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Effect of bending stiffness on the peeling behavior of an elastic thin film on a rigid substrate
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Inspired by the experimental observation that the maximum peeling force of elastic films on rigid substrates
does not always emerge at the steady-state peeling stage, but sometimes at the initial one, a theoretical model
is established in this paper, in which not only the effect of the film’s bending stiffness on the peeling force
is considered, but also the whole peeling process, from the initiation of debonding to the steady-state stage,
is characterized. Typical peeling force-displacement curves and deformed profiles of the film reappear for the
whole peeling process. For the case of a film with relatively large bending stiffness, the maximum peeling force
is found arising at the initial peeling stage and the larger the stiffness of the film, the larger the maximum peeling
force is. With the peeling distance increasing, the peeling force is reduced from the maximum to a constant at the
steady-state stage. For the case of a film with relatively small stiffness, the peeling force increases monotonically at
the initial stage and then achieves a constant as the maximum at the steady-state stage. Furthermore, the peeling
forces in the steady-state stage are compared with those of the classical Kendall model. All the theoretical
predictions agree well with the existing experimental and numerical observations, from which the maximum
peeling force can be predicted precisely no matter what the stiffness of the film is. The results in this paper should
be very helpful in the design and assessment of the film-substrate interface.
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I. INTRODUCTION

Fundamental understanding of the peeling behaviors,
debonding mechanisms, and influencing factors of the in-
terface strength of film-substrate systems is very important
for the wide applications of thin films in modern advanced
materials and engineering and it also plays a significant role in
material protecting, connecting, and strengthening [1,2]. The
peel test, as a well-known technique to measure the adhesion
properties and interface strength between a thin film and a
substrate, was designed 60 years ago by Spies [2,3]. Due to its
simplicity and easy operation, the peel test is one of the efficient
methods for assessing the interface mechanical properties
so far.

In the past few decades, peeling behaviors of thin films
on substrates have been widely investigated experimentally,
numerically, and theoretically [1,4–8]. Kendall’s model, as a
classically theoretical one, is very popular in analyzing the
interface properties of elastic film-substrate systems [9], in
which the peel-off force is found depending on the interface
adhesion energy, the stretching strain energy stored in the
film, and the peeling angle. As a pioneering work, Kendall’s
model was later widely extended to analyze interfacial
adhesion mechanisms of elastic-plastic or viscoelastic thin
films [5,7,10,11], heterogeneous thin films [12,13], films with
pretension [14,15], large deformation of film [16], and bioin-
spired nanofilms [15,17–19]. Another representative theory for
thin films peeling from substrates is the beam model, in which
films are regarded as slender beams and the pure bending
beam theory is adopted to analyze the interfacial bonding and
debonding mechanism [4,20,21]. It was widely used to analyze
interface properties of ductile thin films considering the plastic
or viscoelastic energy dissipation [5,22,23]. Cohesive zone
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conception is also often introduced in applications of both
representative models to analyze interfacial stress distributions
as well as the adhesion energy in peel tests [24–26]. Systematic
analyses of interface characteristics of film-substrate systems
have been made by the above two types of models, but most of
them focus on the steady-state peeling process, neglecting the
peeling mechanisms before the film reaches the steady-state
stage. It has been found experimentally that the peeling
force always varies as a function of the peeling displacement
and the maximum peeling force does not always appear
at the steady-state peeling process but at the initial stage.
The peeling force increases first at the initial peeling stage
and then decreases to a constant in the steady-state peeling
process [1,4,27]. In addition, finite element calculations
carried out by Sauer [1] show that the film’s end axis is not
strictly consistent with the direction of the external peeling
force before the steady-state peeling process is reached due to
the bending stiffness of film. Oyharcabal and Frisch [28] used
continuum mechanics to study theoretically the unbinding of
an elastic inextensible rod from a smooth substrate but only
considering the bending energy under a vertical applied force
(a 90◦ peeling angle). A systematic study of the description of
the whole peeling process of a film with finite bending stiffness
at an arbitrary peeling angle and prediction of precisely
the maximum peeling force of the film-substrate system are
lacking.

In order to answer the above question, a method for
the minimum potential energy is adopted in the present
paper with respect to the system of an elastic film adhering
to a rigid substrate. The interaction between the elastic
film and the rigid substrate is represented by the Lennard-
Jones (LJ) potential, which can describe different interaction
energies by adjusting the corresponding parameters. The
whole peeling process and the maximum peeling force will
be analyzed as well as the exact profile of the deformed
film.
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FIG. 1. Schematic of an elastic thin film with a length L peeling
from a rigid substrate with a peeling force F and a peeling angle
θF at the right end of the film. A curvilinear coordinate (s,θ ) and a
rectangular one (x,y) are attached to the film-substrate system with
the origin o at the left end of the film. (a) The initial peeling state and
(b) an intermediate state.

II. THEORETICAL MODEL OF A THIN-FILM PEELING
FROM A RIGID SUBSTRATE

A. Generalized peeling model

A plane strain model of an elastic thin film adhering to a
smooth rigid substrate is shown in Fig. 1(a), where a peeling
force F is acted on the right end of the film with a peeling angle
θF and the interface adhesion is assumed to be a van der Waals–
like interaction. With the increasing peeling force F , the elastic
film will debond from the rigid substrate gradually as shown
in Fig. 1(b); it reaches the steady-state peeling process when
the film’s axis direction at the right end is consistent with
the peeling angle. Here (s,θ ) and (x,y) are curvilinear and
rectangular coordinates with their origin o at the left end of
the film, respectively, with dx = ds cos θ and dy = ds sin θ .
Initially, the two coordinates overlap each other as shown in
Fig. 1(a). In our analysis, we assume that the length of the film
L is long enough so that the steady-state stage can always be
achieved before the film detaches from the substrate entirely.
Young’s modulus and the thickness of the thin film are denoted
by E and h, respectively.

The potential energy of the film-substrate system can be
expressed as

E =
∫ L

0

1

2
Dθ ′2(s) ds +

∫ L

0

1

2
Eε2hds − �F · �uF

−
∫ L

0
Fε ds +

∫ L

0
V (y)ds, (1)

where the first term on the right-hand side of Eq. (1) is the
bending elastic energy, D = h3/12 is the bending stiffness of
the film, θ is the tangential angle of each point on the film, and
s is the arc length of the film from the origin o. The second
term on the right-hand side is the tension strain energy, with
the elastic strain of the film defined as ε = F cos(θ − θF )/Eh.

The third term corresponds to the potential of the external
force due to the displacement �uF of the loading point without
considering the film’s extension and the fourth terms is the
work done by the external force due to tension of the elastic
film. The displacement �uF can be expressed as

�uF =
∫ L

0

(
cos θ

sin θ

)
ds. (2)

The last term on the right-hand side of Eq. (1) is the interaction
potential between the film and the substrate, which depends
on the separation between the elastic film and rigid substrate
and is often described by the LJ potential [28,29]

V (y) = W

[(
σ

y

)9

−
(

σ

y

)3]
, (3)

where W is a parameter determining the depth of the potential
well, σ denotes the effective interaction distance, which is
often taken to be 0.2–0.3 nm, and y is the separation between
the film and substrate with an equilibrium distance y0 = 6

√
3σ .

When y → ∞, the interaction potential energy tends to be
zero. The minimum interaction potential energy can be found
at the equilibrium position, which takes a negative value.

The profile of the film can be described by x ′ = cos θ and
y ′ = sin θ , where x ′ and y ′ stand for derivatives with respect
to the arc length s. Two Lagrange multipliers λ1 and λ2 have
to be introduced due to the coupled dependence between x (or
y) and θ . Then Eq. (1) can be rewritten as

E =
∫ L

0

1

2
Dθ ′2ds +

∫ L

0

F 2

2Eh
cos2(θ − θF ) ds

−
∫ L

0

F 2

Eh
cos(θ − θF ) cos(θL − θF ) ds

−
∫ L

0
F cos(θ − θF )ds +

∫ L

0
W

[(
σ

y

)9

−
(

σ

y

)3]
ds

+
∫ L

0
λ1(y ′ − sin θ )ds +

∫ L

0
λ2(x ′ − cos θ ) ds. (4)

Due to the free bending moment at both ends of the film, we
have the boundary conditions θ ′(0) = 0 and θ ′(L) = 0.

In order to find the equilibrium state of the film-substrate
system and the profile of the film, the principle of the minimum
potential energy is used in the present paper. Let the first
variation of the potential energy in Eq. (4) with respect to θ

equal zero,

δE = −
∫ L

0

[
Dθ ′′ + λ1 cos θ − λ2 sin θ

+ F 2

Eh
cos(θ − θF ) sin(θ − θF ) − F sin(θ − θF )

]
δθ ds

+
∫ L

0

[
F 2

Eh
sin(θ − θF ) cos(θL − θF )

]
δθ ds

−
∫ L

0

(
λ′

1 + ∂V

∂y

)
δy ds −

∫ L

0
λ′

2δx ds

+
∫ L

0
(y ′ − sin θ )δλ1ds +

∫ L

0
(x ′ − cos θ )δλ2ds

+Dθ ′δθ |L0 + λ1δy|L0 + λ2δx|L0 = 0. (5)

042401-2



EFFECT OF BENDING STIFFNESS ON THE PEELING . . . PHYSICAL REVIEW E 91, 042401 (2015)

Combining the above boundary conditions yields

Dθ ′′ + λ1 cos θ − λ2 sin θ + F 2

Eh
cos(θ − θF ) sin(θ − θF )

−F sin(θ − θF ) − F 2

Eh
sin(θ − θF ) cos(θL − θF ) = 0,

(6)

λ′
1 = −∂V

∂y
, λ2 = 0, (7)

x ′ = cos θ, y ′ = sin θ, (8)

λ1(L) = 0, θ ′(0) = 0, θ ′(L) = 0. (9)

Equations (6) and (7) are the equilibrium ones for the
film. Equation (8) indicates the geometrical profile of the
film and Eq. (9) reproduces the natural boundary conditions.
One can see that Eqs. (6)–(9) belong to a typical boundary-
value problem of nonlinear ordinary differential equations.
An analytical solution is not easy to achieve and numerical
calculations will be used with a standard shooting method.
The detailed results will be analyzed in the following section.

B. Approximate peeling model

In the above general peeling model, the interface energy is
governed by the LJ potential in the whole length of the film.
As a result, the interacting energy exists between the film and
the rigid substrate, though it may be very small for a relatively
large separation between them. Similar to the classical Kendall
model, we assume here that the interface interaction vanishes
in the peeled-off region with a length L − l and the left region

[0,l] of the film adheres to the rigid substrate perfectly with
a constant interface adhesion energy �γ . Then, only the
adhesion energy in the region [0,l] contributes to the total
energy of the system, while the peeled-off part [l,L] should
undergo bending and stretching as shown in Fig. 1(b). Such a
simplified model is often used to analyze the adhesion between
a film (or a cantilever beam) and a substrate [12,28,30,31].

The potential energy of the film-substrate system in the
simplified model can be expressed as

E =
∫ L

l

1

2
Dθ ′2ds +

∫ L

l

1

2
Eε2hds − �F · �uF

−
∫ L

l

Fε ds −
∫ l

0
�γds

=
∫ L

l

1

2
Dθ ′2ds +

∫ L

l

F 2

2Eh
cos2(θ − θF )ds

−
∫ L

0
F cos(θ − θF ) ds

−
∫ L

l

F 2

Eh
cos(θ − θF ) cos(θL − θF )ds −

∫ l

0
�γds,

(10)

where the adhesion energy �γ can be obtained from Eq. (3),
�γ = |V (y0)| = 2

√
3W/9. Here a positive adhesion energy is

defined.
For the present model, the bonding length l is a variable

that depends on the peeling force F . Let the first variation of
the potential energy in Eq. (10) with respect to θ and l equal
zero,

δE = δE1 + δE2 = 0, (11)

where

δE1 = −
∫ L

l

[
Dθ ′′ + F 2

Eh
cos(θ − θF ) sin(θ − θF ) − F sin(θ − θF )

]
δθ ds

+
∫ L

l

[
F 2

Eh
sin(θ − θF ) cos(θL − θF )

]
δθ ds + Dθ ′δθ

∣∣∣∣
L

l

(12)

and

δE2 =
[

1

2
Dθ ′2 − F 2

2Eh
cos2(θ − θF ) + F 2

Eh
cos(θ − θF ) cos(θL − θF )

]∣∣∣∣
S=l

δl − �γ δl. (13)

Considering the boundary conditions θ (l) = 0 and θ ′(L) = 0 leads to

Dθ ′′ + F 2

Eh
cos(θ − θF ) sin(θ − θF ) − F sin(θ − θF ) − F 2

Eh
sin(θ − θF ) cos(θL − θF ) = 0, (14)

1

2
Dθ ′

l
2 − F 2

2Eh
cos2θF + F 2

Eh
cos θF cos(θL − θF ) − �γ = 0. (15)

Multiplying θ ′ on both sides of Eq. (14) and then integrating it from l to L, we can simplify Eq. (14) with the help of Eq. (15)
as

F 2

2Eh
cos2(θL − θF ) + F [cos(θL − θF ) − cos θF ] − �γ = 0. (16)
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From Eq. (16) one can obtain the peeling force with a closed-form solution

F = −Eh[cos(θL − θF ) − cos θF ] +
√

E2h2[cos(θL − θF ) − cos θF ]2 + 2Eh�γ cos2(θL − θF )

cos2(θL − θF )
. (17)

When the peeling process reaches the steady-state stage, the
axis direction of the film at the loading end will be consistent
with the one of the peeling force, i.e., θL = θF . Therefore,
Eq. (17) can be reduced to

F = 2�γ√
(1 − cos θF )2 + 2�γ/Eh + (1 − cos θF )

. (18)

It is interesting to find that the present model is identical to
the classical Kendall peeling model at the steady-state peeling
process.

The adhering length l of the film-substrate system in an
equilibrium state can be obtained as a function of the peeling
force from Eqs. (14) and (15) as

l = L −
∫ θ(L)

0

dθ√
(2/D)(�γ − C1 + C2)

, (19)

where

C1 = F [cos(θ − θF ) − cos θF ],

(20)

C2 = F 2

2Eh
cos2(θ − θF ) − F 2

Eh
cos(θ − θF ) cos(θL − θF ).

(21)

The profile of the elastic film under the peeling force can
be given implicitly as

S = L −
∫ θ(L)

θ(S)

dθ√
(2/D)(�γ − C1 + C2)

, S � l,

θ (S) = 0, 0 < S < l. (22)

III. RESULTS AND DISCUSSION

The simplified (approximate) model and the general one
are compared with the peeling angle θF = 90◦, which exhibits
an inconsistence at the initially peeling stage and the transient
one as shown in Fig. 2. It is found that the peeling force of the
simplified model decreases monotonically with the increase of
yL; in particular, the maximum force F = √

2Eh�γ/cos θF

emerges at yL = 0 (or θL = 0) with l = L, which is totally
contradictory to the general model.

What leads to the inconsistence, especially the initial
varying trend of the peeling force in two models? The main
reason is the different shapes of the released domain of the
film in the two models, leading to different peeling responses.

Different shapes of the released domain of the film are
influenced by two factors. The first one is the choice of
interaction potential along the interface between the film and
the substrate. In the generalized model, we assume that the
potential energy is zero when y → ∞; then the interface
potential energy achieves the minimum at the equilibrium
position y = y0, while the interacting traction on the interface

vanishes at the equilibrium state. At the initial stage, as an
external force added on the film at x = L increases from zero,
the separation between the film and the substrate at x = L will
increase gradually. Meanwhile, the interacting traction on the
interface will increase first and then decrease according to the
LJ potential. In the approximate model, the adhesion energy
of the interface is a constant �γ at the equilibrium state, i.e.,
y = y0. At the initial stage, as an external force is exerted on the
film at x = L, the interface will open suddenly only when the
external force overcomes the interface strength. The external
force at this moment is addressed as the peel-off force, with an
interface separation larger than y0. Along with the detachment
of the interface, the angle θL increases gradually from zero to
θF , also leading to the decrease of the following peel-off force.

The second factor is due to different boundary conditions. In
the approximate model, the film is divided into two segments:
the left region [0,l] of the film adhering to the rigid substrate
perfectly with a constant interface adhesion energy �γ and
the peeled-off region [l,L] without considering the interface
interaction. Because the bonding length l is a variable that
depends on the peeling force F , a boundary condition θl = 0
is used to obtain the length l in the approximate model. Such
a boundary condition looks like a fixed one. However, in the
generalized model, no boundary condition is used and only an
interacting potential works at x = l, which looks like a flexible
boundary condition.

As a result, the approximate model can be reduced to the
classical Kendall one (18), but it can only describe the steady-
state peeling process and is invalid for the initial and transient
regimes. Analogous to the approximate model, the classical
Kendall one cannot predict the initial and transient peeling
stages too.

FIG. 2. (Color online) Comparison between the generalized
peeling model and the simplified one with the same peeling angle
θF = 90◦ and adhesion energy �γ = 3.84 J/m2.
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FIG. 3. (Color online) Peeling force varying with the peeling
distance of the film with different bending stiffness for (a) θF = 60◦,
(b) θF = 75◦, and (c) θF = 90◦. Labels of (i) in (a) and (c) denote
different peeling moments, which will be used to compare with the
corresponding snapshots in Figs. 5 and 6, respectively.

In view of the rationality analysis of the approximate
model, all the following numerical calculations are performed
according to the generalized one.

Figures 3(a)–3(c) show the typical peeling force-
displacement relations with different peeling angles and

film bending stiffness for a determined adhesion energy
W = 10 J/m2. One can see that the peeling angle and film
bending stiffness influence significantly the peeling force-
displacement relation (in the present paper, the film’s thickness
is kept a constant, thus the bending stiffness is only described
by Young’s modulus). Three representative values of peeling
angles are discussed in Figs. 3(a)–3(c) with different bending
stiffness of the film. In the case with a relatively small peeling
angle, for example, θF = 60◦ as shown in Fig. 3(a), for each
value of film bending stiffness, the peeling force increases
monotonically first with the increase of the peeling distance
and then remains constant when it reaches a steady-state
peeling process. In contrast, in the case with a relatively large
peeling angle, for example θF = 75◦ and 90◦ as shown in
Figs. 3(b) and 3(c), for the relatively small value of film
bending stiffness, the peeling force increases monotonically
first with the increase of the peeling distance and then remains
constant when it reaches a steady-state peeling process;
however, for the relatively large value of film bending stiffness,
the peeling force increases first to a maximum and then
decreases with the increase of peeling distance before a
constant is achieved in a steady-state stage. It should be noted
that the maximum peeling force is sometimes larger than the
constant value achieved in a steady-state stage, which means
that the interfacial peeling strength defined by the maximum
peeling force does not always emerge at the steady-state stage,
but significantly depends on the film bending stiffness and
peeling angle. All the phenomena predicted theoretically in
the present paper are consistent with the experimental and
numerical results [1,4,27].

From Fig. 3 one may also note that, for a fixed peeling
angle and adhesion energy, the peeling force in the steady-state
stage is insensitive to the bending stiffness. That is because the
bending stiffness does not influence the steady-state peeling
force since the bending energy does not change at the steady-
state stage. However, Young’s modulus plays a role in the
steady-state peeling force due to the tension elastic energy, as
predicted by Kendall’s model. However, the effect of Young’s

FIG. 4. (Color online) Comparison between the peeling force of
the generalized model in the steady-state stage and that of Kendall’s
model with the same adhesion energy and Young’s modulus.
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FIG. 5. (Color online) Profiles of the deformed film during dif-
ferent peeling moments with determined interface adhesion energy
W = 10 J/m2 and peeling angle θF = 60◦ for (a) Eh/W = 200 and
(b) Eh/W = 1000. Labels on each profile correspond to those in
Fig. 3(a).

modulus on the steady-state peeling force is very weak in cases
with relatively large peeling angles, which has been pointed
out by Kendall [9] and reappears in our results as shown
in Fig. 4. It is found that the difference of the steady-state
peeling force almost vanishes in cases with peeling angles
varying from 60◦ to 90◦, though the magnitude of Eh/�γ is
significantly different. However, Young’s modulus will show
obvious influences on the steady-state peeling force if the
peeling is less than 60◦. In addition, one can see from Fig. 4
that the present theoretical results in the steady-state stage are
consistent with those of Kendall’s model.

At the initial peeling stage, why does the film’s bending
stiffness show significant effects on the peeling behaviors?
Figures 5 and 6 give configurations of the deformed films
with different bending stiffness in the whole peeling process
under two peeling angles θF = 60◦ and 90◦, which can help
to understand the effect of the film’s bending stiffness on the
peeling behaviors. The varying peeling force for each snapshot
is also correspondingly indicated in Fig. 3. It is shown that
the deflection as well as the curvature of the film increases
initially with the increase of the separation between the film
and substrate, which results in the bending elastic energy stored
in the film and the peeling force increasing. The higher the

FIG. 6. (Color online) Profiles of the deformed film during dif-
ferent peeling moments with determined interface adhesion energy
W = 10 J/m2 and peeling angle θF = 90◦ for (a) Eh/W = 200 and
(b) Eh/W = 1000. Labels on each profile correspond to those in
Fig. 3(c).

bending stiffness is, the larger the peeling force will reach at
the same separation due to larger bending energy stored in
the film. When the separation attains a critical distance for
a given peeling angle and film’s bending stiffness, the film’s
end axis θL is consistent with the peeling direction θF and
the profile of the film keeps a constant shape as shown in
Figs. 5 and 6, after which the film reaches the steady-state
peeling stage. In this case, the shape of the film does not
change, so the bending elastic energy does not contribute to
the total energy of the system and the peeling force remains
constant during the steady-state peeling process. Comparing
snapshots (2) and (3) in Fig. 6(b) to points labeled (2) and (3)
on the curve in Fig. 3(c), we can find a turning point with a
maximum value of the peeling force between them.

Figure 7 shows the peeling force varying with the separation
of the loading point with a determined film’s bending stiffness
but different interface adhesion energy for a vertical peeling
angle case, i.e., θF = 90◦. It is found that the peeling force
increases monotonically with the increase of the separation of
the loading point for relatively large interface adhesion energy;
it increases to a maximum and then decreases to a constant at
the steady-state stage for relatively small interface adhesion
energy. During the steady-stage peeling process, the peeling
force increases with increasing interfacial adhesion energy at
a given peeling angle.
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FIG. 7. (Color online) Peeling force varying with the peeling dis-
tance considering the effect of the adhesion energy with determined
bending stiffness at θF = 90◦.

IV. CONCLUSION

The principle of the minimum potential energy is used in
this paper in order to achieve the whole peeling process of an
elastic film on a rigid substrate. It is found that the bending
stiffness of the film shows significant effects on the peeling
force at the initial peeling stage. When the film reaches the
steady-state peeling process, then bending elastic energy has
no effect on the peeling force, but the tension elastic energy

contributes to the peeling force to some extent, especially
at relatively small peeling angles, which agrees well with
Kendall’s model. The maximum peeling force is sometimes
larger than the one at the steady-state stage, especially for
the film-substrate system with a relatively large film bending
stiffness. Profiles of the deformed film during the whole
peeling process are predicted, which can help explain the effect
of the bending stiffness on the peeling force. It is found that
the film’s bending stiffness will influence the peeling force due
to the increasing bending energy stored in the film until the
tangential angle of the film at the loading point is consistent
with the peeling angle. During the steady-state peeling process,
the curvature of film remains the same, which leads to an
identical bending energy as well as peeling force. Without
considering the interface interaction in the detached region,
the present model can be reduced to the classical Kendall
model at the steady-state peeling process. The predictions of
the present model disclose the whole peeling process of an
elastic film with finite bending stiffness adhering to a rigid
substrate, which agrees well with the existing experimental
and numerical observations. The maximum peeling force can
be predicted precisely no matter what the stiffness of film
is, which should be helpful for the design and assessment of
film-substrate interfaces in practical applications.
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