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The microstructure evolution and force distribution during solid-state sintering are studied at the particle
length scale for a planar layer system of copper particles. The complex network as well as discrete ele-
ment methods (DEM) is adopted, in which the contact network and the force network are mainly consid-
ered. Comparing the contact network to the microstructure evolution, we find that pores always form in a
large contact polygon. In the force network, the normal contact forces distribute extremely non-uniform.
An interesting phenomenon is that a ring-like structure of force chain emerges spontaneously in the sin-
tering force networks, whose life expectance is much longer than other linear force chains. Furthermore,
a high contact force is more likely to form at a new contact site. To our knowledge, it is the first time to
study force distributions and microstructure evolutions in sintering from the complex network point of
view, which should be a promising method for further investigating the complex sintering process in the
future.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

Solid-state sintering is a thermal treatment process of ceramic
or alloy granular compacts at a high temperature to achieve de-
sired mechanical and material properties [1]. In granular compacts,
particles contact and interact with their neighbors and all contacts
among neighboring particles constitute a complex contact net-
work. During sintering, contact particles in compacts fuse with
each other by a special force with the underlying mechanisms of
grain boundary diffusion and surface diffusion [2]. Interacting
forces are transmitted through the inter-particle contacts and the
magnitudes vary significantly at different regions due to the differ-
ent contact configurations, which lead to a complex force network
accompanying with the contact network. During the period of sin-
tering, some contact interfaces break accompanying new forming
contacts [3,4]. As a result, both the contact network and the force
network in sintering compacts would vary with the sintering pro-
cess. To characterize the topology and evolution characteristics of
the two complex networks as well as unveil their correlations is
an important issue, which should give a much better understand-
ing of practical sintering.

However, it is very difficult to observe the sintering process and
disclose the microstructure evolution experimentally due to a high
temperature. Numerical experiments are indispensable choices for
researchers, such as finite element method (FEM) and discrete ele-
ment method (DEM). Since the initial state of a sintering system is
discrete, DEM should be a better technique. In fact, DEM is a gen-
ll rights reserved.
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hen).
eral simulation scheme that is originally introduced in the study of
rock mechanics [5]. In DEM, each particle is modeled as a sphere
that interacts with its neighbors through an appropriate force
law and its motion depends on the interactions with all the neigh-
boring particles. In contrast to continuum mechanics models [6,7],
DEM takes the granular nature of materials into account and al-
lows the investigation of phenomena at the particle length scale,
such as particle rearrangement [8,9] and agglomeration [10,11].
It also allows access to mesoscopic properties, such as position,
velocity, coordination number of each particle. In recent years,
DEM has also been successfully applied to investigate particle sin-
tering, such as densification rates [8,9,12], viscosities [8,13], aniso-
tropic sintering [14], constrained sintering [15] and the evolution
of cracks during sintering [8,16].

Based on the capability of accurately determining each parti-
cle’s position and the interaction force at any moment, DEM should
be able to give useful insights on the topology and microstructure
evolution of a sintering system through establishing a complex
network among particles, such as the contact network and force
network. Lots of researchers have already realized that a particle-
sintering system can be viewed as a complex network [13]. How-
ever, the complex network method is not applied to study the par-
ticle sintering problem so far.

As a very useful technique, the theory of complex network has
been well developed in the fields of anthropology, psychology,
communication studies, information science, organizational stud-
ies, economics, biology and neuroscience [17–21]. It is a mathe-
matical model to characterize the complex relations among a
class of groups. Numerous groups in the real world could be
well-described by a network structure, such as a network of
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Table 1
Parameters used in the numerical simulation for copper sintering (adopted from
[12]).

dbD0b (m3/s) Qb (kJ/mol) c (J/m2) X (m3)

5.12 � 10�15 105 1.72 1.18 � 10�29
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websites, neurons and people. A complex network can be de-
scribed as a set of edges that connect different nodes. In different
systems, edges and nodes in the corresponding networks have dif-
ferent meanings. For example, in a granular system, nodes and
edges represent particles and the physical contacts among them,
respectively.

Specially, in a granular system, the technique allows a better
description of the anisotropic characteristics of contact topology
and contact force, which could give a clear picture of the evolution
and correlation of the two complex networks [22–32], but all the
studied granular compacts belong to non-sintering systems. The
main difference between the sintering and non-sintering systems
is the interacting force among particles. Is the complex network
method useful for understanding of particle sintering process?

Researchers are accustomed to characterizing the particle sin-
tering system from the pore point of view [33]. A series of param-
eters related to pores, such as pore size, pore shape, distribution of
pore size, are measured experimentally using different techniques
[1], such as optical microscopy, electron microscopy and mercury
porosimetry. All these parameters have been introduced theoreti-
cally in the constitutive relations of sintering systems [6]. For the
sake of simplicity and quantitative description, pores are assumed
to be closed, isolated and spherical [34]. However, experiments
found that such kinds of pores only emerge at the second stage
of sintering, i.e., the relative density larger than 90% [35]. At the
initial stage of sintering, pores are very complex, such as irregular
shape, interconnection and even open to the compact surfaces.
Actually, pores in a particle-sintering system could also be viewed
as a structure built by particles. Is it possible to investigate the evo-
lution of pores from the particle point of view using the complex
network method?

Furthermore, anisotropic force in particle-sintering systems is
usually described as stress tensors in the continuum sintering the-
ory [6,7]. It is a statistical and average concept and can neither give
us a clear picture of force at the particle length scale nor help us to
understand the phenomena happening at this scale, such as parti-
cle rearrangement and agglomeration. Inspired by the interesting
force network in a non-sintering granular media [24], we expect
to find some new phenomena of force networks in particle-sinter-
ing systems.

Two main problems will be studied in the present paper using
the discrete element method and the complex network. One is
the evolution characteristic of pores and the other is features of
contact force networks in sintering. The remainder of this paper
is organized as follows. In Section 2, the simulation model studied
in the present paper is given and the special interaction forces in
sintering are briefly introduced. The feasibility of DEM applied to
the force network of a sintering-system is studied in Section 3.
Simulation results are discussed in Section 4, where the relations
among the contact network, force network and the micro-structure
evolution are mainly focused on. Finally, remarks are given in Sec-
tion 5.
2. Numerical model and the interaction forces in sintering

A two-dimensional sintering model of a planar layer of copper
particles is investigated in the present paper. The model consists
of 500 uniform copper spheres with radius 127 lm and the parti-
cles distribute randomly in a circular region with diameter
6.35 mm. The sintering temperature is set as 1300 K and the tan-
gential viscosity g takes 0.001 in our simulations. The other sinter-
ing or material parameters are given in Table 1.

Discrete element method (DEM) combining with complex net-
work will be used to simulate the sintering process. Copper parti-
cles in the sintering system are treated as discrete elements, which
interact with each other through the sintering force [9,12,15,16].
The normal component Ns and the tangential one Ts of the contact
force at the contact interface can be expressed as:

Ns ¼
pa4

s

8Db

dh
dt
� 9

8
pRpcs ð1aÞ

Ts ¼ �g
pa2

s R2
p

8Db

du
dt

ð1bÞ

Db ¼
X
kT

dbDb ð1cÞ

where Db = D0b exp(�Qb/RT) is the diffusion coefficient at the grain
boundary with thickness db and activation energy Qb, X is the atom-
ic volume, k the Boltzmann constant, T the temperature, h the
indentation depth between two spherical particles, cs the surface
energy, Rp the radius of the particle, as the sintering contact radius
which grows up according to the Coble’s model as ¼

ffiffiffiffiffiffiffiffiffiffiffi
2hRp

p
, du/dt

the tangential component of the relative velocity at the contact site
and g denotes the viscosity.

At each time step, the resultant force of each particle is calcu-
lated to calculate its acceleration. Then, a new velocity and position
of the particle can be found and updated.

The mass transport mechanism assumed in Eq. (1) consists of
grain boundary diffusion and surface diffusion. The first term on
the right hand side of Eq. (1a) denotes the normal viscous force
resisting the relative normal motion of two adjacent particles,
which can also be found in [8,14,36]. The second term denotes
the sintering force trying to pull two adjacent particles together.
The tangential force Ts in Eq. (1b) has an opposite direction to
the tangential component of the relative velocity of each contact
particle.

3. The feasibility of complex network method

In order to check the influence of time step D on the simulation
results, we establish two small sintering systems with different
distributions of particles as benchmarks, both of which are circular
and consist of 50 uniform copper particles of radius 40 lm as
shown in Fig. 1a and e, respectively. The diameter of the circular
region for calculation is 640 lm. In Fig. 1a, particles distribute ran-
domly, while regular distribution is regulated in Fig. 1e. The time
step D is set as 1 s, 0.1 s and 0.01 s, respectively, for each sintering
system. Other simulation parameters are the same as above.

Force network consists of numerous lines that bridge the cen-
ters of each pair of contact particles. The red line and the black
one represent compressive (attractive) and tensile (repulsive)
forces, respectively. The width of each line represents the magni-
tude of the normal contact force normalized by the average one
of all the contact forces in the system at a certain simulation time
step. The thicker the network line, the larger the normal contact
force is. The characteristics of force networks are mainly focused,
especially, the site emerging high contact forces.

Fig. 1b–d display the snapshots of force distributions in the sin-
tering system shown in Fig. 1a, each of which corresponds to 98,
980 and 9800 time steps, respectively. Comparing Fig. 1b, c and
d, one can see that the high force chains appear not only at the
same site but also at the same physical time 98 s. It proves that



Fig. 1. The initial states of two different sintering systems and snapshots of force distributions at 98, 980 and 9800 time step with the time step Dt = 1 s, 0.1 s and 0.01 s,
respectively. (a) The initial state of a sintering system with randomly distributing particles. (b–d) snapshots of the sintering system in (a) at 98, 980 and 9800 time step with
the time step Dt = 1 s, 0.1 s and 0.01 s, respectively; (e) the initial state of a sintering system with regularly distributing particles; (f–h) snapshots of the sintering system in (e)
at 98, 980 and 9800 time step with the time step Dt = 1 s, 0.1 s and 0.01 s, respectively.
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the simulation results of force network will not be influenced by
the choice of time step. As for the sintering system with a regulated
distribution of particles shown in Fig. 1e, the same conclusion
could be made from the comparisons of Fig. 1f–h, each of which
corresponds to the snapshot of force distributions at 98, 980 and
9800 time steps, respectively.

In a free sintering process, sintering particles are usually driven
by interactions with their neighboring particles and then tune their
positions to a more force-balanced state. It is well known that such
a force-balanced state is much easier to reach and the contact
forces should distribute more uniformly in a regular system than
in a random one, which is also evidenced in our simulations shown
in Fig. 2. The time step D is set as 1 s here. Fig. 2a–d show the force
distributions in the system with randomly distributing particles at
0, 700, 5000 and 10000 time step, respectively. High force chains
could be observed at any moment after the initial state. However,
in the system with regularly distributing particles, as shown in
Fig. 2e–h, high force chains only appear at an intermediate mo-
ment and will disappear afterward. Therefore, the existence of high
Fig. 2. Snapshots of force distributions of two kinds of sintering systems at 0, 700, 5000 an
(e–h) system with regularly distributing particles.
force chains is a basic signal that demonstrates the uniformity of
the particle system. The other characteristics of a force network
will be further discussed in the following text.

4. Simulation results and discussions

4.1. Contact networks in solid-state sintering

Contact network consists of lines that connect the centers of all
contact particles. An initial state of the contact network is shown in
Fig. 3a for the above mentioned simulation model in Section 2. The
inter-particle tangential viscosity is g = 0. For comparison, an inter-
mediate state at 5 � 106 sintering time step is shown in Fig. 3b.
From Fig. 3a and b, one can see that the contact network is very
complex, including different network structures, such as a single
contact line, a contact triangle and contact polygons. A single con-
tact line denotes an isolated pair of particles as shown by an arrow
in Fig. 3a. The contact triangle is the closest configuration of con-
tact particles. The region with a high density of contact triangles,
d 10,000 time step with Dt = 1 s. (a–d) system with randomly distributing particles;



Fig. 3. The contact networks of a particle system containing 500 copper particles of
radius of127 lm. Eight contact polygons denoted by P1–P8 are highlighted by
different colors. (a) the initial state; (b) the state at 5 � 106 sintering time step (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.).
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i.e. 3-cycle, is a relatively close and densified one. In contrast, the
region encircled by a contact polygon has a poor connectivity. In
order to find the relation of contact network and the densification
process of the sintering system, eight contact polygons are tagged
as P1–P8 in Fig. 3a, which are highlighted with different colors. In
the initial state shown in Fig. 3a, some contact polygons are close,
such as P2, P4, P5, P6, P7 and P8, while the others are open, such as
P1 and P3. Note that all these eight contact polygons, no matter
close or open, do not contain any other small contact polygon in
them at the initial state. In the sintering process, the sintering sys-
tem will become denser and denser. We find that new contacts will
form in some polygons and the initially large polygons will be di-
vided into several small ones. For example, there are eight new
contacts emerging in P2 after sintering, which divide P2 into four
small contact polygons and four contact triangles. Similar phenom-
ena also happen in P1, P3, P5, P6 and P7. Large contact polygons
collapse into small ones, which results in an increasing number
of small polygons and triangles and a decreasing number of ini-
tially large contact polygons. Updated density of the sintering sys-
tem can be measured. An interesting phenomenon is that pores are
more likely generated in an initially large contact polygon, while
the initially small one tends to annihilate finally. Comparing
Fig. 3a and b, one can see that, at 5 � 106 sintering time step, pores
do form in the relatively large polygons P1, P2, P3, P5 and P6, while
the small polygons P4 and P7 experience shrink and finally disap-
pear. All the results suggest that complex contact network should
be useful for predicting positions that pores will emerge.

4.2. Force networks in solid-state sintering

Force networks have different characteristics at different sinter-
ing time. Fig. 4a and b show the snapshots of force networks at
5000 and 25,000 simulation time step, respectively. Comparing
the two figures, one can see that most of the inter-particle com-
pressive forces at 5000 time step changes to be tensile ones at
25,000 time step. At the beginning of sintering, particles approach
to each other under attractive sintering forces with small relative
velocities. According to the first term of the right hand side in
Eq. (1a), a small approaching velocity leads to a small repulsive
force, which leads to an attractive resultant force (compressive).
With the sintering time going, the approaching velocities between
contact particles increase, which results in an increasing repulsive
force and then the resultant force will become repulsive.

Fig. 4c and d give the snapshots of force networks at 517,420
and 1785,000 time steps, respectively, where we can find tangled
chains with compressive and tensile forces at a large sintering time
step. The tangled structure consists of four layers of force chains,
which are labeled as L1–L4 shown in Fig. 4c. The forces on the first
and third layers are compressive (red lines) while those on the sec-
ond and fourth layers are tensile (black lines). In most cases, such a
layer structure consists of two layers with opposite forces as
shown at the right upper side of Fig. 4c and d. The force chains
could go across almost the whole system as shown in Fig. 4d,
where the force chains originate from the position of force concen-
tration at the top of the system, and then extend in the system with
a decreasing magnitude. Opposite forces would be induced in front
of the spreading line. For example, the tensile force spreads from
the right upper side to the lower left one in the system shown in
Fig. 4d with a decreasing magnitude; compressive forces are in-
duced in front of the tensile one as shown by an arrow in Fig. 4d.
Details can be found from the inset in Fig. 4d, which is a magnifi-
cation of the local force network. Particles 2 and 3 in the inset tend
to separate from each other due to high repulsive forces (two black
lines), which activates a high attractive force (the red line) between
the two contact particles trying to resist the separation. Thus, mul-
ti-layer force structures are often found in a sintering system. Com-
paring Fig. 4a and b to Fig. 4c and d, the sintering forces distribute
much more non-uniformly with an increasing sintering time.

It is interesting to find a special force structure at some local
positions as shown in Fig. 5(a–d), which we call ‘‘force ring’’. Nine
force rings are denoted as R1–R9 in Fig. 5d. The smallest rings, such
as R1 and R5, consist of seven particles: one is in the ring and six on
the ring boundary. The biggest ring includes seventeen particles,
such as R4. The contact forces between each pair of particles on
the ring boundary have the same state (compressive or tensile),
while the contact forces in the ring have an opposite state to those
on the boundary. For example, contact forces on the ring bound-
aries of R1, R2, R5, R6, R7 and R8 are tensile, while those in the
rings are all compressive. Contact forces on the ring boundaries
of R3, R4 and R9 are compressive, while those in the rings are ten-
sile. Such an interesting structure should be a special one of the
tangled structure discussed above. Furthermore, all the contact



Fig. 4. Snapshots of force networks for a sintering system of a planar layer of copper particles, where black lines denote the normal tensile forces and red ones denote the
compressive forces. (a) at 5000 time step (b) at 25,000 time step (c) at 517,420 time step (d) at 1785,000 time step. The inset in (d) is a magnification of the region in the
rectangle (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.).

Fig. 5. Snapshots of the evolution of ring-like force chains. (a) at 1525,000 time step (b) at 1540,000 time step (c) at 1555,000 time step (d) at 1575,000 time step.
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Fig. 6. Ratio of the average force �Fin inside a ring to that �Fon on the ring boundary as
a function of the sintering time step, in which nine force rings labeled in Fig. 5d are
included.
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forces inside a ring and on the ring boundary keep almost local
equilibrium as depicted in Fig. 6. The ratios of �Fin=�Fon of nine force
rings are almost close to 1, especially for smaller rings R1 and R5,
where �Fin denotes the average magnitude of the contact forces in-
side a ring and �Fon the average one of the contact forces on the ring
boundary.
Fig. 7. Snapshots of the formation of a new high force region at a position pointed by a
2333,063 time step (c and d) other high forces near the position propagate at 2333,066
In addition, numerical simulations show that the High Force
Chains (HFCs) always emerge suddenly, even the time step is very
small. However, HFCs disappear gradually and a new HFC does not
necessarily appear adjacent to another existing HFC. The new HFC
is often activated far from the existing HFCs. Fig. 7a–d plot the
snapshots of a new high force emerging at the upper-right corner
of the system shown by an arrow, which is far from the existing
HFCs at the left side of the system. Then, the new high force will
induce other high forces to form a HFC as shown in Fig. 7c and d.
The decay process of a HFC is shown in Fig. 8. The magnitude of
a high force chain pointed by an arrow in Fig. 8a–c decreases grad-
ually and finally disappears. After that, an opposite force arises at
the same position in most cases but not all as shown in Fig. 8d–f,
where the opposite force grows up little by little.
4.3. Correlation between the contact network and the force network

Numerical simulation shows that a high normal contact force is
always activated at the site that a new contact forms. The results
are given in Fig. 9 for a case of g = 0 as an example. Same conclu-
sions can be made for cases of g – 0. Fig. 9 gives a statistical result
of the number of new forming contacts and the number of new
contacts sustaining high forces at different simulation time step,
where it is shown that both numbers coincide well with each other
at almost all the time steps. There are 175 new forming contacts
n arrow. (a) no high force exists at 2333,062 time step (b) a high force appears at
and 2333,073 time step, respectively.



Fig. 8. Snapshots of the decay process of a HFC from (a–c) at 280,445, 281,445 and 281,945 time step, respectively. An opposite force chain emerges from (d) to (f) at 282,445,
282,945 and 283,445 time step, respectively.

Fig. 9. Comparison between the number of new forming contacts and the number
of new forming contacts sustaining high contact forces at different simulation time
step.
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totally, in which 172 of them sustain high normal contact forces.
100 of them sustain repulsive forces and the other 72 contacts sus-
tain attractive ones. For a new contact, the normal contact force is
not easy to achieve equilibrium due to the competition of the
repulsively viscous force and the attractive sintering force as ex-
pressed in Eq. (1). Generally, it needs some time to balance the
contact force at the site of a new forming contact. Any other corre-
lations between the contact network and force network will be
investigated in our future work, as well as the relation of the
microstructure evolution and the force network, especially the
force ring structure.
5. Conclusions

The microstructure evolution and force distribution have been
studied by DEM as well as the complex network method at the par-
ticle length scale in solid-state sintering system of a planar layer of
copper particles. We find that the evolution of microstructures is
sensitive to the shape and size of contact networks. Pores tend to
form in a large contact polygon and those existing in a small closed
contact polygon will shrink and disappear finally. The distribution
of the normal contact force is significantly non-uniform and the
high force regions vary with the sintering time. Ring-like chains
have been observed in the normal force networks, which can sus-
tain longer time than other kinds of force chains.

Comparing the contact and force networks leads to a conclusion
that a high normal contact force is always activated at the site of a
new forming contact. However, it is far from enough to clarify all
the correlations between the contact network and force network
in a particle-sintering system. A number of significant problems
are still open. For example, what is the effect of high forces on
the evolution of contact networks? What is the relation between
the force network and the microstructure evolution? How can
we predict the microstructure evolution from the force network?
For a sintering system with non-uniform particles, all these
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questions exist too. This work is just a beginning for us to use DEM
as well as complex network method to understand the complex
sintering process. Many important problems that will be helpful
for understanding sintering systems and the fabrication of sinter-
ing products will be investigated in our future work.
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