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SUMMARY

This paper presents a computational model for free surface flows interacting with moving rigid bodies. The
model is based on the SPH method, which is a popular meshfree, Lagrangian particle method and can nat-
urally treat large flow deformation and moving features without any interface/surface capture or tracking
algorithm. Fluid particles are used to model the free surface flows which are governed by Navier–Stokes
equations, and solid particles are used to model the dynamic movement (translation and rotation) of moving
rigid objects. The interaction of the neighboring fluid and solid particles renders the fluid–solid interac-
tion and the non-slip solid boundary conditions. The SPH method is improved with corrections on the SPH
kernel and kernel gradients, enhancement of solid boundary condition, and implementation of Reynolds-
averaged Navier–Stokes turbulence model. Three numerical examples including the water exit of a cylinder,
the sinking of a submerged cylinder and the complicated motion of an elliptical cylinder near free surface are
provided. The obtained numerical results show good agreement with results from other sources and clearly
demonstrate the effectiveness of the presented meshfree particle model in modeling free surface flows with
moving objects. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Free surface flows with moving rigid objects can be frequently observed in daily life, engineering
and sciences and can be of utmost importance both in theory and practice. Typical examples include
landing of aircrafts onto water, diving of sportsman, movement of ships and floating platforms on
the sea and sloshing of liquid containers due to external excitations. Numerical simulation of free
surface flows with moving objects involves rapid movement of solid objects, changing and breakup
of free surfaces, strong turbulence and vortices and violent fluid–solid interaction. Conventional
Lagrangian grid-based methods such as the FEM is difficult in treating large flow deformations,
while conventional Eulerian grid-based methods such as the finite volume method and finite dif-
ference method need special algorithms to track or capture the moving free surfaces and moving
objects, which usually complicate the problem [1–4].

SPH is usually regarded as the oldest modern meshfree particle method originally used for con-
tinuum scale applications. As a ‘truly’ meshfree, particle method, it does not need any mesh or grid
either for generating initial data or for transferring information from the background mesh to parti-
cles. SPH was first invented to solve astrophysical problems in three-dimensional open space [5, 6]
and later extended for many other problems. In SPH, the state of a system is represented by a set of
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particles, which possess material properties and interact with each other within a range controlled
by a weight function or smoothing function [7,8]. As a Lagrangian particle method, SPH conserves
mass exactly. In SPH, there is no explicit interface tracking for multiphase flows—the motion of
the fluid is represented by the motion of the particles, and fluid surfaces or fluid–fluid interfaces
move with particles representing their phase defined at the initial stage. The meshfree nature of SPH
method removes the difficulties due to large deformations because SPH uses particles rather than
mesh as a computational frame to approximate-related governing equations.

There are a few literatures addressing the application of SPH method to free surface flows inter-
acting with moving rigid bodies. For example, Oger et al. studied the entry of water of a free-falling
wedge using a weakly compressible SPH (WCSPH) model [9], while Shao numerically simulated
similar water entry problems using an incompressible SPH (ISPH) model [10]. Iglesias et al. simu-
lated the anti-roll tanks and sloshing type problems [11]. Rhee and Engineer studied liquid tank
sloshing with Reynolds-averaged Navier–Stokes (RANS) [12]. Marrone et al. even presented a
2DCt SPH model to study the breaking wave pattern generated by fast-moving ships [13].

In this paper, an improved SPH model for numerical simulation of free surface flows interacting
with moving rigid bodies shall be presented. The SPH model includes an improved approxima-
tion scheme with corrections on kernel gradient and density, an enhanced solid boundary treatment
(SBT) algorithm, and the RANS turbulence model. The effectiveness of the SPH model shall be
carefully validated by three typical examples, including the water exit of a cylinder, the sinking of a
submerged cylinder and the complicated motion of an elliptical cylinder near free surface.

2. GOVERNING EQUATIONS

2.1. Lagrangian form of Reynolds-averaged Navier–Stokes equations for viscous flows

In this paper, the Lagrangian form of the RANS equations is used as governing equations for
incompressible, viscous flows [14, 15].
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where t is time, � is fluid density, v is the velocity vector, P is pressure, � is the dynamic vis-
cosity, g is the gravitational acceleration and R is the Reynolds stress tensor whose elements
are Rij D �v0iv
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where �t is the eddy viscosity, S is the mean rate-of-strain tensor, k is turbulence kinetic energy
and I is a unit tensor. The Smagorinsky model of eddy viscosity �t D .Cs�l/2
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used, where Cs is the Smagorinsky constant usually taken as 0.12 and �l is a mixing length which
is assumed to be the initial particle spacing in SPH. Sij are the elements of S given by
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can be written as k D �Ri i= 2.
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2.2. Equation of motion for moving rigid body

For a moving rigid body, the equation of motion is simply the Newton’s law of motion. The center
of mass can be written as follows:

duo

dt
D
F

M
C g, (5)

where uo is the velocity of the center of mass, F is the summation of forces without gravity around
the rigid body and M is the mass of the rigid body. For two-dimensional problems, the equation for
the angular velocity is

d!

dt
D
J

I
, (6)

where ! is the angular velocity, I is the moment of inertia and J is the total moment of force on
the rigid body about the center of mass. The velocity of a point a on the rigid body is

ua D uoC! � roa, (7)

where roa is the vector from the center of mass o to point a.

3. SPH METHODOLOGY

3.1. SPH equations of motion

SPH method uses a set of particles to represent the state of a simulated system. The particles possess
individual material properties, move according to corresponding governing conservation equations
and act as the computational frame for field variable approximations. Therefore, the SPH approxi-
mation does not require a predefined mesh to provide any connective of the particles in the process
of computation. The SPH method consists two steps in obtaining an SPH formulation, kernel and
particle approximations. The kernel approximation is to represent a function and its derivatives in
continuous form as integral representation using the smoothing function and its derivatives. In the
particle approximation, the computational domain is discretized with a set of particles. A field func-
tion and its derivative can then be written in the following forms. More detailed descriptions of the
SPH method can be found in [16, 17].

Specifically, in SPH, a field function and its derivative can then be written in the following forms:
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where < f .xi / > is the approximated value of particle i , f .xj / is the value of f .x/ associated
with particle j , xi and xj are the positions of corresponding particles, m denotes mass, h is the
smooth length, N is the number of the particles in the support domain and W is the smoothing
function representing a weighted contribution of particle j to particle i . In this paper, the frequently
used cubic spline is used [8].

Substituting the SPH approximations for a function and its derivative to the RANS equations, after
some trivial transformation, the SPH equations of motion for viscous fluid flows can be obtained as
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where the first, second and third terms on the left-hand side of equation (11) describe the SPH
approximations for pressure, viscosity and Reynolds stress tensor, respectively.

For the motion of moving rigid body, F and J can be expressed in SPH as follows:

F D
X
b

fb , (12)

J D
X
b

rob � fb , (13)

where fb denotes the force on particle b because of fluids. The summation is over all rigid body
particles.

3.2. Modeling incompressible flow in SPH

There are basically two approaches in modeling incompressible fluid flows in SPH. The most fre-
quently used approach is based on the assumption that the modeling fluid can be regarded as weakly
compressible, and this approach is usually referred to as WCSPH [18]. The particle density is
slightly changed while the particle pressure can be calculated from an artificial equation of state.
WCSPH is simple in concept, easy in computer implementation, and it is able to obtain reason-
able flow patterns, but it encounters pressure oscillations. This leads to the development of another
approach to model the free surface incompressible flows as rigorously incompressible rather than
weakly compressible as in WCSPH [19]. This leads to the projection-based ISPH method [20, 21].
Unlike WCSPH, the particle density in ISPH remains unchanged, ensuring the incompressibility of
the modeling fluid. The pressure is implicitly obtained from solving the pressure Poisson’s equation
(PPE) rather than from an artificial equation of state as in WCSPH. The PPE is only related on the
relative positions and relative velocities between particles without artificial parameters. Meanwhile,
the solution of PPE in ISPH is based on the entire computational domain. Therefore, compared with
traditional WCSPH methods, the ISPH methods are usually able to obtain much smoother pressure
fields [22]. The resulting equations in ISPH are generally cumbersome, and the computational cost
is usually tremendous. What is more, with the exact implementation of the constraint of constant
density, the entire particle system in ISPH is not as flexible as that in WCSPH. One notable example
is that in ISPH, the free surface condition needs to be explicitly and rigorously implemented.

During recent years, great progresses have been made in WCSPH methods, and the previous
defections such as pressure oscillations have been resolved quite well either by using high-order
SPH approximation schemes such as the corrective smoothed particle method by Chen et al. [23]
and the finite particle method by Liu et al. [24, 25] or by using a well-tuned artificial viscosity
[26]. Density re-initialization [27, 28] is another effective approach to reduce large oscillation of
the particle pressure and can be applied every several time steps without too much computational
cost. Furthermore, the improvements in treating solid boundaries [29] and free surfaces [30] also
contribute to WCSPH in better modeling free surface incompressible flows. Therefore, in this work,
we choose to use WCSPH for modeling the free surface incompressible flows with moving object.

The artificial compressibility considers that every theoretically incompressible fluid is actually
compressible. Therefore, it is feasible to use a quasi-incompressible equation of state to model the
incompressible flow. The purpose of introducing the artificial compressibility is to produce the time
derivative of pressure. In this work, the artificial equation of state is

p D c2�, (14)
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where c is the sound speed, which is a key factor that deserves careful consideration. If the actual
sound speed is employed, the real fluid is approximated as an artificial fluid, which is ideally incom-
pressible. Monaghan [31] argued that the relative density variation ı is related to the fluid bulk
velocity and sound speed in the following way:

ı D
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D
j�� �0j

�0
D
V 2
b

c2
DM 2, (15)

where �0, ��, Vb and M are the initial density, absolute density variation, fluid bulk velocity and
Mach number, respectively.

Morris et al. [32], through considering the balance of pressure, viscous force and body force,
proposed an estimate for the sound speed. He argued that the square of the sound speed should be
comparable with the largest value of V 2

b
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where � .� D �=�/ is the kinetic viscosity, F is the magnitude of the external body force and l is
the characteristic length scale.

3.3. Density and kernel gradient correction

Free surface flows interacting with moving rigid body are usually associated with changing and
breakup of free surfaces. When wave front violently impacts onto solid walls or moving rigid bod-
ies, water particles can first be splashed away from bulky fluid and then fall onto the bulky fluid.
The changing and breakup of free surfaces as well as splashing and fall of water particles lead
to highly disordered particle distribution, which can seriously influence computational accuracy of
SPH approximations. Hence, an SPH approximation scheme, which is of higher order accuracy and
is insensitive to disordered particle distribution, is necessary.

In this work, we used two modified schemes for approximating density (density correction, or
DC) and kernel gradient (kernel gradient correction, or KGC). As to the density correction, a
re-normalization approach is used, in which the density can be approximated as
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In the KGC technique, a modified or corrected kernel gradient is obtained by multiplying the original
kernel gradient with a local reversible matrixL.r i /, which is obtained from Taylor series expansion
method. In two-dimensional spaces, the new kernel gradient of the smoothing function rCi Wij can
be obtained as follows:

rCi Wij D L.r i /riWij , (19)
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where xj i D xj � xi , yj i D yj � yi . It is found that for general cases with irregular particle dis-
tribution, variable smoothing length, and truncated boundary areas, the SPH particle approximation
scheme with KGC is of second-order accuracy [33].
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Figure 1. Illustration of the coupled dynamic solid boundary treatment algorithm.

3.4. Solid boundary treatment

In this work, we used a coupled dynamic-SBT (CD-SBT) algorithm [29], in which two types of
virtual particles, repulsive particles and ghost particles (as shown in Figure 1), are used to represent
the solid boundary. The repulsive particles produce a suitable repulsive force to the approaching
fluid particles near the boundary, and they are located right on the solid boundary. Ghost particles
are located outside the solid boundary area. Different from conventional SBT algorithms, in which
ghost particles are generated by mirroring or reflecting fluid particles onto solid boundary areas, and
need to adapt with the fluid particles at each time step, this new SBT algorithm can generate ghost
particles in a regular or irregular distribution at the first time step, while ghost particle positions do
not need to change during following steps.

The CD-SBT algorithm consists of a new repulsive force for repulsive particles and a new numer-
ical scheme to approximate the information of the virtual particles. The new repulsive force is a
distance-dependent repulsive force with finite magnitude on fluid particles approaching solid bound-
aries. It is an improvement on Kourosh’s work [34], which needs to calculate the tangential and
normal directions of solid boundaries, and is not easy to implement for complex geometries. The
improved repulsive force is a finite distance-dependent repulsive force on fluid particles approach-
ing solid boundaries. To restore the consistency of SPH particle approximation, KGC, Shepard filter
method or moving least square method can be used in the CD-SBT algorithm for approximating
both the fluid and virtual particles. More detailed descriptions can be found in [29].

3.5. Fluid–solid interface treatment

Though the SPH method has been widely applied to different problems in engineering and sciences,
there are few works discussing fluid–structure interactions with SPH method. Fluid–solid interface
is usually treated using some kind of interface force. The interface force is usually dependent on the
interface curvature, and it needs to calculate the tangential and normal directions. This is usually
difficult to approximate in SPH.

In this work, we have further extended the CD-SBT algorithm to the treatment of fluid–solid
interface and refer to the algorithm as coupled dynamic fluid–solid interface treatment (CD-FSIT).
It is also necessary to distribute ghost particles on the rigid body, accumulate force and momentum
on the ghost particles and accumulate them on the rigid body to drive its motion. The only difference
is that in CD-SBT, the solid particles are fixed, while in CD-FSIT, the solid particles move with the
rigid objects. The CD-FSIT algorithm also includes a soft repulsive force between fluid and solid
particles and higher order particle approximate scheme to obtain the information of the virtual par-
ticles. As such, the implementation of fluid–structure interaction in this work is straightforward and
can lead to smooth and accurate pressure field in the flow domain and pressure loads on the moving
objects. More detailed descriptions on the CD-FSIT can be found in [35].

4. NUMERICAL EXAMPLES

4.1. Water exit of a cylinder

In this section, water exit of a cylinder will be numerically simulated using the presented SPH model.
Many researchers have conducted similar studies on water exit using different approaches. For
example, Greenhow and Moyo provided detailed investigations on water entry and exit of horizontal
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circular cylinders [4] by using a two-dimensional BEM based on irrotational flow assumption. Lin
also presented a numerical simulation of water exit of a cylinder using a cut-cell technique with a
fixed grid [1]. In Lin’s work, the movement of rigid body is tracked by Lagrangian method, and the
fluid motion around the body is solved by Eulerian method. Also, a rigid body is approximated by
the partial cell treatment, which treats the irregular body by using the volumetric fraction of solid
in Cartesian cells. Tyvand and Miloh provided theoretical results for this water exit problem [36].

(a)

(b)

(c)

(d)

Figure 2. Simulation results of the water exit of a horizontal cylinder with comparisons among results from
other sources at different time instants (a: TD 0.0; b: TD 0.2; c: TD 0.4; d: TD 0.6; e: TD 0.8; f: TD 1.0;
g: T D 2.0 and h: T D 3.0). Left: numerical results by Lin (solid line), numerical results by Greenhow and
Moyo (dashed line) and theoretical results by Tyvand and Miloh (dotted line) (from [1]). Right: present

SPH results.
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(e)

(f)

(g)

(h)

Figure 2. Continued.

Their theory works well in modeling the free surface shape before the cylinder exits the bulk water,
while it is not valid when the free surface breaks up.

In our work, the problem setup is the same as those in Greenhow and Moyo’s, and Lin’s work. In
the water exit problem, the radius of the horizontal cylinder is chosen to be aD 1.0 m and its center
at a distance below the still water surface of d D 1.25 m. The gravitational acceleration is fixed to
be g D 1.0 m/s2, and the impulsive upward velocity is applied to the cylinder at V D 0.39 m/s.
Approximately 200,000 particles are used in the SPH simulation with initial particle spacing of
0.025 m and a time step �t D 0.2e � 3 s. In order to compare the SPH results with existing results
[1, 4, 36] at corresponding time instants, the physical time is non-dimensionalized as T D jV t=d j.
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Figure 2 shows the snapshots of the SPH results (right column) and existing numerical and the-
oretical results (left column) at T D 0.0, 0.2, 0.4, 0.6, 0.8, 1.0, 2.0 and 3.0. It is clear that SPH
results agree well with existing numerical results for the free surface morphology and position
of the horizontal cylinder. All numerical results are also close to the theoretical results at earlier
stages (before T D 0.4), but difference gradually becomes larger as time marches to 0.6, after
which the theoretical results are no longer valid, and the free surface begins to breakup. When time
further increases, and the cylinder moves to higher positions, water begins to detach from around

(a)

(b)

(c)

(d)

Figure 3. Simulation results of the sinking of a submerged cylinder at different time instants (a: T D 0.0;
b: T D 0.4; c:T D 1.0 and d:T D 2.0). Left: numerical results by Lin (solid line), numerical results by
Greenhow and Moyo (dashed line) and theoretical results by Tyvand and Miloh (dotted line) (from [1]).

Right: present SPH results.
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the surface of the cylinder, falls down to bulk water and forms water splash with violent free surface
deformation (T D 1.0). At around T D 2.0, the cylinder is to exit from the bulk water, water moves
to the middle space evacuated by the upward moving cylinder, and this leads to the rise of water
level in middle region. It is noted that the SPH method can not only well predict the free surface
morphology and position of the horizontal cylinder before its exit from water but also well describe
the water detachment, breakup, splash and wave generation during the exit of cylinder from water.

4.2. Sinking of a submerged cylinder

The geometry of this example is the same as the previous example while the initially submerged
cylinder moves in a downward speed of V D 0.39 m/s. Figure 3 shows the snapshots of the SPH
results (right column) and existing numerical and theoretical results (left column) at T D 0.0, 0.4,
1.0 and 2.0. Again, the SPH results agree well with existing numerical and theoretical results. With
the downward movement of the cylinder, water on the top of the cylinder also falls down and forms
an apparent valley (at T D 0.4). As time further increases, water from both sides moves to the center
of the valley, forms a region with enhanced water level (at T D 1.0) and generates water waves to

Figure 4. Particle distribution of the movement of an elliptical cylinder near free surface at 0.0, 1.0, 2.0, 3.0,
4.0, 5.0 and 6.0 s.

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2014; 74:684–697
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Figure 5. Velocity vectors at 3.0 s (top), 4.0 s (middle) and 5.0 s (bottom).

both sides (at T D 2.0). It is further demonstrated that the present SPH model can well predict the
fluid flow interacting with moving rigid body including free surface deformation with breakup and
evolution of the cylinder.

4.3. The movement of an elliptical cylinder near free surface

In this section, the SPH model will be used to simulate the complicated movement of an elliptical
cylinder near the free surface with prescribed acceleration and velocity. Early approaches for inves-
tigating waves generated by an accelerating rigid body are generally based on potential flow theory,
which is not valid for long-time movement with vortices. Lin provided a numerical simulation of
this problem by solving the genetic RANS equation with a cut-cell technique with a fixed grid [1].
The present SPH model also incorporates RANS turbulence model. The effectiveness of the SPH
method as well as the RANS turbulence model will be examined.

In the simulation, approximately 100,000 SPH particles are regularly distributed in a computa-
tional domain of 10 m long and 1.0 m high with initial particle spacing of 0.01 m. The time step is
taken as 0.2e-3 s. If taking the top-right corner as origin, the elliptical surface of the cylinder can be
defined by .x � 8/2=0.22C .yC 0.2/2=0.12 D 1 with the center of the cylinder located at (8, -0.2).
The elliptical cylinder moves leftwards from stationary with a periodic acceleration and decelera-
tion as ax D � sin!t , where ! D �2�

ı
Tp with Tp D 6 s. The impulsive horizontal and vertical
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Figure 6. Numerical results (vorticity) of the moving elliptical cylinder at 3.0 s (top), 4.0 s (middle) and
5.0 s (bottom). Left: results from [1]. Right: present SPH results.

velocities are therefore Vx D !�1 coswt �w�1 and Vy D 0.16 cos!t , respectively. According to
the periodically changing horizontal and vertical speed, the cylinder will move up for around 0.15 m
and then exit from the free surface and then dives into the water, producing complicated flow pattern
with pronounced vortices. The problem setup is the same as that in Lin’s work except that the water
height is 2.0 m smaller than that (3 m) in Lin’s work in order to save computational effort.

Figure 4 shows the particle distribution of movement of an elliptical cylinder near free surface
at 0.0, 1.0, 2.0, 3.0, 4.0, 5.0 and 6.0 s. The evolution of free surface and position of the elliptical
cylinder are very close to the numerical results provided in [1]. The cylinder starts to move with
gradually increasing speed which reaches maximum at T D 3 s. During this period, waves are gen-
erated in front and behind the cylinder because of the interaction of the body motion and fluid flow.
The front water wave can overtop the cylinder, impact onto water behind the cylinder and produce
violent free surface deformation with water splash. The interaction of the elliptical cylinder with the
fluid flows induces vortices with obvious vertex shedding. The long period of movement, together
with periodical acceleration and deceleration and elliptical shape, makes the vortices generation and
shedding in a complicated manner. After T > 3 s, the cylinder gradually slows down because of
the deceleration, and the wave front still keeps moving with a flattened crest. The overtopping and
impacting of front water onto behind water will further produce more complicated flow pattern with
cavity. Figure 5 shows the zoomed in plots of velocity vector at 3.0, 4.0, 5.0 and 6.0 s. It is clear
that a larger number of vortices with different strength are produced. Figure 6 shows the quantita-
tive comparisons of the present SPH results (vorticity) with the numerical results provided in [1]. In
general, the vorticity fields obtained from two different approaches are very close. The SPH vortic-
ity field is not smooth in some areas, and this is due to the immature post-processing techniques in
meshfree particle methods.

5. CONCLUSIONS

This paper presents an SPH model for simulating free surface flows with moving objects. Fluid par-
ticles are used to model the free surface flows, and solid particles are used to model the dynamic

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2014; 74:684–697
DOI: 10.1002/fld



696 M. B. LIU, J. R. SHAO AND H. Q. LI

movement of moving rigid objects. The interaction of the neighboring fluid and solid particles
renders the fluid–solid interaction and the non-slip solid boundary conditions.

The presented SPH method is improved with density correction and KGC, which leads to better
accuracy especially for non-uniformly distributed particles. A coupled dynamic boundary treatment
algorithm is used, which include two types of virtual particles to describe the solid boundary, either
fixed in computational domain or moving with the rigid object. The kernel-like, soft repulsive force
between approaching fluid and solid particles, on one hand, can effectively prevent particles from
unphysical penetration, and on the other hand, can avoid unwanted numerical oscillations in solid
boundary area. It is also feasible to apply high-order SPH schemes to approximate field functions
of virtual solid particles to obtain better accuracy enhance computational accuracy in boundary
areas. In order to model flows with strong turbulence and vortices, the RANS turbulence model is
incorporated into the SPH method

The model is then applied to simulate three numerical examples including the water exit of a
cylinder, the sinking of a submerged cylinder and the complicated motion of an elliptical cylin-
der near free surface. The present SPH results are comparatively examined with results from other
sources. For the first two examples, it is demonstrated that the presented SPH model can well predict
the fluid flow interacting with moving rigid body including free surface deformation with breakup
and evolution of the cylinder. The last example shows the effectiveness of the presented SPH
model in capturing strong turbulence and vortices. It is expected that with multi-phase and multi-
material treatment models, the presented SPH method can be applied to simulate more complicated
fluid–structure interaction problems with air entrapment and multiple moving bodies.
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