
Yin Yao

Shaohua Chen1

e-mail: chenshaohua72@hotmail.com

The State Key Laboratory of

Nonlinear Mechanics,

Institute of Mechanics,

Chinese Academy of Sciences,

Beijing, 100190, China

Effects of the Longitudinal
Surface Roughness on Fiber
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Composites
Surface modifications are known as efficient technologies for advanced carbon fibers to
achieve significant improvement of interface adhesion in composites, one of which is to
increase the surface roughness in the fiber’s longitudinal direction in practice. As a
result, many microridges and grooves are produced on carbon fiber’s surfaces. How does
the surface roughness influence the carbon fiber’s pull-out behavior? Are there any
restrictions on the relation between the aspect ratio and surface roughness of fibers in
order to obtain an optimal interface? Considering the real morphology on carbon fiber’s
surface, i.e., longitudinal roughness, an improved shear-lag theoretical model is devel-
oped in this paper in order to investigate the interface characteristics and fiber pull-out
for carbon fiber-reinforced thermosetting epoxy resin (brittle) composites. Closed-form
solutions to the carbon fiber stress are obtained as well as the analytical load-
displacement relation during pullout, and the apparent interfacial shear strength (IFSS).
It is found that the interfacial adhesion and the apparent IFSS are effectively strength-
ened and improved due to the surface roughness of carbon fibers. Under a given tensile
load, an increasing roughness will result in a decreasing fiber stress in the debonded
zone and a decreasing debonded length. Furthermore, it is interesting to find that, for a
determined surface roughness, an optimal aspect ratio, about 30�45, of carbon fibers
exists, at which the apparent IFSS could achieve the maximum. Comparison to the exist-
ing experiments shows that the theoretical model is feasible and reasonable to predict the
experimental results, and the theoretical results should have an instructive significance
for practical designs of carbon/epoxy composites. [DOI: 10.1115/1.4007440]

Keywords: carbon/epoxy composites, longitudinal surface roughness, shear-lag model,
fiber pull-out, apparent IFSS

1 Introduction

Fiber-reinforced composites (FRC), which consist of fibers and
matrix with plenty of interfaces between them, have a wide range
of applications in various engineering artifacts, such as machine
components, aerospace, and civil engineering structures, etc. [1].
In the composite system, both fibers and matrix maintain their
physical and chemical identities and complement each other with
their respective advantages. Therefore, FRC can be designed to
have desirable properties (e.g., stiffness, strength, or toughness)
for various engineering purposes, which cannot be achieved by
any of the constituent materials acting alone [2].

Till now, many research have been focused on the mechanical
properties and optimal design of FRC [3–5]. As a reinforcing
phase, the fiber is expected to have significant strength and stiff-
ness so that the load bearing capacity of composites can be effec-
tively improved. Meanwhile, the weight reduction of the
composite structure is also a critical factor that should be consid-
ered, especially for the aerospace and automotive utilizations. To
meet the two aspects, carbon fiber is a very favorable choice,
owing to its attractive characteristics of high stiffness, high
strength, and light weight [6–9]. In many applications, carbon
fibers are mixed into a thermosetting polymer matrix (e.g., epoxy

resin) with a good thermal stability and chemical resistance to
produce carbon fiber-reinforced epoxy composite, which is a typi-
cal representative of advanced composites and widely used in
aeronautical, marine, and automobile industries [1,10,11].

As pointed out by many researchers, the performances of car-
bon/epoxy composites are largely dependent on the properties of
fiber/matrix interface [6,12–15]. Strong interface adhesion guaran-
tees efficient load transfer from the resin matrix to carbon fibers
with high strength and stiffness so that the advantages of the rein-
forcements can be brought into full play. However, substantial
studies have proved that carbon fibers have inert surfaces and
always achieve weak adhesion to the organic resin matrix
[16–18], leading to the occurrence of interfacial failure, such as
interface debonding and fiber pull-out. Many surface modification
techniques, such as oxidation, electrochemical, and plasma treat-
ments, are developed in order to increase the chemical functions
and roughness on the carbon fiber’s surface; thus the chemical and
physical interactions between carbon fiber and resin matrix can be
strengthened. It is of great significance for the optimal design of
carbon/epoxy composites with high qualities [19–22].

One of the surface modification techniques is to increase carbon
fiber’s surface roughness by etching treatment [21,23,24]. Using the
scanning electron microscopy (SEM), it can be clearly observed that
on the surfaces of treated carbon fibers, a large number of microridges
and grooves distribute parallel in the fiber’s longitudinal direction,
leading to the longitudinal surface roughness [25–29]. As a result, the
interfacial contact area is enlarged and the mechanical interlocking
between fibers and matrix is enhanced. It has been proved by the fiber
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pull-out (FPO) tests, which show apparently increasing average inter-
facial shear strength (apparent IFSS) with the increase of longitudinal
ridges and striations on carbon fiber’s surface [26,28,29].

At present, the importance of carbon fiber’s surface roughness in
improving the interface adhesion is well recognized. Much atten-
tion has been paid to this issue, but most is confined to experimental
investigations, in which fiber pull-out tests are commonly used to
evaluate the enhancement of IFSS due to the surface roughness.
Relevant theoretical studies are still very limited. In the early
research on silicon-carbon (SiC) and metal fibers, Kerans and Par-
thasarathy [30], Liu et al. [31], Parthasarathy et al. [32], and Chai
and Mai [33] have proposed a series of analytical models to explore
the effects of interface roughness on the fiber pull-out and push-out
behaviors, which provided several basic approaches to describe the
rough surface topography (e.g., Fourier series, periodic trigonomet-
ric functions, and linear roughness profiles). Since many longitudi-
nal striations are initially generated on carbon fiber’s surface in the
manufacturing process, longitudinal surface roughness is much eas-
ier to be produced than any other roughness patterns during surface
modifications [7,29]. However, in the previous theoretical research,
roughness of interface was generally assumed to be a circumferen-
tial one, i.e., the microridges and grooves distribute perpendicularly
to the longitudinal direction of fibers, which is actually not consist-
ent with the reality in experiments and practice [27,28]. The exist-
ing theoretical models did not reflect the realistic surface roughness
of carbon fiber. A theoretical model considering the effect of
longitudinal roughness of interface on the mechanical behaviors
of carbon fiber-reinforced composites is still lacking, which should
be more consistent with the experimental facts and has more
instructive significance for practical designs of carbon/epoxy
composites.

In this paper, such a theoretical model is established, in which
longitudinal microridges and grooves on carbon fiber’s surface are
characterized and an improved shear-lag model is established.
The influence mechanisms of longitudinal roughness on carbon
fiber’s pull-out from a thermosetting epoxy resin matrix are inves-
tigated, in which the surface roughness is evaluated by a ratio of
the microscale amplitude to the wavelength of the roughness.
Using this model, closed-form solutions to the axial stress of car-
bon fibers and the apparent IFSS are obtained, through which the
effects of the longitudinal surface roughness on the fiber stress
distribution and improvement of interfacial adhesions are dis-
cussed in detail. Comparisons between the theoretical predictions
and the experimental results are also carried out.

2 Theoretical Model and Analysis

2.1 Characterization of the Longitudinal Surface
Roughness. According to recent experiments [27–29], an idealized
configuration of carbon fiber segment with a rough surface is sketched
in Fig. 1. The longitudinal microridges and grooves on the fiber’s sur-
face are assumed to have a periodical distribution in the circumferen-
tial direction and the fiber’s cross section keeps uniform in the axial
direction. Consequently, the fiber’s radius rf can be described by a co-
sine function of the central angle h, independent of the coordinate z,
which is similar to Jiang et al. [34] and Waters et al. [35]:

rf ðhÞ ¼ rf 0 þ D cos
2prf 0h

k
(1)

where rf 0 represents the radius of carbon fiber with a smooth sur-
face as shown in Fig. 1(c). D and k are the microscale amplitude
and wavelength of the wavy cross section, respectively. Then the
area and perimeter of the cross section can be obtained:

Af ¼
ð2p

0

dh
ðrf ðhÞ

0

rdr � pr2
f 0;

cf ¼
þ

sf

ds ¼
ð2p

0

rf ðhÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

rf ðhÞ
� �2 drf ðhÞ

dh

� �2

vuut dh

(2)

Compared to the case with a smooth surface, the area of fiber’s
cross section keeps almost unchanged due to the small size of sur-
face asperities, while the perimeter is enlarged, leading to an aug-
mentation of the total surface area of the carbon fiber. It should be
noted that when D!0 or k!1, the carbon fiber’s surface tends
to be smooth and the perimeter cf will approach 2prf 0.

The special morphology of carbon fiber’s surface with longitu-
dinal roughness considered in the present paper has been analyti-
cally characterized by Eqs. (1) and (2), which will be incorporated
into the classical shear-lag equation in the following text.

2.2 An Improved Shear-Lag Model With the Effect of
Longitudinal Surface Roughness. Considering the carbon
fiber’s longitudinal surface roughness, an improved shear-lag
model shown in Fig. 2 is established as compared to the classical
one, in which a single fiber with longitudinal surface roughness is
embedded in a cylindrical epoxy resin matrix. The carbon fiber
has a radius rf and the radius of the cylindrical matrix is rm. L is
the total length of the embedded carbon fiber. b denotes the
debonded fraction as shown by the dashed part in Fig. 2(a). Both
the carbon fiber and resin matrix are assumed to be linear elastic
and isotropic materials with Ef , �f , jf , Em, �m, jm being their
Young’s moduli, Poisson’s ratios, and thermal expansion coeffi-
cients, respectively. The subscripts f and m denote the fiber and
matrix, respectively. Similar to the pull-out test [36], a uniform
tensile load r0 is applied to the fiber end (at z ¼ 0) and the lateral
surface of matrix cylinder is stress-free. Then, the equilibrium
condition between the externally and internally axial stresses
requires

r0 ¼ rf þ
1

c
rm; c ¼ Af

pr2
m � Af

�
r2

f 0

r2
m � r2

f 0

(3)

in which rf ;rm are the axial stresses in the fiber and matrix, depend-
ing only on the coordinate z, i.e., rf ¼ rf ðzÞ, rm ¼ rmðzÞ [37].

The stress-strain constitutive relations follow the general
Hooke’s law

ear ¼
1

Ea
½rar � �aðrah þ raÞ�

eah ¼
1

Ea
½rah � �aðrar þ raÞ�

eaz ¼
1

Ea
½ra � �aðrar þ rahÞ�

erz
f ¼

2ð1þ �f Þ
Ef

srz
f ; erz

m ¼
2ð1þ �mÞ

Em
srz

m

ða ¼ f ;mÞ (4)

where rar; rah; ra; srz
a are the radial, hoop, axial, and shear

stresses, and ear; eah; eaz; erz
a are the corresponding strain compo-

nents, respectively. Among them, the shear stress srz
f and strain erz

f
in the fiber are always neglected since the fiber mainly supports
the axial tensile stress [33,38]. For an axisymmetric problem, it is
known that the radial and hoop stresses in the fiber and matrix
have the general forms as follows [39]:

rfr ¼ rf h ¼ A; rmr ¼
B

r2
þ C; rmh ¼ �

B

r2
þ C (5)

The unknown parameters A;B;C in Eq. (5) are independent of the
coordinate r, and their expressions can be found in Chai and Mai
[33] and Gao et al. [37]:

A ¼ q0 � q�; B ¼ cr2
mðq0 � q�Þ; C ¼ �cðq0 � q�Þ (6)

where q0 and q� represent the interface radial stresses induced by
the thermally residual stress and Poisson’s effect, respectively,
which can be expressed as
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q0 ¼
Emðjm � jf ÞDT

að1� �f Þ þ ð1þ 2cþ �mÞ
; qv ¼ k1rf ðzÞ � k2r0

a ¼ Em

Ef
; k1 ¼

a�f þ c�m

að1� �f Þ þ ð1þ 2cþ �mÞ
;

k2 ¼
c�m

að1� �f Þ þ ð1þ 2cþ �mÞ

(7)

DT denotes the temperature difference during the curing process
of carbon/epoxy composites [40]. The dimensionless parameters
k1, k2 depend not only on the material constants of the fiber and
matrix but also their sizes.

The equilibrium condition for an infinitesimal carbon fiber ele-
ment with longitudinal surface roughness as shown in Fig. 2(b)
yields

ðrf þ drf ÞAf þ dz

þ
sf

sizds ¼ rf Af (8)

which is equivalent to

drf

dz
¼ �

þ
sf

sizds

pr2
f 0

(9)

Eq. (9) is a general form of the improved shear-lag equation includ-
ing the effect of rough interface geometries, in which siz is the inter-
face shear stress in the z direction, i.e., siz ¼ ðsrz

mÞr¼rf
, and dz is the

length of the fiber element. Based on the improved shear-lag relation
in Eq. (9), a closed-form solution of carbon fiber stress including the
effect of longitudinal roughness can be achieved as follows.

Fig. 1 Schematics of a carbon fiber with surface roughness. (a) 3D configuration of the fiber
segment with longitudinal surface roughness; (b) cross section of the carbon fiber with circum-
ferentially wavy contour curve; (c) periodically wavy interface in the r � h plane.
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2.3 Closed-Form Solution of the Carbon Fiber Stress in
the Debonded Region. The surface roughness considered in our
paper is longitudinal not circumferential. The tangential direction
of each point on the surface with longitudinal roughness is con-
sistent with the direction of the interface shear stress. Coulomb’s
law is valid for such a wavy surface, which has been adopted even
for the surface with circumferential roughness by Liu et al. [31]
and Chai and Mai [33], so that the interface shear stress satisfies

siz ¼ �lrc ð0 � z � bLÞ (10)

where l is the friction coefficient and the contact pressure rc at
each point is the component perpendicular to the tangential direc-
tion of the point, as shown in Fig. 1(c), which is the difference
between cases of smooth surface and rough one. The decomposi-
tion of rc in the curvilinear coordinate system yields

rcr ¼ rc cos a ¼ rcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

rf ðhÞ
� �2 drf ðhÞ

dh

� �2
vuut

(11)

where rcr is the interface radial pressure normal to the original
smooth interface. a is the angle between the tangential planes of
the original smooth and rough interfaces as shown in Fig. 1(c).
Apparently, the cosine of a is relevant to the rough interface
geometries.

In the present model, it is assumed that no radial mismatch
occurs between the fiber and matrix during pull-out due to the
same direction of the longitudinal microridges and grooves as that
of the frictional sliding. Once debonding happens, the relative
sliding between the fiber and matrix is along a straight and smooth
path in the present model, instead of a sawtooth or sinusoidal-
shaped path observed in the cases with a circumferential rough-
ness [30,32]. Therefore, rcr does not contain the additional radial
stress induced by asperities misfits [31,33,41]. Meanwhile, since
the microscale asperities on the rough interface are rather small as
compared to the fiber’s radius, rcr has the following expression:

rcr ¼ ðrfrÞr¼rf
¼ q0 � q� (12)

Combining Eqs. (2), and (9)–(12) yields

drf

dz
¼ lðq0 � qvÞ

pr2
f 0

ð2p

0

1þ 1

½rf ðhÞ�2
drf ðhÞ

dh

� �2
( )

rf ðhÞdh (13)

which is the detailed improved shear-lag equation considering the
longitudinal surface roughness in the present paper. When D!0
or k!1, the integral in Eq. (13) tends to be 2prf 0. Equation (13)
can then be naturally reduced to the classical one [37]:

drf

dz
¼ 2lðq0 � qvÞ

rf 0

(14)

Let �D ¼ D=rf 0, �k ¼ k=rf 0, �z ¼ z=L, �rf ¼ rf ðhÞ=rf 0. The aspect
ratio can be denoted as q ¼ L=2rf � L=2rf 0, then, Eq. (13) is
rewritten as

drf

d�z
¼ 2qlðq0 � qvÞ

p

ð2p

0

1þ 1

½�rf ðhÞ�2
4p2 �D2

�k2
sin

2ph
�k

( )
�rf ðhÞdh

(15)

where �rf ðhÞ ¼ 1þ �D cos ð2ph=�kÞ.
Based on Eqs. (7) and (15), a closed-form solution of the carbon

fiber stress in the debonded region can be obtained as

rf ð�zÞ ¼
q0 þ k2r0

k1

� q0 þ k2r0

k1

� r0

� �

� exp � 2r1qlk1�z

p

� �
ð0 � �z � bÞ (16)

where r1 ¼
Ð 2p

0
1þ 1

½�rf ðhÞ�2
4p2 �D2

�k2 sin 2ph
�k

n o
�rf ðhÞdh.

2.4 Closed-Form Solution of the Carbon Fiber Stress in
the Bonded Region. In the bonded region ðb � �z � 1Þ, according
to the equilibrium of axial forces of matrix annulus [42], we have

Fig. 2 Schematics of the loading form of carbon fiber-reinforced epoxy resin matrix
composites. (a) Cylindrical model for a single fiber pulling out from the matrix; (b) an
infinitesimal carbon fiber element with longitudinal surface roughness.
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drm

dz
¼

þ
sf

sizds

pr2
m � Af

¼

þ
sf

sizds

pðr2
m � r2

f 0Þ
drm

dz
¼ 2r

r2
m � r2

srz
m ðrf < r < rmÞ

8>>>>><
>>>>>:

(17)

which yields

þ
sf

sizds ¼
2pðr2

m � r2
f 0Þr

r2
m � r2

srz
m ¼

2pðr2
m � r2

f 0Þr
r2

m � r2

Em

2ð1þ �mÞ
@wmz

@r

(18)

Here wmz is the axial displacement of the matrix, and siz is inde-
pendent of r. Integrating Eq. (18) with respect to r leads to

þ
sf

sizds ¼ Em

1þ �m

pðr2
m � r2

f 0Þ

r2
m lnðrm=rf Þ �

r2
m � r2

f

2

½ðwmzÞr¼rm
� ðwmzÞr¼rf

�

� Em

1þ �m

pðr2
m � r2

f 0Þ

r2
m lnðrm=rf 0Þ �

r2
m � r2

f 0

2

½ðwmzÞr¼rm
� ðwmzÞr¼rf

�

(19)

Differentiating Eq. (19) with respect to z and considering the non-
slipping feature of the interface in the bonded region yield

d

þ
sf

sizds

 !

dz
¼ Em

1þ�m

pðr2
m� r2

f 0Þ

r2
m lnðrm=rf 0Þ�

r2
m� r2

f 0

2

½ðemzÞr¼rm
�ðefzÞr¼rf

�

(20)

The shear-lag equation in the bonded region can then be obtained
from Eqs. (4)–(7), (9), and (20):

d2rf

dz2
� g1rf ¼ �g1g2r0 þ g1g3q0 (21)

in which

g1 ¼
2

1þ �m

ðaþ cÞ � 2k1ða�f þ c�mÞ
2cr2

m lnðrm=rf 0Þ � r2
f 0

;

g2 ¼
cð1� 2k1�mÞ

ðaþ cÞ � 2k1ða�f þ c�mÞ
;

g3 ¼
2ða�f þ c�mÞ

ðaþ cÞ � 2k1ða�f þ c�mÞ

(22)

where the two parameters k1, k2 are given in Eq. (7).
Let �z ¼ z=L, �rm ¼ rm=rf 0, the dimensionless form of Eq. (21)

can be written as

d2rf

d�z2
� 4q2�g1rf ¼ �4q2�g1g2r0 þ 4q2�g1g3q0

�g1 ¼
2

1þ �m

ðaþ cÞ � 2k1ða�f þ c�mÞ
2c�r2

m lnð�rmÞ � 1

(23)

Consider the boundary conditions

�z ¼ b : rf ¼ re

�z ¼ 1 : rf ¼ 0
(24)

where re denotes the carbon fiber stress at the dividing point
between the debonded and bonded regions. With the help of Eq.
(16), we have

re ¼
q0 þ k2r0

k1

� q0 þ k2r0

k1

� r0

� �
exp � 2r1qlk1b

p

� �
(25)

Then, the closed-form solution of the carbon fiber stress in the
bonded region, based on Eqs. (23)–(25), can be obtained as

rf ð�zÞ ¼ re
sinh½2q

ffiffiffiffiffi
�g1

p ð1� �zÞ�
sinh½2q

ffiffiffiffiffi
�g1

p ð1� bÞ� þ ðg2r0 � g3q0Þ

� 1� sinh½2q
ffiffiffiffiffi
�g1

p ð1� �zÞ� þ sinh½2q
ffiffiffiffiffi
�g1

p ð�z� bÞ�
sinh½2q

ffiffiffiffiffi
�g1

p ð1� bÞ�

� �

� ðb � �z � 1Þ (26)

2.5 Relation Between the Tensile Load and the Carbon-
Fiber’s Displacement During Pull-Out. The whole pull-out pro-
cess can be generally divided into two stages, i.e., the interface
debonding and fiber pull-out [43], in which the required tensile
load and fiber’s sliding displacement are expressed as r0d, dd and
r0p, dp, respectively. The subscript “d” denotes “debonding” and
the one “p” represents “pull-out.”

2.5.1 Partial Interface Debonding. Based on the Griffith
energy balance equation [33], the interface debonding criterion
can be derived as

Gcr ¼
@Ut

@Sd
¼ @Ut

@ bL

þ
sf

ds

 ! ¼ 1

L

þ
sf

ds

@Ut

@b
(27)

where Gcr is the interface fracture toughness, Sd denotes the
debonded area. Ut is the total elastic strain energy of the carbon/
epoxy composite:

Ut¼UftþUmt

¼ 1

2Ef

ðL

0

ðrf

0

½r2
f þr2

frþr2
fh�2�f ðrf rfrþrf rf hþrfrrf hÞ�2prdrdz

þ 1

2Em

ðL

0

ðrm

rf

½r2
mþr2

mrþr2
mh�2�mðrmrmrþrmrmhþrmrrmhÞ

þ 2ð1þ�mÞðsrz
mÞ

2�2prdrdz (28)

where Uft and Umt refer to the elastic strain energy in the carbon
fiber and epoxy resin matrix, respectively. All the stress compo-
nents in Eq. (28) are provided in Eqs. (3), (5)–(7), (16), (17), and
(26). Then, Eq. (27) can be rewritten as a quadratic function of
r0d:

GcrL

þ
sf

ds ¼ @Uft

@b
þ @Umt

@b
¼ w1r

2
0d þ w2r0d þ w3 (29)

where w1 � w3 are given by Eqs. (A18) and (A19) in the Appen-
dix as well as the details of derivation of Eq. (29). Solving Eq.
(29) and abandoning the negative root result in

r0d ¼
1

2w1

�w2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

2 � 4w1ðw3 � GcrL

þ
sf

dsÞ
s" #

(30)

where the tensile load r0d is a function of the debonded fraction
b, i.e., r0d ¼ r0dðbÞ.
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The relative displacement vðzÞ of carbon fiber in the debonded
region satisfies

dvðzÞ
dz
¼ d

dz
wfz � wmz

		 		 ¼ efz � emz

		 		; ð0 � z � bLÞ (31)

where wfz and wmz denote the axial displacements of the fiber and
matrix. The axial strain components efz and emz in the fiber and
matrix can be found from Eqs. (3)–(7). In addition, we have
vðz ¼ bLÞ ¼ 0. Then, vðzÞ can be determined from Eq. (31) as

�vð�zÞ ¼ vðzÞ
L
¼ 1

Em
k1f1ð�zÞ þ ðk2r0d þ k3q0Þðb� �zÞj j (32)

where

k1 ¼ aþ c� 2k1ða�f þ c�mÞ; k2 ¼ 2k2ða�f þ c�mÞ � c

k3 ¼ 2ða�f þ c�mÞ; �z¼ z=L

f1 ¼
ðq0 þ k2r0dÞðb� �zÞ

k1

� p½q0 þ ðk2 � k1Þr0d�
2k2

1r1lq
e�

2qk1r1l�z
p � e�

2qk1r1lb
p

� �
ð0� �z� bÞ

(33)

Parameters k1, k2, a, c, r1 are provided in Eqs. (3), (7), and (16).
The dimensionless carbon fiber’s displacement �dd at �z ¼ 0 can be
achieved as

�dd ¼ �vð0Þ ¼ 1

Em
k1f1ð0Þ þ bðk2r0d þ k3q0Þj j

f1ð0Þ ¼
bðq0 þ k2r0dÞ

k1

� p½q0 þ ðk2 � k1Þr0d�
2k2

1r1lq
1� e�

2qk1r1lb
p

� �
(34)

The relation between the tensile load r0d and the carbon fiber’s
sliding displacement �dd in the debonding stage is now explicitly
expressed by Eqs. (30) and (34), where both quantities are func-
tions of parameter b:

r0d ¼ r0dðbÞ
�dd ¼ �ddðbÞ

(
(35)

2.5.2 The Pull-Out Stage. When the interface is completely
debonded, i.e., b ¼ 1, the carbon fiber can be pulled out from the
epoxy resin matrix. At this stage, the stress transferring along the
whole interface is assumed to abide by the Coulomb’s frictional

law [43,44]. The normalized pull-out displacement �dp ranges from

ð�ddÞb¼1 to 1. The normalized fiber length embedded in the matrix

is defined as le, which equals 1� �dp.
Combining Eqs. (10)–(15) and using the boundary condition

ðrf Þ�z¼le
¼ 0 yield the relation between the tensile load r0p and the

displacement �dp,

r0p ¼
1�e

2qk1r1lð1��dpÞ
p

� �
q0

k1�k2þk2e

2qk1r1lð1��dpÞ
p

; ðð�ddÞb¼1 � �dp � 1Þ (36)

where the parameter r1 is given in Eq. (16) characterizing the
effect of surface roughness. It can be found that when �dp changes
from ð�ddÞb¼1 to 1, the corresponding tensile load r0p will decrease
from ðr0dÞb¼1 to zero.

2.5.3 Apparent IFSS. An apparent IFSS sa is introduced in
this section to evaluate the interfacial adhesion. It was often used

in fiber pull-out tests [28,45,46] and defined as the average shear
stress over the whole interface region when the tensile load
reaches the maximum and catastrophic interface failure tends to
occur.

sa ¼
rmax

0 pr2
f 0

2prf 0L
¼ rmax

0

4q
(37)

where rmax
0 is the maximum tensile load occurring in the debond-

ing stage.
One can see that the apparent IFSS, which reflects the load

bearing capacity of the fiber/matrix interface in a composite sys-
tem, depends on not only the carbon fiber’s geometry but also the
maximum tensile load. The apparent IFSS will be discussed in the
present model of carbon fiber-reinforced epoxy composites with
longitudinal interface roughness in the following text.

3 Results and Discussions

According to Huang and Young [47], stress transfer at a perfect
interface between the carbon fiber and epoxy resin matrix should
attribute to the elastic shear deformation, because the epoxy resin
is a thermosetting polymer. According to Hughes [6], Zhang et al.
[40], and Piggott [48], the parameters of the carbon fiber and ep-
oxy resin matrix are taken as Ef ¼ 230 GPa, Em ¼ 3 GPa,

�f ¼ 0:2, �m ¼ 0:35, jf ¼ 12� 10�6=0
C, jm ¼ 55� 10�6=0

C,

l ¼ 0:3, Gcr ¼ 200 J=m
2
. The nondimensional radius of the ma-

trix is adopted as �rm ¼ rm=rf 0 ¼ 4, the aspect ratio of the carbon
fiber is q ¼ L=2rf 0 ¼ 10, and the temperature difference
DT ¼ �150 �C, unless otherwise stated.

The interface roughness is evaluated by the ratio of the amplitude
to the wavelength D=k. When D=k approaches zero, the fiber/ma-
trix interface tends to be smooth. According to the experimental
results [28], the values of D=k change with the etching time as
shown in Table 1. One can see that the amplitude increases, while
the wavelength decreases with an increasing treating time. In other
words, the longitudinal grooves become deeper and the number of
grooves increases, leading to a reducing wavelength of the rough-
ness. In contrast to the micrometer radius of carbon fibers, the am-
plitude of asperities is very small, which has a nanoscale.

3.1 The Tensile Load in the Debonding and Pull-Out
Stages. Figure 3 shows the relation between the normalized tensile
load �r0d (�r0d ¼ r0d=Em) in the debonding stage and the debonded
fraction b for different interface roughness. From Fig. 3, one can
see that the tensile load initially increases from a finite value, which
is very similar to the analytical results in Chai and Mai [33] and
Piggort [48]. The initially finite value corresponds to the initiation
of interface debonding, i.e., b ¼ 0. When the tensile load exceeds a
peak value, catastrophic interface failure occurs [46], the remaining
bonded interface debonds very rapidly, and the tensile load drops
sharply in an unstable fashion. There is a critical value of the
debonded fraction b, at which the tensile load �r0 achieves the maxi-
mum. We call the critical value bc, which can be theoretically
determined from Eq. (35). Numerical calculation on dr0d=db ¼ 0
shows bc � 0:63. It is interesting to find that the critical value bc is

Table 1 Values of D=k for different etching time (carbon fiber
radius rf 0 ¼ 3:5 lm)

Treating time (hour) D/rf0 k/rf0 D/k

0 h 0 — 0
24 h 0.0055 0.286 0.019
48 h 0.0072 0.171 0.042
72 h 0.009 0.122 0.074
96 h 0.012 0.107 0.112
120 h 0.016 0.086 0.186
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almost insensitive to the interface roughness and coincides with
that predicted by Piggort [48] for carbon/epoxy composites with
smooth interfaces, while the tensile load increases with an increas-
ing interface roughness D=k for a fixed debonded fraction. It means
that the rougher the carbon fiber’s surface, the higher tensile load is
needed to cause the interface debonding.

The relation of the tensile load versus the displacement for the
whole pull-out process is plotted in Fig. 4(a). The experimental
result from Bismarck et al. [49] for carbon/epoxy composites is
also presented for comparison. One can see that the theoretical
prediction has the same order magnitude as the experimental one.
The magnitude difference between the theoretical and experimen-
tal results may be primarily caused by several aspects, such as the
values of the material parameters, the surface roughness profiles,
geometry of the pull-out device, the mechanical and thermal prop-
erties of the carbon fiber and epoxy resin matrix, etc. Two main
features of carbon fiber pull-out behavior are captured theoreti-
cally, which was also exhibited by the existing experiment results
and the theoretical ones for the case of smooth interfaces: (1) Fig.
4(a) shows that the tensile load increases rapidly from zero to its
peak value with a very small displacement. It means that the inter-
face debonding stage occupies a small part of the whole pull-out
process in carbon/epoxy composites [50], which is consistent with
the experimental observation [49]; (2) Fig. 4(b), as an amplifica-
tion of the theoretical results in Fig. 4(a), clearly depicts the tran-
sition from the debonding stage to the fiber pull-out stage, in
which point A corresponds to the turning point at which b ¼ bc

and the tensile load begins to decrease, while point B corresponds
to the complete debonding with b ¼ 1. From point A to point B,
the tensile load drops precipitously from its maximum to a finite
value, with a very small increment of fiber’s displacement, which
exhibits an instable “friction-controlled” pattern as described in
Gao et al. [37] and Yue and Cheung [51]. The stress transfer at
the debonded interface is governed by sliding friction and the cat-
astrophic interface debonding occurs immediately after the tensile
load reaches its maximum. All the features are consistent with the
experimental results shown in Fig. 4(c) [49].

3.2 Relations Among the Carbon Fiber Stress, Interface
Roughness and Debonded Fraction. The relation between the
debonded fraction b and the interface roughness D=k under a fixed
tensile load �r0 is shown in Fig. 5(a) and the one between the ten-
sile load �r0 and the interface roughness D=k for a fixed b is shown
in Fig. 5(b). It is found that under a given tensile load, an increas-
ing interface roughness D=k leads to an obvious reduction of the
length of the debonded region, which suggests that the longitudi-
nal surface roughness on carbon fiber’s surface can effectively
suppress the development of interfacial failure. On the other hand,
when the interface becomes rougher, a larger tensile load is

required to maintain the same size of the interface debonding
region.

Under a fixed tensile load, the distribution of carbon fiber stress
in the debonded region is plotted in Fig. 6(a). When the interface
becomes rougher, the fiber stress decreases due to an increasing
interface frictional resistance, which is qualitatively consistent with
the numerical results in Liu and Kagawa [52]. While Liu and
Kagawa [52] characterized the interface roughness by a frictional
coefficient in their numerical simulations, the microscale geometric

Fig. 3 The normalized tensile load during the debonding stage
versus the debonded fraction for different interface roughness

Fig. 4 The whole pull-out process of a carbon fiber-reinforced
epoxy resin matrix composite. (a) The relation between the nor-
malized tensile load and the normalized sliding displacement
for different interface roughness; (b) amplification of the curves
of the tensile load versus sliding displacement in the region of
0 £ �d £ 0:005; (c) amplification of the experimental results [49] of
load-displacement curve in the region of 0 £ �d £ 0:1.
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parameters of the interface roughness are denoted as D and k in the
present paper, which should be more realistic.

The results in Fig. 6(a) should be very useful for the research on
crack bridging mechanisms in carbon fiber-reinforced epoxy com-
posites. As pointed out by Marshall et al. [53] and Hsueh [54], a
macroscopic matrix crack can be bridged by aligned fibers, which
debond from and slip frictionally against the matrix. If the axial
stress carried by the bridging fiber is too large and causes the fiber
to break at weak points, the overall toughness and strength of com-
posites will be weakened consequently. Therefore, when a bridging
crack occurs in carbon/epoxy composites, it is necessary to ensure
the safety of fibers. Inspired by the results in Fig. 6(a), the stress
level in the bridging fibers can be reduced by properly roughening
the interface. However, a large interface roughness should also be
avoided because a strong interfacial adhesion would make the inter-
face difficult to debond and matrix cracks are very likely to propa-
gate catastrophically [55]. Therefore, the problem of achieving an
optimal interface roughness to meet improved toughness and high
strength is put forward. This important issue is out of the scope of
this paper and will be investigated in the future.

Figure 6(b) gives the distributions of carbon fiber stress along
the whole fiber length for a fixed debonded fraction. The tensile
load increases with an increasing roughness, which naturally leads
to a larger axial stress in the carbon fiber.

3.3 The Apparent IFSS With the Effect of Interface
Roughness. Using the experimental data in Table 1, we plot the
variations of the apparent IFSS versus the surface etching time in

Fig. 7, where the experimental results [28] are also presented for
comparison. It is found that the apparent IFSS predicted by the
present theoretical model has the same order magnitude as the ex-
perimental one and increases with the increasing treating time,
reflecting a positive effect of the interface roughness. The

Fig. 5 The effects of the interface roughness on the mechanical
behaviors of composites. (a) The debonded fraction b as a
function of the roughness ratio D=k under a fixed tensile load;
(b) the tensile load �r0 varying with the roughness ratio D=k for a
given debonded fraction.

Fig. 6 The distributions of carbon fiber axial stress along the
fiber length. (a) In the debonded region under a given tensile
load; (b) along the whole fiber length with a fixed debonded
fraction.

Fig. 7 The effect of the etching time on the apparent IFSS for
cases with different aspect ratios, where the experimental results
[28] are shown for comparison
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theoretical result in the case with aspect ratio q ¼ 20 is almost
identical with the experimental one [28], which also verifies the
physical reasonableness of our theoretical model. It is worth not-
ing that, for a given aspect ratio of carbon fibers, the apparent
IFSS increases initially and then decreases with the increasing as-
pect ratio. Furthermore, the larger the aspect ratio, the less effect
of the surface roughness on the apparent IFSS is. A much clearer
result is shown in Fig. 8, where the apparent IFSS varies as a func-
tion of the aspect ratio of carbon fibers. It is clearly found that, for
a determined interface roughness, there always exists an optimal
aspect ratio of carbon fibers, at which the apparent IFSS reaches
the maximum. Even in the case with a smooth interface, an opti-
mal aspect ratio still exists to render the apparent IFSS achieving
the maximum. Obviously, the maximum value increases with the
increasing interface roughness.

However, it is difficult to find the optimal aspect ratio of carbon
fibers analytically due to a transcendental equation of q derived
from dsa=dq ¼ 0. From the results in Figs. 7 and 8, one can infer
that the optimal aspect ratio of carbon fibers is about 30–45, which
should be useful for the design of strong interfaces in carbon/ep-
oxy composites.

4 Conclusions

According to the realistic surface morphology of carbon fibers
in fiber-reinforced composites, the surface roughness of carbon
fibers is described as longitudinally periodical microscale ridges
and grooves. A more realistic theoretical model for carbon fiber-
reinforced epoxy resin matrix composites is established in the
present paper, in which the effects of surface roughness of carbon
fibers on the mechanical features of the fiber/matrix interface are
considered. An improved shear-lag model is established and
closed-form solutions of the axial stress of carbon fibers and the
apparent IFSS are obtained, through which the effects of the lon-
gitudinal surface roughness on the distribution of fiber stress and
improvement of interfacial adhesion are discussed in detail. It is
found that the interface strength can be enhanced by the interface
roughness. Under a fixed external tensile load, both the axial stress
in carbon fibers and the size of the debonded region can be
reduced due to the interface roughness. The load-displacement
curves of the whole pull-out process predicted by the present ana-
lytical model are qualitatively consistent with the experimental
ones. In addition, the apparent IFSS considering the effect of
interface roughness is evaluated, which agrees well with the exist-
ing experimental results. Furthermore, it is interesting to find that
an optimal aspect ratio of carbon fibers exists, at which the appa-
rent interface shear strength achieves the maximum and its
enhancement due to the longitudinal surface roughness is the most

significant. It is inferred that the optimal aspect ratio of carbon
fibers is about 30–45. The theoretical results in the present paper
should have instructive significance for practical designs of car-
bon fiber-reinforced epoxy composites.
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Appendix

From Eq. (28), we have

Uft¼
1

2Ef

ðL

0

ðrf

0

½r2
f þr2

frþr2
fh�2�f ðrf rfrþrf rf hþrfrrfhÞ�2prdrdz
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(A1)

where Uft and Umt refer to the elastic strain energies in the fiber
and matrix, respectively. According to Eqs. (3), (5)–(7), and (17),
Uft, Umt can be reformulated as

Uft ¼
pr2
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2
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in which

h1 ¼ 1þ 2ð1� �f Þk2
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Differentiating Eq. (A2) with respect to b yields
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Fig. 8 The relation of the apparent IFSS versus the carbon
fiber’s aspect ratio for different interface roughness
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The integrals in Eq. (A4) can be divided into several parts as
follows:
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With the help of Eqs. (16) and (27), the integrals in Eq. (A5) can
be written as

@

@b

ðb

0

r2
f d�z¼ c1r

2
0 þ c2r0 þ c3;

@

@b

ð1

b
r2

f d�z¼ c4r
2
0þ c5r0 þ c6;

@

@b

ðb

0

rf d�z¼ c7r0 þ c8;
@

@b

ð1

b
rf d�z¼ c9r0 þ c10

@

@b

ðb

0

drf

d�z

� �2

d�z¼ c11r
2
0 þ c12r0þ c13;

@

@b

ð1

b

drf

d�z

� �2

d�z¼ c14r
2
0þ c15r0þ c16 (A6)

where the coefficients c1 � c3 and c7 � c10 are determined as
follows:
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and the coefficients c4 � c6 are
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The parameters d1 � d9 in Eq. (A8) are
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d4 ¼ �2ðk1 � k2Þf�½k1r1lþ 8ðb� 1Þpg1q� cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�g

þ k1r1l cosh½6 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ 4

ffiffiffiffiffi
g1

p ½p� 2k1r1lqðb� 1Þ� sinh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�g;

d5 ¼ �2k1½g2 þ ðk1 � k2Þg3�½k1r1l� 6ðb� 1Þpg1q� þ fk2
1g3r1lþ 32k2ðb� 1Þpg1qþ k2

1½r1lðg2 � 1� k2g3Þ

� 16ðb� 1Þpg1g3q� þ 2k1 � ½�8pg1qðb� 1Þð1þ g2Þ þ k2r1lþ 8k2pg1g3qðb� 1Þ�g cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ 2k1½g2 þ ðk1 � k2Þg3�½k1r1lþ 2ðb� 1Þpg1q� cosh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ k1r1lðk1 � 2k2 � k1g2 � k2
1g3 þ k1k2g3Þ cosh½6 ffiffiffiffiffi

g1

p
qðb� 1Þ�

þ 8
ffiffiffiffiffi
g1

p ½�2k2p� k3
1r1lg3qðb� 1Þ � k2

1r1lqðb� 1Þðg2 þ 1� k2g3Þ

þ k1pþ 2k1k2r1lqðb� 1Þ� sinh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ 4k2

1r1lq
ffiffiffiffiffi
g1

p ðb� 1Þ½g2 þ ðk1 � k2Þg3� sinh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ�

d6 ¼ 12k1pg1qðb� 1Þðg2 � k2g3 þ 2k1g2g3Þ þ 2p
ffiffiffiffiffi
g1

p ð4k2 þ 5k2
1g2g3Þ sinh½2 ffiffiffiffiffi

g1

p
qðb� 1Þ�

� 8k2
1p

ffiffiffiffiffi
g1

p
g2g3 sinh½4 ffiffiffiffiffi

g1

p
qðb� 1Þ� � 16pg1qðb� 1Þ½k2 þ k1k2g3 � k1g3ð1þ 2k1g3Þ� cosh½2 ffiffiffiffiffi

g1

p
qðb� 1Þ�

� 2k1pg1qðb� 1Þðg2 � k2g3 þ 2k1g2g3Þ cosh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ k2

1p
ffiffiffiffiffi
g1

p
g2g3 sinh½6 ffiffiffiffiffi

g1

p
qðb� 1Þ�

(A10)

d7 ¼ �½k1r1lþ 8ðb� 1Þpg1q� cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ k1r1l cosh½6 ffiffiffiffiffi

g1

p
qðb� 1Þ�

þ 4
ffiffiffiffiffi
g1

p ½p� 2k1r1lqðb� 1Þ� sinh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

d8 ¼ 2k1g3½k1r1l� 6pg1qðb� 1Þ� þ ½16pg1qðb� 1Þ � k2
1r1g3lþ k1r1lþ 16ðb� 1Þk1pg1g3q� cosh½2 ffiffiffiffiffi

g1

p
qðb� 1Þ�

� 2k1g3½k1r1lþ 2pg1qðb� 1Þ� cosh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ k1r1lðk1g3 � 1Þ cosh½6 ffiffiffiffiffi

g1

p
qðb� 1Þ�

� 8
ffiffiffiffiffi
g1

p ½p� k1r1lqðb� 1Þð1þ k1g3Þ� sinh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ� � 4k2

1r1
ffiffiffiffiffi
g1

p
g3lqðb� 1Þ sinh½4 ffiffiffiffiffi

g1

p
qðb� 1Þ�

d9 ¼ �2p
ffiffiffiffiffi
g1

p f�1� k1g3 þ k1g3 cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�gf�4

ffiffiffiffiffi
g1

p ðb� 1Þð1þ k1g3Þ cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ 2ð1� k1g3Þ sinh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ 4k1g3q

ffiffiffiffiffi
g1

p ðb� 1Þ þ k1g3 sinh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ�g

(A11)

The coefficients c11 � c16 and the parameters d10 � d18 in Eq.
(A13) are given as

c11 ¼
4e�

4bqk1r1l
p ðk2 � k1Þ2r2

1l
2q2

p2
;

c12 ¼
8e�

4bqk1r1l
p ðk2 � k1Þq0r2

1l
2q2

p2
;

c13 ¼
4e�

4bqk1r1l
p q2

0r2
1l

2q2

p2

(A12)

c14 ¼
ffiffiffiffiffi
g1

p
q2e�

4bqk1r1l
p

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

d10

þ
ffiffiffiffiffi
g1

p
q2e�

2bqk1r1l
p

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

d11 þ
ffiffiffiffiffi
g1

p
q2d12

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

c15 ¼
ffiffiffiffiffi
g1

p
q2q0e�

4bqk1r1l
p

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

d13

þ
ffiffiffiffiffi
g1

p
q2q0e�

2bqk1r1l
p

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

d14 þ
ffiffiffiffiffi
g1

p
q2q0d15

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

c16 ¼
ffiffiffiffiffi
g1

p
q2q2

0e�
4bqk1r1l

p

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

d16

þ
ffiffiffiffiffi
g1

p
q2q2

0e�
2bqk1r1l

p

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

d17 þ
q2

0d18

k2
1p sinh3½2 ffiffiffiffiffi

g1

p
qð1� bÞ�

(A13)

d10¼ðk1� k2Þ2f½k1r1l�8ðb�1Þpg1q�cosh½2 ffiffiffiffiffi
g1

p
qðb�1Þ�

�k1r1lcosh½6 ffiffiffiffiffi
g1

p
qðb�1Þ�þ8

ffiffiffiffiffi
g1

p
qðb�1Þ

� sinh½2 ffiffiffiffiffi
g1

p
qðb�1Þ�g

d11¼ðk1� k2Þfðk2� k1g2Þ½k1r1l�16ðb�1Þpg1q�
�cosh½2 ffiffiffiffiffi

g1

p
qðb�1Þ��2k1g2½k1r1lþ2ðb�1Þpg1q�

�cosh½4 ffiffiffiffiffi
g1

p
qðb�1Þ��k1r1lðk2� k1g2Þcosh½6 ffiffiffiffiffi

g1

p
qðb�1Þ�

�8k1r1
ffiffiffiffiffi
g1

p
lqðb�1Þðk2�k1g2Þsinh½2 ffiffiffiffiffi

g1

p
qðb�1Þ�

þ2k1g2½k1r1l�6pg1qðb�1Þ��4k2
1r1

ffiffiffiffiffi
g1

p
g2lqðb�1Þ

� sinh½4 ffiffiffiffiffi
g1

p
qðb�1Þ�g

d12¼ 4ðb�1Þpqg1f2ðk2
2�2k1k2g2þ2k2

1g
2
2Þcosh½2 ffiffiffiffiffi

g1

p
qðb�1Þ�

�k1g2ðk1g2�k2Þð3þ cosh½4 ffiffiffiffiffi
g1

p
qðb�1Þ�Þg (A14)

d13 ¼ 2ðk1 � k2Þf�½k1r1l� 8ðb� 1Þpg1q� cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ k1r1l cosh½6 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ 8

ffiffiffiffiffi
g1

p
qðb� 1Þ

� sinh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�g

d14 ¼ ½�2k2 þ k2
1g3 þ k1ð1þ g2 � k2g3Þ�½k1r1l

� 16ðb� 1Þpg1q� cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ 2k1½g2 þ ðk1 � k2Þg3�½k1r1lþ 2ðb� 1Þpg1q�
� cosh½4 ffiffiffiffiffi

g1

p
qðb� 1Þ� � k1r1l½�2k2 þ k2

1g3

þ k1ð1þ g2 � k2g3Þ�fcosh½6 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ 8
ffiffiffiffiffi
g1

p
qðb� 1Þ sinh½2 ffiffiffiffiffi

g1

p
qðb� 1Þ�g

� 2k1½g2 þ ðk1 � k2Þg3�½�k1r1lþ 6pg1qðb� 1Þ�
� 4k2

1½g2 þ ðk1� k2Þg3�r1
ffiffiffiffiffi
g1

p
lqðb� 1Þ sinh½4 ffiffiffiffiffi

g1

p
qðb� 1Þ�

d15 ¼ 4ðb� 1Þpqg1f4½k2 þ k1k2g3 � k1g2ð1þ 2k1g3Þ�
� cosh½2 ffiffiffiffiffi

g1

p
qðb� 1Þ� þ k1ðg2 � k2g3 þ 2k1g2g3Þ

� ð3þ cosh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ�Þg (A15)
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d16 ¼ ½k1r1l� 8ðb� 1Þpg1q� cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

� k1r1l cosh½6 ffiffiffiffiffi
g1

p
qðb� 1Þ� þ 8

ffiffiffiffiffi
g1

p
qðb� 1Þ

� sinh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

d17 ¼ �ð1þ k1g3Þ�½k1r1l� 16ðb� 1Þpg1q� cosh½2 ffiffiffiffiffi
g1

p
qðb� 1Þ�

� 2k1g2½k1r1lþ 2ðb� 1Þpg1q� cosh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ k1r1lð1þ k1g3Þ cosh½6 ffiffiffiffiffi
g1

p
qðb� 1Þ�

þ 8k1r1
ffiffiffiffiffi
g1

p
lqðb� 1Þð1þ k1g3Þ sinh½2 ffiffiffiffiffi

g1

p
qðb� 1Þ�

þ 2k1g3½k1r1l� 6pg1qðb� 1Þ� � 4k2
1r1

ffiffiffiffiffi
g1

p
g2lqðb� 1Þ

� sinh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ�

d18 ¼ 4ðb� 1Þpqg1f�2ð1þ 2k1g3 þ 2k2
1g

2
3Þ cosh½2 ffiffiffiffiffi

g1

p
qðb� 1Þ�

þ k1g3ðk1g3 þ 1Þð3þ cosh½4 ffiffiffiffiffi
g1

p
qðb� 1Þ�Þg (A16)

Combining Eqs. (A4)–(A6) yields

@Uft

@b
¼ p1r

2
0 þ p2r0 þ p3;

@Umt

@b
¼ p4r

2
0 þ p5r0 þ p6 (A17)

where we have

p1 ¼
pr2

f 0L

2Ef
h1ðc1 þ c4Þ; p2 ¼

pr2
f 0L

2Ef
½h1ðc2 þ c5Þ þ h2ðc7 þ c9Þ�

p3 ¼
pr2

f 0L

2Ef
½h1ðc3 þ c6Þ þ h2ðc8 þ c10Þ� (A18)

p4¼
pr2

f 0L

2Em
h4ðc1þc4Þþ

pr3
f 0c

2ð1þ�mÞa6

Emq
ðc11þc14Þ

p5¼
pr2

f 0L

2Em
½h4ðc2þc5Þþh5ðc7þc9Þ�þ

pr3
f 0c

2ð1þ�mÞa6

Emq
ðc12þc15Þ

p6¼
pr2

f 0L

2Em
½h4ðc3þc6Þþh5ðc8þc10Þ�þ

pr3
f 0c

2ð1þ�mÞa6

Emq
ðc13þc16Þ

(A19)

Letting w1 ¼ p1 þ p4; w2 ¼ p2 þ p5; w3 ¼ p3 þ p6 leads to

GcrL

þ
sf

ds ¼ @Uft

@b
þ @Umt

@b
¼ w1r

2
0 þ w2r0 þ w3 (A20)
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