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This paper studies the dynamic shell buckling behavior of multi-walled carbon nanotubes (MWNTs) embedded in an elastic 
medium under step axial load based on continuum mechanics model. It is shown that, for occurrence of dynamic shell buckling 
of MWNTs or MWNTs embedded in an elastic medium, the buckling stress is higher than the critical buckling stress of the 
corresponding static shell buckling under otherwise identical conditions. Detailed results are demonstrated for dynamic shell 
buckling of individual double-walled carbon nanotubes (DWNTs) or DWNTs embedded in an elastic medium. A phenomenon 
is shown that DWNTs or embedded DWNTs in dynamic shell buckling are prone to axisymmetric buckling rather than 
non-axisymmetric buckling. Numerical results also indicate that the axial buckling form shifts from the lower buckling mode 
to the higher buckling mode with increasing buckling stress, but the buckling mode is invariable for a certain domain of buck-
ling stress. Further, an approximate analytic formula is presented for the buckling stress and the associated buckling wave-
length for dynamic axisymmetric buckling of embedded DWNTs. The effect of radii is also examined. 
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1  Introduction 

Carbon nanotubes (CNTs) have excellent mechanical prop-
erties and a wide range of applications, such as structural 
elements for nano-electromechanical systems and nano- 
composites [1,2]. Mechanical behaviors of CNTs or CNTs 
in various surroundings have been widely investigated by 
experiments, molecular dynamic simulations and continuum 
mechanics models [3–6]. For example, Yakobson et al. [7] 
studied the axial compressive buckling of SWNTs and 
found that the continuum shell model predicted well all the 
changes of buckling patterns displayed by molecular dy-
namics simulations. Ru [8,9] considered the effect of inter-

tube van der Waals interaction and proposed a double-shell 
model for studying the axial compressive buckling of 
DWNTs and DWNTs in an elastic medium. Wang et al. [10] 
studied the size dependence of thin shell model for CNTs 
and showed that the size dependence was insignificant for 
SWNTs with diameter bigger than 1.5 nm. Some other re-
searches have also indicated that the continuum mechanical 
models can present the major factor affecting the mechani-
cal behavior of CNTs and can be effectively used to study 
the mechanical deformation of CNTs [11–13]. 

CNTs have potential importance in the use as basic ele-
ments of nanoscale devices such as chemical and mechani-
cal sensors [2,14]. The reliability of many devices depends 
critically on the understanding of the responses of CNTs to 
external loadings, thus studying the dynamic buckling be-
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havior of MWNTs or MWNTs in an elastic medium is of 
great importance. In previous papers [15,16], the dynamic 
torsional buckling behavior of MWNTs embedded in an 
elastic medium and dynamic column bucking behavior of 
MWNTs under step axial load have been studied by intro-
ducing initial imperfections for MWNTs and applying the 
preferred mode analytical method based on continuum me-
chanics model. MWNTs are hollow multilayer structure and 
originally concentric, so they may exhibit various buckling 
behaviors such as shell buckling, column buckling, torsional 
buckling or bending, because of their different aspect ratios 
and loading conditions.  

In this paper, a study is performed for the dynamic shell 
buckling behavior of MWNTs embedded in an elastic me-
dium under step axial load based on continuum mechanics 
model, which takes into account the effect of radial con-
straint from the surrounding elastic medium and the effect 
of van der Waals forces between adjacent tubes. A buckling 
condition is derived for the buckling stress and the associ-
ated buckling mode, and detailed results are demonstrated 
for dynamic shell buckling of individual DWNTs and 
DWNTs embedded in an elastic medium. 

2  Multiple-shell model 

2.1  The van der Waals forces 

Figure 1 shows an MWNT of length L embedded in an elas-
tic medium. Subscripts 1, 2, ..., N denote the corresponding 
quantities related to the innermost tube, its adjacent tube, …, 
the outermost tube, respectively. The (inward) pressures 
pk(k+1) exerted on the kth tube due to the (k+1)th tube and the 
(inward) pressures p(k+1)k exerted on the (k+1)th tube due to 
the kth tube are related by [9,11] 

 ( 1) 1 ( 1) ,  ( 1,2, , 1),k k k k k kR p R p k N       (1) 

where Rk is the radius of the kth tube. 

 

Figure 1  MWNT embedded in an elastic medium. 

The pressures caused by van der Waals forces due to 
buckling are described as an approximate linear relation 
[11,15] given as: 
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2.2  The surrounding elastic medium 

During the buckling of an MWNT embedded in an elastic 
medium, an interaction pressure is usually induced between 
the outermost tube of the MWNT and the surrounding elas-
tic medium. The pressure pd exerted on the outermost tube 
caused by the surrounding elastic medium [4,9] is described 
as: 

 ,d Np dw   (3) 

where d is a spring constant determined by the material 
properties of both the elastic medium and the outermost 
tube of the MWNT. 

In the present model, the Whitney-Riley model is used to 
determine the spring constant d. As that used by Wang et al. 
[4], the surrounding elastic medium is regarded as a hollow 
cylinder with inner radius RN and outer radius rm, and the 
spring constant d is determined as: 
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where Em is Young’s modulus and m  is Poisson ratio of 

the surrounding elastic medium. 
It can be seen from eq. (4) that, for an MWNT embedded 

in an infinite elastic medium (rm   ), the spring constant 
d is expressed as: 
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2.3  The governing buckling equation 

Consider a shell impacted by a step axial load at its end 
(x=0). Denoting time by t and the axial load per unit length 
by N(t)=NxH(t), where Nx is a constant, and the step func-
tion H(t)=1 if t0; H(t)=0 if t<0. Thus, the governing equa-
tion for dynamic buckling of an elastic shell is expressed as: 
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where x denotes the axial coordinate,  denotes the circum-
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ferential angular coordinate, w(x,,t) denotes the additional 
radial (inward) displacement of the middle surface due to 
buckling, D and h are the bending stiffness and thickness of 
the elastic shell, E is Young’s modulus, and p(x,,t) is the 
net (inward) normal pressure because of buckling. 

It is assumed that each layer of an MWNT can be seen as 
an individual elastic shell and that the deflections of all lay-
ers are coupled through the van der Waals interaction be-
tween adjacent tubes. By use of eqs. (1)–(3) and (6), the 
governing equations for an embedded N-layer MWNT im-
pacted by a step axial load at its end (x=0) are obtained as: 
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where wk(x,,t) (k =1, 2, …, N) is the (inward) deflection of 
the kth tube, Dk and hk are the effective bending stiffness and 

thickness of the kth tube, 
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 k =1, 2, …, 

N. 
In this paper, we take Dk=D=0.85 eV, Ehk=Eh=360 J/m2, 

hk=h=(2.27 g/cm3)×0.34 nm [11,12,15], k =1, 2, …, N, 
Em =2.03 GPa and vm=0.33 for the surrounding elastic me-
dium [4,17]. 

3  Buckling analysis of embedded MWNTs 

The simply supported boundary conditions are considered 
for MWNTs embedded in an elastic medium, and the de-
flection of the kth layer can be expressed as: 
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The initial conditions satisfy 
0( , ,0)k kw x w   and ( , ,0) / 0 ( 1,2, , ),kw x t k N     (9) 

where 0
kw  (k =1, 2, ..., N) denotes the initial imperfections 

prior to buckling for the kth layer of embedded MWNTs, 

and can be expanded as: 
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where mn
kA  (k =1, 2,…, N) are real constants, m and n rep-

resent the half wave numbers in axial and circumferential 
directions, respectively. 

Substituting eq. (8) into eq. (7) and using separation of 
variables leads to 
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and 
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where x denotes the applied axial stress. 
From eq. (11), we have 
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where ( , ) | ( , ) | .m n m n   

Eq. (13) corresponds to vibrational form of embedded 
MWNTs when 2 0   and static buckling behavior of 

embedded MWNTs when 2 0   [9]. Therefore, for dy-
namic shell buckling behavior of embedded MWNTs, 

2 0.   
By virtue of the initial conditions of eq. (10), the buck-

ling deflections of an embedded MWNT can be expressed 
as: 
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where ( , ) cosh( ) (e e ) / 2t tg t t        is amplification 

function. 
Therefore, a set of N homogeneous equations on mn

kA (k 

=1, 2, ..., N) are obtained from eq. (12)  
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Eq. (15) can be written as: 
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where mnM  denotes the coefficient matrix on 1 ,mnA  

2 ,mnA  …, .mn
NA  

The requirement that eq. (16) has a non-zero solution on 
mn
kA (k =1, 2, ..., N) leads to  

 det 0.mn M  (17) 

From eq. (17), the equation on 2 2 2 2
xhm L h      is 

obtained, which shows the relation between applied axial 
stress x,  and the associated buckling mode (m, n). From 
this equation, it is seen that the value of x increases mo-
notonously with 0 for a given buckling mode (m, n). This 
indicates that, for occurrence of dynamic shell buckling of 

MWNTs embedded in an elastic medium, the buckling 
stress x is higher than the corresponding static critical 
buckling stress cr under otherwise identical conditions. 
Therefore, for the applied axial stress x larger than cr, a 
set of discrete values of  (

1 1 2 2
0 ...

M Mm n m n m n      ) 

are obtained, and the associated buckling modes (m1, n1), 
(m2, n2), …, (mM, nM) are determined. From eq. (14), the 
deflections of MWNTs embedded in an elastic medium are 
obtained as: 
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Here, the “preferred mode” concept [15,16,18] is used to 
determine the associated buckling mode, namely that the 
mode (mM, nM) associated with the value max M Mm n     

is taken as the corresponding buckling mode. 
As a special case, an analytic formula is obtained for dy-

namic shell buckling of DWNTs embedded in an elastic 
medium: 
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Eq. (19) shows the effect of the van der Waals forces and 
the surrounding elastic medium. When =0, it degenerates 
to the buckling stress for static case [9]. It can be shown that 
the static critical buckling stress of DWNTs embedded in an 
elastic medium increases with increasing the elastic con-
stant d. 

4  Numerical results and discussion 

Figure 2 shows the dependence of the critical buckling 
stress on length-to-outer tube radius ratio for static column 
buckling and static shell buckling of individual DWNTs at 
R1=1, 2 and 4 nm. It can be seen that, for static column 
buckling, the critical buckling stress is dependent on the 
aspect ratio and decreases with increasing the aspect ratio. 
While for static shell buckling, the critical buckling stress is 
insensitive to the aspect ratio, that is, the effect of aspect 
ratio on the critical buckling stress can be negligible. Figure 
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2 indicates that there exists a critical length-to-outer tube 
radius ratio (which is about 11.2 for R1=1 nm and 15.6 for 
R1=2 nm) for static shell buckling of individual DWNTs 
and it increases with increasing the radii of DWNTs.  

A similar plot, but for DWNTs embedded in an infinite 
elastic medium, is given in Figure 3. As that shown in Fig-
ure 2, the critical buckling stress for static column buckling 
of DWNTs embedded in an elastic medium is dependent on 
the aspect ratio, while the critical buckling stress for static 
shell buckling is insensitive to the aspect ratio. However, 
because of the effect of surrounding elastic medium, the 
critical buckling stress for static column buckling of 
DWNTs embedded in an elastic medium decreases first, and 
then varies near a certain value with increasing the aspect 
ratio. This differs from the static column buckling of indi-
vidual DWNTs.  

Figures 2 and 3 show that, similar to static buckling of a  

 

Figure 2  (Color online) Dependence of critical buckling stress on 
length-to-outer tube radius ratio for static column buckling (solid symbol) 
and static shell buckling (hollow symbol) of individual DWNTs. 

 

Figure 3  (Color online) Dependence of critical buckling stress on length- 
to-outer tube radius ratio for static column buckling (solid symbol) and 
static shell buckling (hollow symbol) of DWNTs embedded in an infinite 
elastic medium. 

cylindrical shell, the column buckling behavior of MWNTs 
or MWNTs embedded in an elastic medium may occur first 
at large aspect ratios, so the relative small aspect ratios 
should be considered for the shell buckling behavior of 
MWNTs or MWNTs embedded in an elastic medium. Ad-
ditionally, it is seen from Figures 2 and 3 that the effect of 
radii on static shell buckling is greater than it on static col-
umn buckling for both individual DWNTs and DWNTs 
embedded in an elastic medium. A comparison of Figure 3 
with Figure 2 indicates that, the effect of surrounding elastic 
medium on the critical buckling stress for static column 
buckling is greater than that for static shell buckling. 

For the model of static column buckling of MWNTs and 
MWNTs embedded in an elastic medium, refer elsewhere 
[16,19]. In the calculation, the intertube van der Waals in-
teraction coefficient c′ for the column buckling is taken as 
c′=320×(2R)erg/cm2/(0.16s2), where R denotes the inner 
tube radius of DWNTs or DWNTs embedded in an elastic 
medium, s=0.142 nm. The pressure exerted on the outer 
tube of DWNTs caused by the surrounding elastic medium 

dp  is described as 22 ,dp dw    where d is a spring con-

stant determined by the material properties of both the elas-
tic medium and the outer tube of DWNTs as described by 
eq. (4). 

Tables 1–4 show the buckling wave number (m, n) on the 
buckling stress x for individual DWNTs and DWNTs em-
bedded in an infinite elastic medium with R1=2 nm and 
R1=4 nm at L/R2=8, respectively. It is seen from Tables 1–4 
that, for individual DWNTs, the buckling form is related to 
the buckling stress and there exists a critical value which is 
a little higher than the static critical buckling example. 
When the buckling stress x is lower than the critical value, 
non-axisymmetric buckling occurs, or else axisymmetric 
buckling occurs. For the DWNTs embedded in an elastic 
medium, the non-axisymmetric buckling may not take place 
even for the static buckling because of the effect of sur-
rounding elastic medium. This indicates that DWNTs or 
embedded DWNTs in dynamic buckling are more suscepti-
ble to axisymmetric buckling than non-axisymmetric buck-
ling. The calculations are also performed for individual 
DWNTs at x/cr=1.1 and 1.5 and for DWNTs embedded in 
an infinite elastic medium at / d

x cr  =1.1 and 1.5 at aspect 

ratios L/R2=5 and 12 when the inner tube radius ranging 
from 2 nm to 30 nm, respectively, where cr denotes the 
critical buckling load for static buckling of individual 
DWNTs and d

cr  denotes the one of DWNTs embedded in 

an infinite elastic medium under otherwise identical condi-
tions. The same results are obtained. Further, for both indi-
vidual DWNTs and DWNTs embedded in an infinite elastic 
medium, the axial buckling form shifts from the lower 
buckling mode to the higher buckling mode with the in-
crease of buckling stress, but the buckling mode is invaria-
ble for a certain domain of the buckling stress. A compari-
son of Tables 3 and 4 with Tables 1 and 2 indicates that, for 
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Table 1  Buckling mode (m, n) on buckling stress x for a DWNT with R1=2 nm 

(m, n) (24, 4) (28, 2) (29, 0) (30, 0) 

x (GPa) 18.906x<18.971 18.971x<19.059 19.059x<19.618 19.618x<20.971 

(m, n) (31, 0) (32, 0) (33, 0) (34, 0) 

x (GPa) 20.971x<22.382 22.382x<23.824 23.824x<25.294 25.294x<26.824 

Table 2  Buckling mode (m, n) on buckling stress x for a DWNT with R1=4 nm 

(m, n) (31, 6) (34, 5) (37, 3) (38, 2) 

x (GPa) 9.870x<9.879 9.879x<9.882 9.882x<9.897 9.897x<9.903 

(m, n) (39, 0) (40, 0) (41, 0) (42, 0) 

x (GPa) 9.903x<10.235 10.235x<10.765 10.765x<11.294 11.294x<11.853 

Table 3  Buckling mode (m, n) on buckling stress x for a DWNT embedded in an infinite elastic medium with R1=2 nm 

(m, n) (28, 2) (29, 0) (30, 0) (31, 0) 

x (GPa) 18.972x<19.059 19.059x<19.618 19.618x<20.971 20.971x<22.382 

(m, n) (32, 0) (33, 0) (34, 0) (35, 0) 

x (GPa) 22.382x<23.824 23.824x<25.294 25.294x<26.824 26.824x<28.412 

Table 4  Buckling mode (m, n) on buckling stress x for a DWNT embedded in an infinite elastic medium with R1=4 nm 

(m, n) (39, 0) (40, 0) (41, 0) (42, 0) 

x (GPa) 9.920x<10.235 10.235x<10.765 10.765x<11.294 11.294x<11.853 

(m, n) (43, 0) (44, 0) (45, 0) (46, 0) 

x (GPa) 11.853x<12.412 12.412x<13.000 13.000x<13.588 13.588x<14.176 

 
dynamic shell buckling of DWNTs embedded in an elastic 
medium, the lowest buckling stress is enhanced by the sur-
rounding elastic medium when compared with the corre-
sponding one for individual DWNTs. The surrounding elas-
tic medium only has influence on the lower axial buckling 
mode. 

Figures 4 and 5 show the dependence of the axial buck-
ling wavelength on inner tube radius for individual DWNTs 
and DWNTs embedded in an infinite elastic medium, re-
spectively. It can be seen from Figures 4 and 5 that, for both 
individual DWNTs and DWNTs embedded in an infinite 
elastic medium, the axial buckling wavelength increases 
with increasing the inner tube radius and the lower buckling 
stress corresponds to a larger buckling wavelength. 

 

Figure 4  (Color online) Axial buckling wavelength on inner tube radius 
for individual DWNTs at x/cr=1.1, 1.5 and 2.5. 

 

Figure 5  (Color online) Axial buckling wavelength on inner tube radius for 

DWNTs embedded in an infinite elastic medium at / d
x cr  =1.1, 1.5 and 2.5. 

5  Approximate method for dynamic axisym-
metric buckling of embedded DWNTs 

It has been shown in sect. 4 that DWNTs or DWNTs em-
bedded in an elastic medium in dynamic shell buckling are 
prone to axisymmetric buckling rather than non-axisymm- 
etric buckling. When n=0, eq. (19) degenerates to the case 
for dynamic axisymmetric buckling of DWNTs embedded 
in an elastic medium 
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where 
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Assume that the length of a DWNT, L, is larger than its 
radii, the minimum value of ax can be approximated by 

 2 / ,ax DX h   (21) 

with the corresponding axial buckling wavelength as: 
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2

.
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L D D
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      (22) 

Eqs. (21) and (22) have the same forms as the expres-
sions for the static critical axial stress and the associated 
axial wavelength for axisymmetric buckling of a cylindrical 
shell [20]. Eq. (22) indicates that the axial buckling wave-
length is independent of the length of DWNTs and decreas-
es with increasing the applied axial stress. 

In the following, it will be shown that eq. (22) can well 
approximate the relation of the buckling stress and the asso-
ciated buckling wavelength for dynamic axisymmetric buc- 
kling of DWNTs or embedded DWNTs, even for DWNTs 
or embedded DWNTs with small aspect ratios. 

Figure 6 displays the relative error of buckling wave-
length  of individual DWNTs obtained by eq. (22) over 
that by eq. (20) for different aspect ratios L/R2=5, 8 and 12 
at the stress ratios x/cr=1.1 and 1.5. It is seen that, with a 
wide range of the inner tube radius (from 2 nm to 30 nm), 
the relative error of  by eq. (22) over that by eq. (20) is 
very small (less than 2.5%) for all the aspect ratios L/R2=5, 
8 and 12 and the stress ratios x/cr=1.1 and 1.5.  

Figure 7 presents the relative error of buckling wave-
length  of DWNTs embedded in an infinite elastic medium 
obtained by eq. (22) over that by eq. (20) for different as-
pect ratios L/R2=5, 8 and 12 at the stress ratios / d

x cr  =1.1 

and 1.5. Similar to the result for individual DWNTs, the 
relative error of  by eq. (22) over that by eq. (20) is also 
very small with a wide range of the inner tube radius (from 
2 nm to 30 nm) for all the aspect ratios L/R2=5, 8 and 12 
and the stress ratios / d

x cr  =1.1 and 1.5. These results 

 

Figure 6  (Color online) Relative error of buckling wavelength obtained by eq. (22) over that by eq. (20) for individual DWNTs. (a) x/cr=1.1; (b) 
x/cr=1.5. 

 

Figure 7  (Color online) Relative error of buckling wavelength obtained by eq. (22) over that by eq. (20) for DWNTs embedded in an infinite elastic me-
dium. (a) x/cr=1.1; (b) x/cr=1.5. 
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indicate that the analytic formula eq. (22) can well approx-
imate the relation of the buckling stress and the associated 
buckling wavelength for dynamic axisymmetric buckling of 
individual DWNTs or DWNTs embedded in an elastic me-
dium. 

6  Conclusions 

This paper studied the dynamic shell buckling behavior of 
MWNTs embedded in an elastic medium under step axial 
load based on continuum mechanics model, which takes 
into account the effect of radial constraint from the sur-
rounding elastic medium and the van der Waals forces be-
tween adjacent layers. By introducing initial imperfections 
of MWNTs and applying the preferred mode analytical 
method, a buckling condition is derived for the buckling 
stress and the associated buckling mode. The paper shows 
that, for occurrence of dynamic shell buckling of MWNTs 
or MWNTs embedded in an elastic medium, the buckling 
stress is higher than the critical one for the corresponding 
static buckling under otherwise identical conditions. In par-
ticular, detailed results are demonstrated for dynamic buck-
ling behavior of individual DWNTs and DWNTs embedded 
in an elastic medium, and analytical formula is obtained. 
Numerical results indicate that DWNTs or embedded 
DWNTs in dynamic shell buckling are susceptible to ax-
isymmetric buckling rather than non-axisymmetric buck- 
ling. Further, an approximate analytic formula is presented 
for the relation between the buckling stress and the associ-
ated buckling wavelength for dynamic axisymmetric buck-
ling of embedded DWNTs. The present investigation may 
be useful in understanding the mechanical property of 
MWNTs and their potential applications. 
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