaction of particle and fluid in the flow regime, it
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destroys laminar sublayer, reduces the thermal resistance
and enhances the heat transfer rate [9].

Numerous experimental results have shown that as
nanoparticles are uniformly dispersed, the thermal con-
ductivity of the base fluid can be increased significantly. In
addition to experimental studies on the influence of
nanoparticle size, volume fraction and temperature, it is
very necessary to modeling the experimental data with
theoretical investigations to reveal the inherent mecha-
nisms. Classical models for the effective thermal conduc-
tivity are the same with general particle suspensions
considering the factors of particle concentration and shape.
It is not appropriate for the particles with nanoscale. The
above models have been improved based on different heat
transport mechanisms, such as static mechanism originat-
ing from the liquid layering and particle aggregation and
dynamic mechanism stemming from Brownian motion
and convection.

For the theoretical prediction of the effective thermal
conductivity, numerous models have been proposed in the
literature [10-18]. Table 1 lists the theoretical relationships
with parameters of particle size. Including the effect of
Brownian movement-induced convection, Prasher et al. [7]
developed a semiempirical model with experimentally
determined nanoparticle Biot number. They suggested that
the convection caused by the Brownian motion of
nanoparticles attributed more for the conductivity
enhancement. However, there is a large uncertainty in the
value of m and it depends on various parameters, such as
temperature, volume fraction and particle diameter. Taking
into account the fractal distribution of nanoparticle sizes,
Xu et al. [12] reported a new model for predicting the
thermal conductivity of nanofluids. The proposed fractal
model was expressed as a function of the average size of
nanoparticles, and the heat convection between nanoparti-
cles and fluids was incorporated. However, their model is
complex and there are several empirical parameters,
including the fractal dimension and the ratio of the mini-
mum to maximum diameter of nanoparticles. There is also
an empirical parameter ¢ due to the uncertainty of the
thickness of thermal boundary layer which is primarily
relevant to the character of liquids. Considering the inter-
facial thermal resistance effect, Jang and Choi [13] sug-
gested a model with the diameter of base fluid molecule
and an empirical constant, which worked well for
nanofluids with metallic or nanotube nanoparticles. How-
ever, the impact of the ratio of thermal conductivity of
nanoparticles to the base fluid is less than that of the
temperature, nanoparticle size and volume fraction. Based
on the model of Koo and Kleinstreuer [16], Vajjha and Das
[17] developed fraction factor of the liquid volume that
travels with a particle and the functional relationships from
their experimental data. Their relationship worked well at
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Table 1 Predictive models for thermal conductivity proposed by previous researchers

Researchers

Theoretical models

Prasher et al. [7]

Xu et al. [12]

Jang and Choi [13]

Vajjha and Das [17]
Rizvi et al. [18]

ke _ (1 +ARe"'Pr0'333rp) 2k +(142Bi)k, +2¢[(1—Bi)kp —ki] k

ke +(1+2Biky—[(1—Bi)kp—ke] '
18kg T
Re =1 /18l
7\ mhpdp

ke _ kot 2k 200k —ky) | Nipds (2-De)D; (/) " =1] 1
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the temperature as nanofluids are commonly used. How-
ever, there were empirical functions dependent on the type
of nanoparticles and the coefficients in their model were
fitted from the experimental data of four nanofluids with
CuO, Al,O3, ZnO and SiO, nanoparticles. Rizvi et al. [18]
derived a simple expression to determine the value of
thermal conductivity of nanofluid considering the interfa-
cial layer absorbed on the particles. In their model, the
thermal conductivity of the interfacial layer was given by

1

k=

I rp(rp+t1){A11n(1+rf_;)+%(€p+in)_%ln<l_%)]
(1)

where

a2 TR A+ By = 1/(ky + iny),

h
Ci =722/ (ky + Irp)*.

(2)

They analyzed the effect of solvent on the effective
thermal conductivity, and comparison was made with the
predictions of previous models. However, as Brownian
motion effect was not considered in their model, their
prediction was always lower than the experimental data.

For the measurement of the effective thermal conduc-
tivity, a number of experiments have been undertaken by
previous investigators. The influence of temperature, par-
ticle size and volume concentration was mainly studied.
The measurement by Ho et al. [19] showed that the thermal
conductivity of Al,Os;—water nanofluid increased more than
10% relatively with particle volumetric fraction 3%. Their
data agreed well with the experimental result by Wang et al.
[20] and theoretical correlation of Rea et al. [21], although
their measurement was for low volume fraction and higher
than that predicted by Masuda et al. [22]. Vajjha and Das
[17] performed experiment on the thermal conductivity of

nanofluids dispersing Al,O3 or CuO nanoparticles into a
base fluid. The temperature measurement ranged from 298
to 363 K with particle volume fraction less than 10%, and
theoretical investigation has also been carried out. They
developed a model fitted well with their experimental data,
although they did not show good agreement with several
previous models [13, 23, 24].

In the above investigations, the influence of particle size
is represented by the effect of Brownian movement or
related to the thickness of the liquid layer. In fact, the effect
of particle size and the Brownian movement are two
independent effects, although the Brownian velocity is
influenced by the particle size. Therefore, this cannot
reflect the nature of particle size effect, especially when
there is no Brownian motion and the absorbed layer which
appears with relatively large particles. On the other hand,
numerous dynamic thermal conductivity models related to
the Brownian movement have been proposed, which are
also shown as the last terms of the first four models in
Table 1, all of which are contributed by the microcon-
vection of the fluid near the particles induced by Brownian
movement. However, as the complexity of Brownian
motion and the interaction between particles and the fluid,
it would be very difficult to accurately predict the contri-
bution of particle Brownian motion to the effective thermal
conductivity. As shown above, the impact of particle size
on the thermal conductivity is generally represented by the
additional dynamic model with effects of Brownian motion
in previous studies. The basic static thermal conductivity
models, such as the classical Maxwell model, contain only
the effect of volume fraction and do not include the effect
of particle size, which is inconsistent with the real per-
formance of nanofluids. Dynamic models of the thermal
conductivity contributed by Brownian motion contain
some empirical coefficients such as fractal dimensions and
do not seem conducive to practical application and pro-
motion. Based on the above considerations, an improved
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model for thermal conductivity is proposed in present
investigation, including the effects of nanoparticle size and
Brownian motion.

Thermal conductivity model
Effect of particle size

In general, the problem of steady-state heat conduction can
be described by the Laplace equation

VT =0 (3)

where T is the temperature. For the conduction of the
particle—fluid suspensions, the boundary conditions are
as follows

T(r)|r~>oo =-G- r, T(r)‘rﬂr; = T(r)‘rﬁr:,
X oT (r) oT(r)

_ @
o I =k,

’ o1y

where G represents the temperature gradient, r, is the
radius of a large sphere containing all the dispersed parti-
cles in the fluid, k. denotes the effective thermal conduc-
tivity, and k¢ is the thermal conductivity of the fluid. The
effective thermal conductivity can be obtained by

2kt + ky + 20(ky — ke)
© T 2+ ky — olky — kr)

ke (5)

It is known as the classical Maxwell’s model [10],
where ¢ is the volume fraction in the above equation.
Maxwell’s model presents the variation of the effective
thermal conductivity with the volume concentration. In
fact, the thermal conductivity depends directly on the
radius of particles. Considering this effect, this work pre-
sents a generalized thermal conductivity model, which
includes the factor of particle size.

The typical solution of harmonic function for tempera-
ture is

T — ke — ke ﬁ_
2ki + ke 13

1) G- 7 (6)
It can be observed that the equivalent function form of

Eq. 6 is taken as

T =Ar+ Br? (7)

If we consider a generalized temperature distribution, the
solution of harmonic function for the temperature becomes
T = Arf 4 Br=FHD) (8)
with a varied coefficient 8. Satisfying the same temperature

boundary conditions with Eq. 4, the temperature can be
deduced as
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The expression for temperature distribution reduces to
Eq. 6 when f§ = 1. Mathematically, when § = 1, the tem-
perature takes the form of Eq. 7, corresponding to the
linear solution of the temperature distribution. Physically,
this limit represents the situation neglecting the effects of
particle size on the heat conduction between particle
and fluid.

The temperature field can also be obtained by regarding
particles immersed in the fluid

ﬂ(kp — k) nr§ﬁ+l

T= 11G-7 (10)
~ (B4 Vke + By 12651 '

From the two equations (Egs. 9 and 10) above, the
effective thermal conductivity can be expressed as

(B + Dke + Bky + 2By (ky — ki)

- (B+ ke + Bky — Bo(ky — kr) f (D
where the effective volume fraction
nr;ﬁﬂ nrs rg(ﬁfl) r;(ﬁfl)

O =2 T 2 a0 (12)

Thus, the effective thermal conductivity depends

directly on the volume fraction and nanoparticle size. It
increases with the increase in the volume fraction and the
decrease in the particle radius. When f§ = 1, the expression
degenerates into Eq. 4 which is not related to the
particle radius.

In fact, ¢, can also be calculated by

B rg(/*’fl) B ((p2/f+l) 1/3 13)
Ps = (pri(ﬁfl) = =2

If the nanoparticles have different radii r, r5, ..., r,, the
volume fraction ¢ in the above equations can be replaced

by ¢, as

1 r? r% rs
@dq)A;(aJréﬂL“'Jra) (14)

When the radii of all the particles are the same, the
volume fraction ¢4 = @,. This thermal conductivity
expression holds true for the condition that the difference
in nanoparticle radius is comparatively small, so that the
thermal conductivity of a discrete phase medium can be
described by an effective property.

It is well known that when the thermal conductivity of
the nanoparticle is higher than the fluid, the thermal con-
ductivity increases with the increasing the volume con-
centration. When the particle radius decreases, the
equivalent volume fraction ¢, increases. It is deduced by
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Eq. 13 that the effective thermal conductivity becomes
higher, which agrees with the experimental results.

Effect of Brownian motion

Brownian motion improves the heat transfer rate between
the particles and the fluid; thus, it increases the thermal
conductivity of nanofluids. Many researchers attributed the
impact of Brownian motion on the heat conduction to the
dynamic thermal conductivity [4, 17], which was
reflected mainly by the microconvection of the fluids.
However, the dynamic thermal conductivity models con-
tain some empirical relations and coefficients, which may
not conducive to practical application. This investigation
presents a convenient thermal conductivity model related
to Brownian motion.

Due to Brownian motion, the effective radius of
nanoparticles can be considered to be increased and then
the effective volume concentration of the particles becomes
higher. For the limiting case, such as when the particle
velocity is zero, that is there is no Brownian motion,
the effective radius of the nanoparticle is rp,. When the
particle velocity is infinitely large, the effective radius of
the particle

(15)

The radius contributed by Brownian motion rg is shown
in Fig. 1. This radius can be estimated by multiplying the
velocity of Brownian motion and the switching time as

e =1, + 7B

's = VBT ( 1 6)
/7 \
/] N
/' H “:|\'

j i
i
i
v i
Al A
\ T
2 )
r p Ig—>

Fig. 1 Effective particle radius with Brownian motion

The switching time relates to the relaxation time of a
Brownian particle. The relaxation time [25] can also be
expressed by

VB
= (17)

as the average acceleration

_ Fp  6murpvg  6mur,vg  Yuvp

4.3 - 2
3Py 2pprp

mp mp

then the Brownian relaxation time

v 20,129 2 r?
’EP = V—B = pp B pp _Pp (19)
a 9uvg ou
As the velocity autocorrelation function
3kgT
(e (1) (0)) = =27/ (20)
My

The Brownian velocity depends on the temperature of
the fluid and the mass of the particle. When

t/t, =12, 1)
1/ VB VB =2.48 x 10 v VB VB
Therefore,
2
r
T=121, = Polp (22)

3u

is taken for estimation. The time 7 represents the equivalent
time when the velocity of the particle is largely reduced
subjected mainly by the hydrodynamic force. As the esti-
mation of the relaxation time 1, comparison is made with
previous investigation [5]. The time calculated by Eq. 19 is
0.53 x 107* s, and the time extracted from the experi-
mental data is 0.49 x 107 s. It can be seen that they agree
well in magnitude order and the difference is primarily due
to the unsteady complexity of the random Brownian
motion. Generally, the contributed radius rg is less than the
particle radius rp, that is

=0(10 Hr, (23)

When the actual velocity of the particle is vg, the con-
tributed radius and the Brownian motion velocity satisfy
the negative exponential relationship,

fe =1Tp + 1B [1 — e’f(v‘ﬂ (24)

which is depicted in Fig. 2. Conveniently, the function is
supposed to be

flvg) =

» (25)

VB

vp is taken as the root-mean-square velocity
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(rg=r,)/rg

Vel Vg

Fig. 2 Increased ratio of effective radius with dimensionless particle
Brownian velocity

Vg = 3ks T (26)
mp

For instance, if f(vg) =2, the corresponding radius
re = 1p, +0.865rg. The effective volume fraction of
nanoparticles is calculated by

:
P = P, (27)
"p

and the thermal conductivity becomes k.(¢g).

Verification of the improved model

If we consider both the two effects in the above sections,
then an effective model can be obtained by

_ (B + ki + Bky + 2B (kp — ki)
b =B Dk 1 By — Boulky ko) (28)

where the effective volume fraction

Pe = @5 (29)

Lo | oL

The magnitude of i can be determined by Eq. 28 with
the experimental data as all the variables are known except
f. For Al,Oz—water nanofluids at room temperature, the
index f§ = 0.92, which is extracted from the experimental
data [26], as shown in Fig. 3. The diameters of Al,O3
nanoparticle are 11, 47 and 150 nm with the same volume
fraction 1%. The exponent f depends on the type of
nanoparticle. The variation in f§ relates to the actual tem-
perature distribution in the nanofluid, which originates
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Fig. 3 Particle diameter variation of thermal conductivity enhance-
ment for Al,Oz—water nanofluids with different temperatures [26]

from the different performance of heat conduction in the
vicinity of the interface between the particle and the fluid.

As the verification of the theoretical prediction, com-
parison is made between the present model and several
theoretical models. Figure 4 shows the variation of thermal
conductivity with the volume fraction. The diameter of the
Al,O3 nanoparticle is 100 nm in nanofluid at temperature
30 °C, and the coefficient f = 0.92 is appropriate for the
estimation by present model. The performances of the six
models are also shown in this figure, and all of them have
almost linear relationship with the volume fraction. Most
models underestimate the thermal conductivity except the
one by Xu et al. [12]. That’s because they took into account
the fractal distribution of nanoparticle sizes when consid-
ering the heat convection between nanoparticles and the
liquid. Their model also shows good performance when the
nanoparticle volume fraction is higher than 0.01. The
model of Prasher et al. [7] predicts well when the volume
fraction is small as dilute suspensions because the multi-
particle interaction can be neglected. Taking into account
the impact of Brownian motion, the particle size and the
absorbed liquid layer, Murshed and de Castro [15] pro-
posed a model that showed good agreement with some
experimental results. However, the model depends on the
ratio between thermal conductivity of interfacial layer and
the fluid. The contribution of Brownian movement to the
thermal conductivity does not apply at volume fraction
»<0.002, which is shown in Fig. 4. On the whole, con-
sidering the effects of particle size and Brownian motion
essentially, it can be observed that the prediction by present
model shows satisfactory agreement with the experimental
result by Ho et al. [19].
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115 —-<€ —- Jang and Choi [13]

— A— Rizvietal.[18]
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1.10
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-0
g 1.05 G
1.0
@ =0.002
o5 l—
0.00 0.01 0.02 0.03

9

Fig. 4 Comparison of the thermal conductivity variation with
volume fraction between experimental data and theoretical predic-
tions for Al,Oz—water nanofluid

As shown in Fig. 5, the ratio of the effective thermal
conductivity to the thermal conductivity of the base fluid
increases with temperature. The diameter of the CuO
nanoparticle is 29 nm with volume fraction 4%, and the
coefficient § = 0.95 is appropriate for the prediction. The
coefficient for CuO is determined from the experimental data
in Fig. 1b by Vajjha and Das [27]. It can be seen that the
correlation by Koo and Kleinstreuer [16] performs better at
low temperatures than at high ones as it has linear relation-
ship with temperature. It is observed that the models of Yu
and Choi [11] and Maxwell [10] do not show any obvious
variation in thermal conductivity because these models have
no explicit relationship with temperature. The model of
Chon et al. [24] exhibits the same tendency with Koo and
Kleinstreuer [16] but underestimates the conductivity ratio
although it shows satisfactory agreement with experimental
data at high temperatures. It can be seen that the model of
Prasher et al. [23] is clearly sensitive to the temperature and
only predicts well at medium value. It is shown that the result

18
o Experiment by Vajjha and Das [17]
— — — Maxwell [10] o
—-&-— Yuand Choi [11] ya
16F — & — Koo and Kleinstreuer [16] !
: —-.8-— Prasher et al. [23] jut A
— © — Chonetal.[24] ié( -
Present model 7@?
3 -
1.4+
Y
12
1 0 1 1 1 1 J
7 27 47 67 87

T/°C

Fig. 5 Comparison of the thermal conductivity variation with
temperature between experimental values and theoretical correlations
for CuO-water nanofluid with 4% volume fraction

1.3
r L 4
| | | T =25 °C by experiment [30]
| === T =25 °C by present model i
125 @  T7=35°C by experiment [30] /,/'/
L T =35 °C by present model L 4
@  T=145°C by experiment [30] e
19 L —imimeme T =45 °C by present model ‘//’ o

17.’..I“‘.I..\‘I....I\,‘.I...‘I‘...I
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
[

Fig. 6 Comparison of the thermal conductivity variation with
volume fraction between experimental data and present theoretical
predictions for ZnO-TiO,/EG hybrid nanofluids

by present model agrees well with the experimental data by
Vajjha and Das [17].

Recently, a lot of experimental studies have been con-
ducted on thermal conductivity of carbon nanotube
nanofluids as well as hybrid nanofluids [28—34]. As shown in
Fig. 6, the ratio of the effective thermal conductivity to the
thermal conductivity of the increases with the volume frac-
tion. The base fluid is ethylene glycol (EG) with an equal
volume of zinc oxide (ZnO) and titanium dioxide (TiO5)
nanoparticles dispersed [30]. The average diameter of ZnO
nanoparticle is 40 and 30 nm for TiO,. The hybrid thermal
conductivity is obtained by averaging for the prediction as
the two particles have equal volume. The results at three
temperatures 25, 35 and 45 °C are extracted for comparison.
The present model shows relatively satisfactory agreement
with experimental data at these temperatures. Figure 7

] ¢ =0.001 by experiment [32]
14 ~| ——=—— ¢ =0.001 by present model
[ ) ¢ = 0.004 by experiment [32]
@ =0.004 by present model

< ¢ =0.01 by experiment [32] S
—————mee ¢ =0.01 by present model

T°C
Fig. 7 Comparison of the thermal conductivity variation with

temperature between experimental values and theoretical correlation
for MWCNTS nanofluid with different volume fractions
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shows the variation of thermal conductivity with the tem-
perature ranging from 25 to 50 °C. COOH-functionalized
multiwalled carbon nanotubes (MWCNTSs) were dispersed
in a mixture of 60 vol% water and 40 vol% ethylene glycol
[32]. The equivalent radius is calculated from the volume of
MWCNTs for coarse estimation. With the increase in the
volume fraction, the present model underestimates the
thermal conductivity which may originate from two aspects.
First, the shape of MWCNTs is not sphere, and the present
prediction is suitable for spherical particles. Second, as the
volume fraction is higher, MWCNTs tend to aggregate
which may increase the thermal conductivity.

Conclusions

Based on the generalized nonlinear solution of the tem-
perature distribution, the expression for the variation of the
thermal conductivity and the effective volume fraction with
the particle radius are obtained. In the linear limit, the
modified equation reduces to the original Maxwell equa-
tion. On the other hand, the effect of Brownian motion is
equivalent to increasing the radius of the particle and then
the volume fraction. A convenient expression of effective
volume fraction has been proposed, which contains the
velocity of Brownian movement. Considering the two main
contributions, the modified model for thermal conductivity
has been proposed. The specific exponent coefficient is
obtained referenced with the experimental data of
nanofluids. By comparison with the experimental data on
the dependences of temperature and volume fraction, the
effectiveness of this model has been verified. Furthermore,
rational analysis of the impact of temperature distribution
exponent needs intensive investigation. If the exact effec-
tive radius of the Brownian motion could also be obtained,
a more accurate thermal conductivity model will be given.
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