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In this paper, conjugate gradient method (CGM) considering variations in material properties with tem-
perature is developed to solve transient inverse heat conduction problems. With CGM, the measured
outer wall temperatures of supersonic combustor are used as input data to recover the heat flux and tem-
perature on the inner wall. Numerical test has been done to study the effect of temperature measurement
noises on accuracy of the inversion result. It indicates that the inversion results are very close to the exact
heat flux with a maximum error of less than 5% when the measurement noise is less than ±3 K. At the
same time, a series of experiments are conducted on a Mach 3 supersonic combustor test facility with
varied fuel injection conditions. The heat fluxes on the inner wall are recovered by measured outer wall
temperatures via CGM. The inversion results of heat flux agree satisfactorily with the values measured by
heat flux sensors and a maximum difference of less than 5% is found. The present comparison results
prove the validity and accuracy of the CGM developed in the paper for estimation of the wall heat flux
of supersonic combustor.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Heat flux on the combustor inner wall is one of the most critical
parameters for design and optimization of thermal protection of
engine combustors. Both direct and indirect measurement
techniques have been developed to measure the inner wall heat
flux and temperature. Heat flux sensor, directly contacting the
combustor flow, is the most commonly used apparatus [1,2]. How-
ever, its operation lifetime and reliability are limited due to com-
bustor flow with high temperature, high speed and considerable
fraction of oxygen. Additionally, because of its relatively large size
especially with cooling structure, the spatial resolution of heat flux
sensor is usually low and its response time is as large as a few sec-
onds or more [3]. The indirect measurements include optical
method, of which the inner wall temperature can be determined
by infrared radiation of the heated wall surface [4,5]. However,
intense emission from combustion flame and reflected light from
other wall surfaces would cause significant errors in the measured
wall temperature.

In this paper, time change of temperature on the outer wall of
supersonic combustor is measured and used as the input data to
determine the inner wall heat flux and temperature by conjugate
gradient method (CGM) based on the principle of heat conduction
through solid wall and calculus of variations. Oliveria and Orlande
[6] evaluated surface heat flux of ablative material using CGM.
Mohammadium et al. [7] studied accuracy and numerical stability
of CGM when the measured temperatures (as the input data) had
noises [8,9]. However, most of the previous conjugate gradient
methods are implemented with the assumption that thermal prop-
erties of wall material such as thermal conductivity or specific heat
are constant [7–9]. It is known that for gas turbine engine or ram-
jet/scramjet combustor, temperature across the combustor wall
can vary from room temperature on the outer wall to more than
1000 K on the inner wall due to large heat flux with magnitudes
of MW/m2 [10,11]. The significant change in the wall temperature
leads to large variations in thermal properties of wall material.
Therefore, significant error in the recovered inner wall heat flux
would exist if wall thermal parameters are still regard as constant
in the inversion analysis. More importantly, most of the previous
applications of CGM are for heat transfer analysis of reentry vehi-
cles. To the authors’ knowledge, application of CGM for thermal
measurements of supersonic combustor has not been reported yet.

In the present study, CGM considering variations in material
properties of the combustor wall is developed and the accuracy
of the inversion results is examined when the input temperature
has noises with different values. Using CGM, the measured
outer-wall temperatures of a Mach 3.0 supersonic combustor via
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thermocouples or infrared measurements are used to determine
the inner wall heat flux. The recovered inner wall heat fluxes are
compared to the results obtained with commercial high-
temperature heat flux sensors and good agreements between them
are found. The present study proves feasibility and reliability of the
present CGM for thermal measurements of supersonic combustor.

2. Description of the conjugate gradient method

A three-dimensional object of solid wall with heat loading is
shown in Fig. 1. The initial temperature of the object is uniform
and equals T0. The heat flux qw(0,y,z,t) on the upper surface is a
function of time as well as y and z distances. Four side-wall sur-
faces are assumed to be adiabatic since heat flux component in
the direction vertical to the combustor wall is much larger than
that in the direction perpendicular to the wall. The lower surface,
representing the outer wall of combustor, is also considered to
be adiabatic since heat transfer through the outer wall is domi-
nated by natural convection and the heat flux value is negligible
with comparison to the inner wall heat flux. With CGM, the mea-
sured temperature on the lower surface T(L,y,z,t) is used as the
input data to determine the heat flux on the upper surface.

The conjugate gradient method is used to solve unconstrained
optimization problems such as inverse heat conduction problem
described in Section 2.2. The purpose of CGM is to find a heat flux
function on the upper surface that leads to a temperature distribu-
tion on the lower surface closest to the measured one. The problem
has been transferred to a minimization problem of functional (Eq.
(2) in Section 2.2). Assuming an initial guess of heat flux, the final
function can be searched by Eq. (3a) in Section 2.3 in which the
search direction can be obtained by gradient of functional as
described in Section 2.5 and the search step size can be determined
by solving sensitivity equation in Section 2.4.

2.1. Direct heat conduction problem

Formulation of direct heat conduction problem is given as
follows:
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Fig. 1. Schematic diagram of the 3-dimensional wall with heating loading.
T ¼ T0 for 0 6 x 6 L; 0 6 y 6 M; 0 6 z 6 N; t ¼ 0 ð1fÞ
In the direct problem, heat flux on the upper surface is known

and distribution of wall temperature at arbitrary time is calculated
from Eq. (1) with 2nd-order finite difference scheme.

2.2. Inverse heat conduction problem

For the inverse problem, heat flux on the upper surface can be
recovered by using the temperature on the lower surface. In view
of high sampling rate of temperature measurement, the change
of temperature can be regard as a continuous function of time.
Therefore, the inverse problem can be solved by minimizing the
following functional:

J½qðy; z; tÞ� ¼
Z tf

0

Xim
i¼1

½Tðxi; yi; zi; tÞ � Yðxi; yi; zi; tÞ�2dt

¼
Z tf

0

Xim
i¼1

½TiðtÞ � YiðtÞ�2dt ð2Þ

where, T and Y denote the calculated and the measured tempera-
ture on the lower surface respectively. The subscript ‘‘i” is ith
moment during the measurement period.

2.3. Conjugate gradient method

The essential idea of CGM is that the minimization problem of
the above functional (2) can be transformed into solutions of the
direct problem of heat conduction, the sensitivity equation and
the adjoint problem [11–15]. Hence, heat flux on the upper surface
satisfying the temperature change on the lower surface can be
obtained by the iterative process as described as follows:

qnþ1ðy; z; tÞ ¼ qnðy; z; tÞ � bnPnðy; z; tÞ for n ¼ 0;1;2; . . . ð3aÞ
where bn is the search step size from iteration n to n + 1. And Pn is
the search direction given by the following conjugate equation:

Pnðy; z; tÞ ¼ J0nðy; z; tÞ þ cnPn�1ðy; z; tÞ ð3bÞ
where, J0n as called as the gradient direction, denotes derivative of
the functional J[q(y,z,t)] for time and for y and z distances and it is
determined by solving the adjoint equation as described in Sec-
tion 2.5. The conjugate coefficient cn is determined from:

cn ¼
R tf
0

Pim
i¼0½J0nðyi; zi; tÞ�

2dtR tf
0

Pim
i¼0½J0nðyi; zi; tÞ�2dt

with c0 ¼ 0 ð3cÞ

To perform the iterative process given by Eq. (3a), the search
step size bn and search direction Pn are needed. To obtain the
two parameters, a sensitivity problem and an adjoint problem
are constructed in the following.

2.4. Sensitivity problem and search step size

Sensitivity problem can be obtained by the limiting approach as
described in literature [16]. When q is perturbed by Dq, tempera-
ture T undergoes a variation of DT. Plugging q +Dq and T + DT into
Eq. (1), subtracting the Eq. (1) and neglecting the second-order
terms, the sensitivity equation (i.e. variation equation) can be
obtained as follows:
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Fig. 2. The solution procedure of CGM.
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After solving the sensitivity equation, the search step size bn can

be determined by Eq. (5) as follows:
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2.5. Adjoint problem and gradient equation

To obtain the adjoint problem, multiplying Eq. (1a) by Lagrange
multiplier k and integrating the result over the time and spatial
domain and then adding the integration result to the right-hand-
side of Eq. (2), the functional J can be rewritten as:
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With limiting process of Eq. (6), the adjoint problem can be
obtained:
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k ¼ 0 for 0 � x � L; 0 � y � M; 0 � z � N; t ¼ tf ð7fÞ
where d(�) is the Dirac d function and tf is the total time. Eq. (6) can
be simplified as:
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The variation of functional can be written as:
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A comparison of Eqs. (8a) and (8b) leads to the result for the gradi-
ent of functional:

J0½qðy; z; tÞ� ¼ kð0; y; z; tÞ ð9Þ
2.6. Convergence criterion

If the measurement data (the input data) contains no errors or
noises, the convergence criterion of iteration is as follows:

J½qðy; z; tÞ� < eÞ ð10aÞ
where e is a small-specified number. In actual experiment, mea-
surement errors is unavoidable and it can be expressed as follows:

TiðtÞ � YiðtÞ � r ð10bÞ
where r is the stand deviation of measurements. Substituting Eq.
(10b) into Eq. (2), the following expression for e is obtained:

e ¼ imr2tf ð10cÞ
where, im is the total number of temperature measurement points.

2.7. Computational procedure

The solution procedure of inverse heat conduction problem
using CGM is summarized by a flow chart as given in Fig. 2.

3. Influence of measurement noise

To analyze the effect of measurement noises of input tempera-
ture on the inversion result, a three-dimensional heat conduction
problem is considered. As shown in Fig. 1, the distance between
the upper and the lower surfaces is 4 mm, the size of the upper
and the lower surfaces is 16 mm � 16 mm. The solid-wall material
is stainless steel, which has an initial uniform temperature of 300 K
and a density of 7930 kg/m3. The specific heat of stainless steel can
be described as a linear function of temperature Cp = 362.295
+ 0.377T in unit of J/(kg K) and the heat conduction coefficient is
described as k = 12.2 + 0.011T in unit of W/(m K). A distribution
of heat flux as functions of time and y and z distances

ðqw ¼ exp � ðy�M=2Þ2þðz�N=2Þ2
20

h i
ð1þ 0:1tÞ in unit of MW/m2) is

imposed on the upper surface and the time change of temperature
on the lower surface is used as input data. The heat flux and wall
temperature on the upper surface are recovered by using CGM
with a time step of 0.01 s and a mesh size of 0.5 mm. In the proce-
dure of CGM, a 2nd-order central scheme is applied for the spatial
discretization and the temporal discretization is calculated by 2nd-
order explicit scheme.Contours of the exact wall heat flux on the
upper surface at t = 4 s are shown in Fig. 3(a). The inversion results
of the heat flux with input temperature noise of ±1 K, ±3 K and ±5 K
are given in Fig. 3(b)–(d) respectively. As shown in Fig. 3, in overall,
the three inversion results at varied temperature noises can
recover distribution of the exact wall heat flux. As the input noise
increases, the inversion value of maximum heat flux (at the center



(a) The exact wall heat flux on the top wall at t=4s (b) The inversion result with a temperature noise of ±1K 

(c) The inversion result with a temperature noise of ±3K (d) The inversion results with a temperature noise of ±5K  

Fig. 3. The exact wall heat flux and inversion results.

Fig. 4. The comparison of exact heat flux and inversion results with different noises.
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of the upper surface) becomes smaller than the exact value. In
order to show effect of measurement noise more clearly, a compar-
ison of the exact heat flux and the inversion results at the line of
z = 0.008 m is given in Fig. 4. As shown in the figure, difference
between the exact heat flux and the inversion results is clearly
observed and the error in the inversion heat flux increases with
the noise. The relative error in the maximum heat flux of the upper
surface is 2.1%, 5.0% and 9.2% for the noise of ±1 K, ±3 K and ±5 K
respectively. Considering the measurement error of the outer-
wall temperature is usually about ±1 K in the experiments, the
CGM can be used to recover the actual inner-wall heat flux of com-
bustor with sufficiently high accuracy.

4. Experimental results

Measurement of wall heat flux is conducted on a direct-connect
supersonic combustor facility of which its geometry and flow
parameters have been described in details in our previously pub-
lished work [17]. The vitiated air flow is heated to a temperature
of about 1650 K by hydrogen/air combustion and then accelerates
to supersonic speed (Mach number 3) via sonic nozzle. A sketch of
the facility with locations of wall temperature measurements
(point 1, 2 and region A) are shown in Fig. 5. The ethylene fuel is
injected from multiple holes on the strut upstream of the cavity.

At location 1 and 2 as indicated in Fig. 5, two type-K thermocou-
ples are spot-welded on the outer surface of the combustor side



(a) Schematic diagram

(b) Photograph of the facility

Fig. 5. Direct-connect test facility with heat flux measurements.

L. Cheng et al. / International Journal of Heat and Mass Transfer 96 (2016) 249–255 253
wall to measure the time change of the outer wall temperature for
inversion of the inner wall heat flux. At the same downstream and
vertical positions and on the opposite side wall, two high-
temperature Gardon heat flux sensors are installed to directly mea-
sure the inner wall heat flux. Since wall heat flux on the two side
walls should be nearly the same due to symmetry of combustor
configurations and fuel injection, the values of wall heat flux
obtained with thermocouples and heat flux sensors can be com-
pared for validation of the CGM.

The inlet temperature and Mach number of the combustor is
1650 K and 3 respectively and the inlet mass flow rate is 1.62 kg/
s. The ethylene fuel is injected from a moment of t = 2.3 s after
the supersonic flow has been well developed in the combustor.
The fuel/air equivalence ratio is 0.43 and the fuel injection lasts
for a period of two and a half seconds (t = 2.3–4.8 s). Fig. 6 gives
distribution of wall pressure along the axial direction at t = 4.3 s
after fuel combustion has been stabilized. For comparison, wall
pressure without combustion is also plotted and significant
increases in the wall pressure is observed, that is due to heat
releasing of combustion.
Fig. 6. Distribution of wall pressure along the axis direction.
Fig. 7 gives the time change of the outer wall temperature
measured by thermocouples at location 1 and 2. As the input
data of CGM, the outer wall temperatures have measurement
noises of less than ±1K. Fig. 8(a) and (b) plot the inversion
results of wall heat flux at location 1 and 2 as well as the values
directly measured by heat flux sensors. In the CGM process, the
time step for the numerical solution of the heat conduction
equation is set to be 0.01 s and the grid size in the vertical direction
is 0.1 mm.

As shown in the figures, overall, the inversion results of wall
heat flux agree satisfactorily with those measured by heat flux sen-
sors. The maximum wall heat flux, the most concerned parameter
for thermal protection of combustor, is found to be very close to
each other for the two methods and a maximum difference of less
than 5% is found. However, some differences in the heat flux curves
are clear in the figures that the inversion heat flux curves are
smoother than the direct measurements by heat flux sensor. It
attributes to the numerical dissipation of the finite difference
scheme and relatively coarse meshes for solutions of the heat con-
duction equation (1a) and the sensitivity equation (4a).
Fig. 7. Time change of the outer wall temperature measured by thermocouples.



(b) Location 2  

(a) Location 1

Fig. 8. Comparisons of inner wall heat flux directly measured by sensors and by
CGM.

(a) t=3s 

(b) t=5s 

Fig. 9. Inversion results of spatial distribution of the inner wall heat flux at varied
times.
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Table 1 summarizes the maximum wall heat flux obtained by
the CGM and by the heat flux sensors at location 1 and 2 for differ-
ent test cases with varied fuel/air equivalence ratios. It is found the
difference between the inversion result and the directly measured
value of maximum heat flux is less than 5% for all the test cases and
locations. As fuel/air equivalence ratio increases, the wall heat flux
increases due to larger heat releasing from fuel/air combustion. As
shown in the table, for all the cases, the maximum heat flux at
location 2 is higher than that at location 1 since location 2 is more
downstream and more close to the cavity than location 1. There-
fore, combustion in the vicinity of location 2 is more intense than
that near location 1.
Table 1
Comparison of maximum wall heat flux obtained by heat flux sensor and by CGM.

Fuel/air
equivalence ratio

Location 1

Direct measurement
(MW/m2)

Inversion result with CGM
(MW/m2)

Relati
error

0.43 1.03 1.01 �1.9
0.57 1.12 1.13 0.9
0.61 1.18 1.21 2.5
In order to obtain spatial distribution of the wall heat flux, infra-
red temperature measurement is conducted to obtain time evolu-
tion of the outer wall temperature in a specific region of
10 mm � 10 mm in the isolator of the combustor as indicated by
symbol ‘‘A” in Fig. 6(a). The infrared camera can measure wall sur-
face temperature from 273 K to 800 K with an accuracy of ±1 K and
with a spatial resolution of 0.8 mrad. With two-dimensional distri-
bution of the measured outer wall temperature, distribution of the
Location 2

ve
(%)

Direct measurement
(MW/m2)

Inversion result with CGM
(MW/m2)

Relative
error (%)

1.21 1.19 �1.7
1.3 1.36 4.3
1.45 1.49 2.8
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heat flux on the inner wall can be obtained by CGM. Fig. 9 gives
contours of inner wall heat flux in the region of A at different
moments. The spatial distribution and the local peak of inner wall
heat flux can be clearly identified.

As shown in Fig. 9, a Gardon heat flux sensor is installed at the
right-up corner of region A on the opposite side wall to directly
measure the inner wall heat flux. Compared to the direct measured
heat flux, the relative error of the inversion result is �4.23% and
�3.40% for time of t = 3 s and t = 5 s respectively. It again proves
that the CGM developed in the paper can be used to obtain the
inner wall heat flux with high spatial resolutions and good
accuracy.

5 Conclusion

In this paper, a three-dimensional inverse heat conduction
problem is solved by conjugate gradient method (CGM), and distri-
bution of heat flux on the inner wall of combustor is recovered by
the outer wall temperatures with CGM. With consideration of vari-
ations in thermal parameters of the wall material with tempera-
ture, the CGM developed in the present study is able to obtain
inner wall thermal properties of supersonic combustor having sig-
nificant temperature difference across the wall thickness. Numeri-
cal study indicates that the CGM can give accurate inversion result
of wall heat flux (with relative errors less than 5%) when the noise
of the input outer wall temperature is less than ±3 K. Feasibility
and accuracy of the CGM is also investigated by combustion and
heat transfer experiments on the direct-connect supersonic com-
bustor facility. The inversion results of wall heat flux are found
to agree satisfactorily well with that measured by Gardon sensors
and a maximum difference of less than 5% is achieved. In addition,
infrared temperature measurement with the CGM is used to obtain
a spatial distribution of heat flux on the inner wall of isolator of the
combustor. And the recovered heat flux field on the inner wall
again proves the present CGM can be used to obtain inner wall heat
flux with high spatial resolutions and satisfactory accuracy.
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