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A comprehensive simulation was performed to better understand the impacts and effects of the additional technical noises on
weak-light phase-locking for LISA. The result showed that the phase of the slave laser tracked well with the received transmit-
ting light under different noise level, and the locking precision was limited by the phase readout noise when the laser frequency
noise and clock jitter noise were removed. This result was then confirmed by a benchtop experimental test. The required LISA
noise floor was recovered from the simulation which proved the validity of the simulation program. In order to convert the
noise function into real time data with random characteristics, an algorism based on Fourier transform was also invented.
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1 Introduction

The space-borne gravitational wave (G.W.) antennas were
designed to use laser interferometers to detect the G.W.
signal at the frequencies from 0.1 mHz to 1 Hz, and the
corresponding working baselines for those interferometers
were ranging from a few hundred thousand kilometers to
several million kilometers [1-8]. After long distance trans-
mission, only a small fraction of the transmitted laser beam
sent by the local satellite can be received by the detector of
the remote satellite because of the large beam divergence
and the finite aperture of the telescope [9,10]. With a
Gaussian beam, the received laser power P. can be shown

as [11]
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where P is the transmitted laser power, D the diameter of
the telescope, L the arm length and A the wavelength of the
light. For example, the transmitted light power is 1 W for
laser interferometer space antenna (LISA) [1,12], the diam-
eter of the telescope is 40 cm, the arm length of the inter-
ferometer is 5 million km and the laser wavelength is 1064
nm. As a result, the received laser power by the photodiode
of the remote satellite is about 100 pW. Supposing the laser
is directly reflected from the remote satellite, we can esti-
mate the round-trip power attenuation is about 10" and the
final received power of the local satellite is only about 10
zW, which is extremely difficult to detect interferometri-
cally. A technique «called ‘weak-light phase-locking’
(WLPL) [13-15] is introduced into the remote satellite and
makes it a ‘phase-transponder’, as shown in Figure 1. The
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transmitting light is no longer simply reflected by the re-
mote satellite, but interfered and phase-locked with the
slave laser. Consequently, the high power slave laser carry-
ing the complete phase information of the transmitting light
is sent back to the local satellite. After the laser is finally
received by the local satellite, the phase is detected and rec-
orded to derive the passing gravitational waves by
post-processing on ground. Although WLPL is unnecessary
in the ground based laser interferometric gravitational wave
observers, it has been researched along with the increasing
interest in weak light detection and the thriving scheme of
extremely long laser ranging in space by scientists since the
end of the last century. In previous experimental demonstra-
tion of WLPL for LISA, the laser measurement instrument
noises, however, have not been considered [13-20]. Since
the phase-locking at pico-watt region is very stringent due
to the low signal to noise ratio (SNR), the systematic com-
plicity and the technical difficulty will make the situation
even worse in debt of the introduction of such the instru-
ment noises as shot noise, pointing jitter noise, laser fre-
quency noise, clock jitter noise, phase readout noise, proof
mass acceleration noise, etc.. Thus, it is necessary to per-
form a comprehensive simulation of WLPL for LISA to
better understand beforehand the effects and influences in-
duced by additional noises.

In section 2 the major noise sources are briefly reviewed.
Conventionally, all the noises are given in amplitude spec-
tral density (ASD) and approximated by a smooth function
of frequency. In order to convert the noise function into real
time data with random characteristics, an algorism based on
Fourier transform is introduced in section 3. Finally, the
simulation of WLPL for LISA and the results are presented
in section 4.

2 Investigation of noises

To simulate WLPL for LISA in a systematic manner, the
noise sources categorized have to be taken into account as
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Figure 1 (Color online) Schematic diagram of WLPL scheme for LISA.
LP: linear polarizer; M: laser—master laser, PBS: polarizing beam splitter;
PM: proof mass; QPD: quadrant photo detector; S-laser: slave laser; T:
telescope.
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the interferometric measurement system (IMS) noise and
the acceleration noise. For the interests of LISA, only the
frequency domain from 0.1 mHz to 1 Hz is considered.

2.1 IMS noise

The performance of LISA will be dominated by the IMS
noise, such as shot noise, laser pointing jitter noise, laser
frequency noise, clock jitter noise, etc., which will be dis-
cussed in the subsequent sections. Since the initial laser
frequency noise and clock jitter noise are several orders of
magnitude larger than LISA requirement, they need to be
eliminated by various invented technics and need more
careful consideration.

2.1.1 Shot noise

Shot noise is mainly limited by the distance between two
satellites and the finite aperture of the telescopes, which has
a sizeable contribution to the IMS noise [1,11]. The dis-

placement noise equivalent from shot noise is denoted by
[11]

SL= |— ", 2)
avail

where 7 is the reduced Plank constant, ¢ the speed of light
in vacuum, 4 the wavelength of laser and P,

avail

available
light power. For LISA, the available power of the incoming
light is roughly 100 pW, resulting in the displacement noise
due to shot noise about 7.7 pm / JHz in the frequency
band from 0.1 mHz to 1 Hz [1].

A small part of the slave laser around 200 pW is used as

the oscillator interfering with the received light and the
equivalent displacement noise due to the oscillator shot

noise is on the order of 1 fm/ ~v'Hz , which can be ignored.

2.1.2  Beam pointing jitter noise

Disturbed by the residual non-conservative forces, the an-
gular jitter of the transmitting laser will cause displacement
noise [21,22]. Beam pointing control system [23,24] is con-
structed to improve the pointing stability and suppress the

pointing noise to 5.3 pm/\/HZ {J1+(2.8 mHz/f)* in the

frequency range of 0.1 mHz to 1 Hz [1].

2.1.3 Laser frequency noise
To satisfy LISA’s requirement, laser frequency noise has to
be suppressed to lower  than 2 pm/ VHz

+J14+(2.8 mHz/ f )4 [1]. While the free running laser fre-

quency stability Jf is around 10* Hz/ f -Hz/ vHz , and

it can be transfered to the displacement noise JL by the
following formula [1,25]:
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or=2LaL, 3
fi
where f is the measurement frequency, f, the laser

frequency, and AL the difference of optical pathlength
between two interfering lights.

From eq. (3), the free-running laser frequency noise is
0.17 Hz/ f -m / ~vHz , which is several orders of magnitude
greater than the requirement of LISA. Therefore, a series of
approaches are proposed to suppress the frequency noise:
pre-stabilization, arm-locking and a post-processing method
called time-delay interferometry (TDI) [1,26]. By
pound-drever-hall (PDH) pre-stabilization, the frequency

stability can be achieved 30 Hz/ VHz -1+ (2.8 mHz/ f)* ,

which means the frequency noise can be suppressed to

5x10* m/v/Hz -1+ (2.8 mHz/ f)* [27,28]. Furthermore,

the arm-locking technique can improve the frequency sta-
bility for two orders, and the corresponding frequency noise

is down to 5x10°m/vHz -1+ (2.8 mHz/ )" [1,29,30].

At last, TDI brings the frequency noise to

2 pm/~/Hz -\/1+(2.8 mHz/f)* , which meets LISA’s re-

quirement [1,31-33].
In the simulation, the effects of upper four different
stages to WLPL will be highlighted.

2.1.4  Clock jitter noise

The clock noise is another essential element, because the
space-qualified ultra-stable oscillator (USO) cannot meet
LISA’s requirement [34,35]. The relationship between the
clock noise and the stability of the USO is [33,36]:

oL=Af-ot-1, “)

where Af is the heterodyne frequency, ot the stability
of the USO and 4 the wavelength. The free-running sta-
bility of the USO is 7x107"* Hz/f -s/</Hz , causing the
free-running clock noise 1.49 Hz/f ~pm/x/E in the fre-
quency domain from 0.1 mHz to 1 Hz, which cannot

achieve 2 pm / VHz -y[1+(2.8 mHz/ f)* especially in the

low-frequencies around 1 mHz [1,36].

2.1.5 Readout noise

Consists of the photodiode error [37] and the phasemeter
noise [38-40], the readout noise is required to achieve

3.16 pm/~Hz -1+ (2.8 mHz/f)* in the measurement

band of LISA [1].

2.1.6 Residual IMS noise

In addition to the above five noise sources, the interfero-
metric measurement system still has some vital noise
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sources, such as intensity noise, telescope pathlength noise,
optical bench pathlength noise, etc. In the following exper-
iments, the residual IMS noise is considered as a whole,

whose ASD is 5.6 pm/vHz -+/1+(2.8 mHz/f)* in the

frequency band between 0.1 mHz and 1 Hz [1].

2.2 Acceleration noise

To sense and detect the gravitational wave, the proof-mass
have to follow a free-falling trajectory. Therefore, the dis-
turbance reduction system is used to shield the proof-mass
from the various disturbances. However, the residual effect
will still dominate the LISA’s performance in the frequen-
cies lower than 1 mHz. The ASD for the residual accelera-
tion da without margin on the proof-mass is 1.95x107"

m/s’/\/Hz - A/1+(F/8 mHz)* - J1+(0.1 mHz/f) [1]. There-

fore, the equivalent displacement noise is shown in [1]:

8 da
(2nf)? 5)

=1.54 pm/~/Hz - J1+(8 mHz/f)* - /1+(0.1 mHz/f).

oL=2

3 Generating the noise in time domain

Since the simulation will be run in time series, the above
LISA noises given by smooth function in ASD should be
converted into random noise in time domain. Besides, the
random characteristics of the LISA noises have been
smoothed out since they were approximated by the above
noise functions. To recover the randomness for the LISA
noises in time domain, a dimensionless band-limited
Gaussian white noise is generated in the frequency range
from 0.1 mHz to 1 Hz. The linear fitting of the ASD of the

Gaussian white noise will be normalized to 1/ vHz .

Meanwhile, a symmetrical two-side LISA noise ASD func-
tions is created by using the above one-side ASD functions.
Then we multiply the normalized Gaussian white noise
ASD by the two-side LISA noise ASD. Finally, the multi-
plication data will be inverse Fourier transformed to obtain
the desired LISA noises in time domain.

To verify the validity of the generated LISA noises in
time domain, the one-side ASD have been calculated and
compared with the original one-side ASD functions given in
section 2. Three examples are given in Figure 2. In Figure
2(a), the original ASD function of the IMS noise with mar-

gin 18 pm/</Hz-/1+(2.8 mHz/f)* is plotted in bold

black line, where the blue dotted line is the ASD of gener-
ated the IMS noise. The original ASD function of the accel-

eration noise with margin 2.36 pm/v/Hz -+/1+(8 mHz/f)*
/14+(0.1 mHz/f) is plotted in Figure 2(b) in bold black
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Figure 2 (Color online) Comparison of the original ASD functions and the ASD of corresponding generated noises of the IMS noise (a), the acceleration

noise (b) and the combined noise (c).

line, and the ASD of generated acceleration noise is given
in green dotted line. The ASD function of original com-

bined nOiSC \/(5LIMS)2 + (5LAaceleralion )2

black line in Figure 2(c) and the red dotted line is the ASD
of generated combined noise. As shown in the figure, the
generated time-domain data can well represent the corre-
sponding original noise functions.

is given in bold

4 Simulation, results and discussion

Based on Figure 1, a simulation program using Matlab
Simulink is established and the schematic diagram of the
program is shown in Figure 3. The transmitting light re-
ceived by the remote satellite is represented by ‘addl’ in
which all the noises have been contained. A single frequen-

cy ‘G.W. signal’ (100 pm/VHz at 30 mHz) is also added

as an indicator to analyze the impacts of various noises. The
slave laser in the remote satellite is given as ‘add2’ where
only shot noise is concerned. The slave laser and the re-
ceived light “interfere” at ‘add3’ and the phase difference is
sent to and read out by a phasemeter which is represented
by ‘add4’. The readout noise contains additional noise come
from photo detector, ADC, transmitting wire and phaseme-
ter. Then, the PID controller is introduced to feedback con-
trol the slave laser to phase-locking the transmitting light.
For later analysis, the phase of received light is plotted from
port ‘x1’, the phase of slave laser will be read from port ‘x2’.
The in-loop data used as error function sent to PID control-
ler could be read out from port ‘x3’. Port ‘x4’ gives the
out-of-loop signal which indicates the phase deviation be-
tween the slave laser and the received light after the loop is
closed. Thus the out-of-loop signal could be seen as the
additional noise due to the phase-locking loop. The Bode
diagram of the PID controller is shown in Figure 4.

The addition of the ‘G.W. signal’ is given based on the
references [41-43] that the strain amplitude of major LISA
G.W. sources, after one year integration, could reach to a

level from 102'/\Hz to 107%/\Hz strongly depends

GW signal
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Figure 3 The Simulink model of WLPL arrangement for LISA.
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Figure 4 Bode diagram of the control system.

on the distances and types.

In the following sections, the effects of the frequency
noise and the clock noise on the performance of WLPL for
LISA will be emphasized. In the first three experiments, the
clock noise is free-running and the frequency noise is under
such different suppression schemes as free-running, pre-
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stabilization and arm-locking. In the latter two experiments,
all the IMS noise and the acceleration noise have been satis-
fied LISA’s requirement without and with margin respec-
tively. The phase of the transmitting light, the phase of slave
laser, the in-loop signal and the out-of-loop signal in
close-loop are analyzed by ASD and shown in blue, green,
red and aquamarine, individually. As a comparison, the re-
quired LISA noise floor is given in bold black.

4.1 Case 1:
noise

Free-running frequency noise and clock

In this case, the laser frequency noise and the clock jitter
noise are not suppressed and the laser frequency noise
dominates the noise performance. As shown in Figure 5, the
ASD of the phase noise of the slave laser is almost the same

as the transmitting light and reaches 107 m/Hz at the
frequencies around 1 mHz. Moreover, the ASD of the out-
of-loop signal is also similar to the in-loop signal since the
readout noise can be ignored compared to the in-loop signal.

4.2 Case 2: Pre-stabilized frequency noise and free-
running clock noise

The laser frequency is pre-stabilized by PDH method while
the clock jitter noise is still free running. The ASD of the
slave laser still coincides with the one of the transmitting
light, as shown in Figure 6. Apparently the laser frequency
noise is improved for at least 4 orders because of the
pre-stabilization. Meanwhile, the out-of-loop signal repre-
senting the deviated phase between the slave oscillator and
the transmitting light is also improved for several orders.

4.3 Case 3: Arm-locking frequency noise and free-
running clock noise

In case 3, the laser frequency noise has been further sup-
pressed by using arm-locking technique and the clock jitter
noise is still let free (Figure 7). The laser frequency noise is
still dominating, however it is suppressed for about two
orders (section 2). The precision of the locking scheme rep-

resented by the out-of-loop signal is now about 10~ m/v/Hz .

10

—o—Transmitting light
e ~—Slave laser
A &~In-loop signal

Out-of-loop signal
_—LISA noise floor

ASD of displacement noise (m/VHz)

Frequency (Hz)

Figure 5 ASD noise performance in case 1.
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Figure 6 ASD noise performance in case 2.
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Figure 7 ASD noise performance in case 3.

4.4 Case 4: TDI noise without margin

In this case, the frequency noise and the clock jitter noise
have been well suppressed by TDI and other post process
technics. Therefore, the WLPL performance is dominated
not only by the laser frequency noise but jointly by the rest
IMS noise and the acceleration noise. Again, the phase of
the slave laser and the phase of the transmitting light well
coincide with each other (Figure 8). It could be seen, the
out-of-loop signal is mainly limited by the readout noise
(shown in the black dotted line) and the in-loop signal now

is well below 10> m/+Hz . Under this situation, the

‘G.W. signal’ is about to emerge out.

4.5 Case 5: TDI noise with margin

Considering the contingency in science measurement, the

—e—Transmitting light
——Slave laser
“—In-loop signal

Out-of-loop signal
——LISA noise floor
dout noise function

S Simulated G.W, signal

ASD of displacement noise (m/Hz)

10
Frequency (Hz)

Figure 8 ASD noise performance in case 4.
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noise budget should include adequate margin. The official
total IMS with margin is 18 pm / VHz

+/1+(2.8 mHz/f)* and the official acceleration noise
with margin is about 3.0x10™"> m/s>/</Hz - A/1+(f /8 mHz)*

/1+(0.1 mHz/f) in the frequency band between 0.1 mHz
and 1 Hz. The LISA noise floor given in bold black line is
plotted based on the previous noises with margin. The ASD
of the four signals from x1 to x4 is plotted in Figure 9.
Compared to the four signals in case 4, the values of the
four signal in case 5 are about sixty percent greater respec-
tively.

noise

4.6 Benchtop test and discussion

An experimental demonstration is also performed in order
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to test the control scheme. The slave laser is interfered with
the master laser on a benchtop interferometer with a beat
frequency of 1 MHz. The beat signal is then sent to a
phasemeter where the phase difference between the slave
laser and the master laser is read out. As the error function,
the phase difference data is sent to the controller to adjust
the phase of the slave laser to track along with the phase of
the master laser. The schematic diagram and the result of
the experimental test are given in Figure 10.

Limited by the readout noise and optical pathlength noise
(one of the residual IMS noise), the phase lock loop is
working at nanometer level. The power of the slave laser
and the master laser are about 1 mW that the shot noise
could be ignored. It could be seen that the phase difference
between the slave laser and the master laser is suppressed

from 107 to 3x10™"° m/vHz at 1 mHz after the phase
locking loop is turned on. This gives a direct proof of the

| ——Transmitting light
——Slave laser
—=—In-loop signal

+—Out-of-loop signal
- | ==LISA noise floor

Simulate

Readout noise function

2d GW signai £

ASD of displacement noise (m/VHz)

Frequency (Hz)

Figure 9 ASD noise performance in case 5.

Py
Master laser

(a) :
l Heterodyne interferometer | | Phasemeter
4
qo’} F
| |
1 ntroller |€

o

&

Free-running data
——Readout noise
—=—In-loop signal

Out-of-loop signal

-
=3

L
B

-
o

L
s

-
o

ASD of displacement noise (m/\Hz)

b5 -5-08g]

10™ 10

10 10 10°

Frequency (Hz)

Figure 10 Schematic diagram (a) and result of the experimental test (b).
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functionality of our control scheme.

The locking precision represented by the out-of-loop data
is limited by the readout noise at higher frequencies, and in
the lower frequencies is believed to be limited by the optical
pathlength noise caused by thermal expansion of the inter-
ferometer. Though the amplitude and the frequency charac-
teristics of the noise in the testing experiment are very dif-
ferent from those concerned in case 1 to 5, the limitation of
locking precision with respect to the IMS noise and the
readout noise is of the same manner. It indicates that the
software simulation accords well with the hardware verifi-
cation.

5 Conclusions and outlook

In the previous five simulating cases, the phase of the slave
laser could be seen well coincide with the phase of the
transmitting light. The results prove that the WLPL loop
works effectively. The phase difference between the slave
laser and the transmitting light is given by the out-of-loop
signal which indicates how precise the phase of the slave
laser traces the phase of the transmitting light. It could be
seen in case 4 and 5 that the noise due to the locking
scheme given by the out-of-loop signal is well below the
required LISA noise floor and dominated by the readout
noise. The emergence of the simulated G.W. signal in case
4 and 5 indicates that a better SNR is apparently helpful for
signal detection. For a decent precision of waveform extrac-
tion it was believed that the SNR needs to be greater than 8§
[44]. In case 5, the noise floor recovered from the simula-
tion (see blue and green dots) fits well with the required
LISA noise floor, which proved the validity of our simula-
tion.

Unlike Mars mission [17], the SNR for LISA is much
higher. It has been mentioned that Laser Interferometer
Space Antenna (LISA) phasemeter looked at reducing the
probability of cycle slipping when tracking a 3.5 pW signal
[18]. Indeed, the received power for LISA will be more than
100 pW, the phase lock loop will operate far outside any
cycle slip region and therefore in the linear region [45]. In
the following plan, a bench-top pW level WLPL control
system with 40 kHz bandwidth will be construct and re-
searched.
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