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Hypersonic Aerodynamics of a Flat Plate: Bridging Formula 
and Wall Temperature Effects 

Yuan Hu, Song Chen, and Quanhua Suna 
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Institute of Mechanics, Chinese Academy of Sciences, Beijing 100190, China 

aEmail: qsun@imech.ac.cn 

Abstract. Hypersonic flow over a flat plate is investigated under a wide range of Mach and Knudsen numbers using both 
continuum-based approach and DSMC method. The simulated gas is argon thus to isolate the high temperature effects. 
The Mach number of the flow lies between 5 and 30 whereas the Knudsen number covers the entire flow regime. It is 
learned that local rarefaction is observed near the leading edge even when the Knudsen number is around 0.001. The 
continuum breakdown can be identified using a nonequilibrium parameter that evaluates the difference among the 
temperature components. It is also learned that there is competition between viscous effects and rarefied effects on the 
skin friction. The total drag on the plate can be well estimated using a bridging formula that connects the results from the 
continuum and free molecular expressions. In addition, the value of drag depends on the surface temperature. The drag 
coefficient increases with the surface temperature when the Knudsen number is less than 0.01 but decreases when the 
Knudsen number is larger than 1.0. 

Keywords: Hypersonic flow, Flat plate, Bridging formula, DSMC method.
PACS: 47.40.Ki, 47.45.-n

INTRODUCTION

There are increasingly interests in hypersonic flight in the near space. Many studies have been done on aircraft 
configuration with high ratio of lift to drag. However, the performance of an aircraft depends strongly on the flight 
altitude. In addition, flat plate configuration is a limit case with good ratio of lift to drag. It is beneficial to study the 
aerodynamics of a flat plate under a wide range of Mach number and Knudsen number. 

The flat plate geometry is very simple whereas the flow physics is quite complex. When hypersonic flow passes 
the plate, the flow speed will decrease and a thick boundary layer will be generated. Thus part of the gas will move 
outward and generates a bow shock in front of the plate. This shock wave will interact with the boundary layer 
where both the viscous effect and rarefied gas effect will contribute on the flow patterns.  

In the literature, the hypersonic flow over the plate has been numerically investigated using continuum-based 
approach and kinetic based approach. In the frame of continuum theory, the flow can be divided into several zones 
using a viscous interaction concept. In the strong viscous interaction zone, velocity slip and temperature jump has 
been introduced [1]. Thus kinetic based approach is more appropriate to study this kind of flow. BGK based 
approach and direct simulation Monte Carlo (DSMC) method have been applied. For instance, Aoki etc. studied the 
problem when the Mach number lies between 1.5 and 8 by solving the BGK equation [2]. Bird investigated the 
aerodynamics when the Knudsen number varies from 0.1 to 10 [3]. The range of Mach and Knudsen numbers 
studied, however, was very limited.  

In this paper, we aim to cover a wide range of Mach and Knudsen numbers for hypersonic flow over a flat plate. 
In order to isolate high temperature effects, monatomic gas argon is considered. This study compares the difference 
between continuum based and kinetic based simulation results, whose approaches are introduced in the next section 
followed by flow field illustration and drag analysis. In the end, the effect of wall temperature is investigated. 

NUMERICAL APPROACHES 

It is aimed to investigate the hypersonic aerodynamics of a flat plate over a wide range of Mach (Ma) and 
Knudsen (Kn) numbers in this study. The Mach number ranges from 5 to 25 and the Knudsen number varies from 
10-5 to 10. Namely, the flow regimes cover the continuum and the rarefied (slip, transitional and free molecular) 
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flows. In terms of physical accuracy and numerical efficiency, a continuum-based CFD approach and the kinetic 
based direct simulation Monte Carlo (DSMC) method are employed. 

The continuum-based CFD approach solves the Navier-Stokes (NS) equations using the finite volume method. 
To get second order accuracy, the monotone upstream schemes of conservation laws (MUSCL) with the min-mod 
limiter is adopted for space discretization. The convective flux and viscous terms are solved using the Roe’s flux 
difference splitting (FDS) and center-difference schemes, respectively. These schemes are packaged in our in-house 
CFD code SPACER that has been extensively used to simulate hypersonic flows [4]. It is learned that the hypersonic 
aerodynamics is very sensitive to the numerical mesh [5], and mesh independent results are obtained through strict 
mesh independent study. For the accepted meshes, the surface grid Reynolds number is less than 5 and the 
coarsening ratio between neighboring levels is less than 1.1. 

The standard DSMC method [6] is implemented in our in-house code SUPGAS. For this study, the variable hard 
sphere (VHS) model is employed. In principle, the DSMC method can be applied to the continuum flow. However, 
the requirements of DSMC on time step and cell size make the computational cost approximately proportional to 
Kn-3 for two-dimensional problems and to Kn-4 for three-dimensional problems, leading to the application of 
standard DSMC to continuum flow practically impossible. In our simulation, the cell size or the size of sub-cell is 
less than one third of the local mean free path of gas molecules. 

In this paper, we apply the DSMC method to simulate the flows for Kn as low as 2.5×10-4 and apply the CFD 
approach for Kn up to 0.125. Here all the DSMC simulations are regarded physically accurate whereas the CFD 
results are valid only for small Kn flows. The CFD results for larger Kn flows are provided merely for establishment 
of a bridge function over the entire flow regime. 

FLOW FIELD ANALYSIS 

The flat plate geometry is very simple, whereas the flow patterns with the plate are quite complex. Along the 
plate staring from the leading edge, the flow experiences free-molecular, transitional, slip or even continuum flow 
regimes. Therefore, difference can be observed between CFD and DSMC results even for small Kn number flows. 
Figure 1 compares the pressure contours at several Knudsen numbers when Ma=10. When the flow is near-
continuum (Kn=1.25×10-3), the shock structure is clearly seen in the flow field. The CFD result generally agrees 
well with the DSMC result except differences at the leading edge of the flat plate. As Kn increases to 0.0125, the 
shock becomes thick and the size of the disturbed area increases. The departure of the CFD result from the DSMC 
result becomes larger. For instance, the DSMC method predicts a larger disturbed area and smaller surface pressure. 
As it enters the transitional flow regime (Kn=0.125), the CFD method fails completely. 

 

       
(a)             (b)            (c) 

FIGURE 1.  Comparison of pressure contours obtained from DSMC and CFD simulations at different Kn number when Ma=10. 
(a) Kn=1.25×10-3, (b) Kn=0.0125, (c) Kn=0.125. 

 
It has been observed in Fig. 1 that there are obvious differences between the CFD and DSMC results, which 

means that continuum breakdown may happen locally even when the Knudsen number is as low as 1.25×10-3. There 
are a lot of continuum breakdown parameters in literatures, including Bird’s P parameter (PBird) [7], the gradient 
length local Knudsen number (KnGLL) [8], and non-dimensional entropy generation rate (KnS) [9]. Their definitions 
are as follows, 

 ,Bird
U dP

ds
�

��
�  (1) 

 GLL,Q ,dQKn
Q dl
�

�  (2) 

 � �GLL,MAX GLL,D GLL,T GLL,Vmax , , ,Kn Kn Kn Kn�  (3) 
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Here, |d�/ds| in Eq.(1) indicates the gradient of density in the direction of streamline. The subscript D, T, V in Eq. (3) 
represents density, temperature, and velocity, respectively. � is the dissipation function, and � is the thermal 
conductivity. It is assumed that continuum breakdown occurs when PBird>0.05 or KnGLL,MAX>0.05, or KnS>0.1, 
which corresponds to a significant deviation from equilibrium. 

In fact, continuum breakdown means that the non-equilibrium of a flow becomes non-negligible. One feature of 
strong non-equilibrium for atomic gases is that the components of translational temperature at different directions 
are different. Based on this fact, we can propose a post-verification continuum breakdown parameter, namely, 

 max , , ,yx z
T

T TT T T TNE
T T T


 �� �
� ��

� �

�
��  (6) 

where, T is the average translational temperature. The distribution of NET in the flow field of Ma=10 and 
Kn=1.25×10-3 is shown in Fig. 2(a). It can be seen that the shock wave and boundary layer can be clearly identified 
using this parameter. The region when NET�0.3 approximately corresponds to where the CFD and DSMC results 
exhibit significant differences at the leading edge of the flat plate. We also present the distributions for other 
continuum breakdown parameters in Fig. 2. The comparison shows that the non-dimensional entropy generation rate 
(KnS) has a relatively good performance for this case. PBird predicts a much high value in the shock region whereas 
KnGLL overestimates the extend of non-continuum region around the surface. 

 

 (a) NET  (b) PBird 

 (c)KnGLL,MAX  (d)KnS 
FIGURE 2.  Comparison of contours of continuum breakdown parameters based on the DSMC results when Ma=10 and 
Kn=1.25×10-3. 

DRAG ON THE FLAT PLATE 

For hypersonic flows, many facts play role on the flow field, which is quite difficult to describe clearly all the 
features. The drag, however, is a very important aerodynamic feature. It is only a number so it is very easy to 
compare. Thus, we investigate the drag behavior of the flow over the flat plate. 

Skin Friction Distributions 

Figure 3 shows the distributions of the skin friction coefficient predicted using the CFD and DSMC methods at 
several Knudsen numbers when Ma=10. The skin friction coefficient is defined as  

 2 ,
2

w
fC

U
�

�� �

�  (7) 

where �w is the shear stress on the wall, �� and U� are the free stream density and velocity, respectively. When 
Kn=1.25×10-3, the CFD profiles are generally in good agreements with the DSMC results. The difference is 
observed at the beginning of the flat plate where the local non-equilibrium effects are significant. In this region, the 
DSMC results vary non-monotonically, and are smaller than their CFD counterparts. 
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FIGURE 3.  Comparison of skin friction coefficients and ns at different Kn number when Ma=10. (a) skin 
friction coefficient, (b) slip veloc

 the non-equilibrium region is due to the slip-flow effects. The shear stress on the 
wall can be expressed as �w=�w(�u/�n)w. The slip velocity will reduce the normal gradient of the tangential velocity 
nex

umber increases. In fact, the Reynolds (Re) number decreases as the Knudsen number increases when 
the

Bridging Formula for Drag Coefficients 

It is desired to have a simple ng design. The drag coefficient 
can be obtained by integrating the skin friction coefficient over the flat plate: 

slip velocity distributio
ity 

 
The skin friction reduction in

t to the wall, and thus reduces the skin friction. It is shown in Fig. 3(b) that there is considerable velocity slip 
(nondimensionalized by the free stream velocity) on the wall near the leading edge even when the Knudsen number 
is 1.25×10-3. 

For a fixed Mach number, we can see that skin friction coefficients predicted using CFD increase considerably as 
the Knudsen n

 Mach number is fixed since Re Ma/Kn. The decrease of the Reynolds number means that the viscous effects of 
the flow enhance. Thus, the skin friction coefficient will increase. On the other hand, the increase of the Knudsen 
number causes larger slip velocity, which leads to a decrease of the skin friction coefficient. This is verified by the 
DSMC results that the skin friction coefficient predicted by DSMC is much less than the CFD results at the same Kn 
number. In summary, the increase of Knudsen number will cause the enhancement of both viscous and rarefied 
effects. The former will increase the skin friction coefficient whereas the later decreases it, which leads to a 
competition between the two effects on the contribution to the skin friction coefficient regarding the Knudsen 
number variation. 

 form to estimate the drag on the plate for engineeri

 � �, ,
1 .

L

D f upper f lowerC C C dx
L

� 
�  (8) 
0

Th subscripts ‘upper’ and ‘lower’ in Eq.(8) indicate the two sides of the 
The bridging formulas are widely used to compute the aerodynamic forces over the whole flow regimes. Fan 

 coefficient of the flat plate for low 
spe

e plate. 

et.al. [10] has proposed a bridging formula which predicted accurately the drag
ed rarefied flow. This bridging formula has a very concise form, 

 , , .D C D FM
D

C C
C

C C
�

�

, ,D C D FM

 (9) 

Th subscripts C and FM in Eq.(9) represent the expressions of dra
molecular condition, respectively. A reason why Eq.(9) has been successful for low speed flow is that the theoretical 

ng formula of C  for high speed flow is the appropriate choice 
of t

e g coefficients under the continuum and the free 

solutions for drag coefficients of both continuum and free molecular flow can be easily obtained. Although the 
solution for high speed free molecular flow is the same as that for low speed flow, there is no analytic solution for 
the drag coefficient of high speed continuum flow.  

In order to get the expression of CD,C for high speed flows, we fit the drag coefficients obtained by our CFD 
simulations. A key step to succeed in getting the fitti D,C

he correlation parameter. The so-called wall Knudsen number Knw proposed by Woronowicz and Baganoff [11] 
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has been selected. It can be seen from Fig. 4(a) that by using Knw, the drag coefficients approximately collapse to a 
single line. Thus, we can write down the expression of the fitting formula as,  

 � � � �,D Cln 1.361 0.628ln .wC Ma Kn� 
�  (10) 
he drag coefficient of free molecu over a flat plate is T lar flow 

,
8 1 ,D FMC

Ma��
 (11) 

where � is the ratio of specific heats, which is 5/3 for argon. However, when applying equations (10) and (11) in Eq. 

�

(9), the bridging formula does not capture the non-monotonic variation of the drag coefficients in the transitional 
regime. We then add a modification term to Eq. (9) so that its validity can be extended to the transitional regime. 
The modified form of CD,FM in Eq. (9) is written as CD,FM,E, 

 � �, ,
8 1C � 
1 0.1 Re .D FM E Ma��

 (12) 

It is shown in Fig. 4(b) that the results predicted by the bridging formula agree fairly well with the numerical 
results in a wide range of Mach number over the whole flow regimes. 
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(a)      (b) 

FIGURE 4.  Drag on the flat pla

WALL TEMPERATURE EFFECTS ON AERODYNAMICS 

The temperature variation on the surface can affect the aerodynamics of vehicles. However, the aero-thermal 
env

ll temperature on the skin friction distributions at several Knudsen numbers 
wh

region where higher surface temperature corresponds to higher skin friction coefficient is observed in our simulation. 

te for hypersonic flows. (a) continuum results, (b) bridging function. 

ironment around a hypersonic vehicle is very complicated. The wall temperature cannot be exactly known in 
advance. Therefore, we investigate the aerodynamics at several typical wall temperatures so as to provide useful 
information for practical applications. 

Figure 5 shows the influence of wa
en Ma=10. The wall temperatures are set as 200K, 500K, 1000K and 2000K, respectively. When the flow is near-

continuum (Kn=1.25×10-3), the skin friction coefficient increases as the surface temperature increases, except for the 
immediate neighborhood of the leading edge. The increase of skin friction with surface temperature is caused by the 
fact that the viscosity is proportional to the temperature (� T	) and the rarefied gas effects are not significant. As 
Kn increases to 0.125, the influence of rarefied gas effects become important and the change of skin friction 
coefficient with the increasing wall temperature is complex. In the region of x/L<0.4, the skin friction coefficient 
decreases as the surface temperature increases. This is because the rarefied gas effects or the slip effects, which 
cause a decrease of skin friction coefficient, become dominant in this region when it is the transitional flow, and the 
increasing wall temperature enhances the slip effects as shown in Fig. 6. As approaching to the end of the plate, the 
rarefied gas effects are gradually weakened. Thus, it can be seen that higher wall temperature corresponds to higher 
skin friction coefficient at the end of the plate, where the viscous effects become dominant again. However, as Kn 
increases to 1.25, the influence of rarefied gas effects is dominant around the surface of the entire flat plate, so no 
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Figure 7 shows influence of surface temperature on total drag coefficient. The drag coefficient changes non-
monotonically with not only increasing the Knudsen number but also the surface temperature. As the surface 
temperature increases, the viscous effects are significant at low Knudsen numbers, while the rarefied gas effects are 
dominant at high Knudsen numbers. When Kn is less than about 0.01, the total drag coefficient increases with the 
increase of surface temperature at all Mach numbers; and when Kn is larger than about 1.0, the total drag coefficient 
decreases as the surface temperature increases until the free molecular limit is reached. The corresponding Knudsen 
number at which the trend of total drag coefficient variation with surface temperature turns depends on the Mach 
number. In particular, it can be observed that when Ma=10 and Kn=0.125, the total drag coefficient first increases as 
the surface temperature increases from 200K to 500K; as the surface temperature continues increasing, the total drag 
coefficient, however, keeps decreasing. 
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FIGURE 5.  Skin friction coefficient at different Knudsen numbers and surface temperatures when Ma=10. (a) Kn=1.25×10-3, (b) 
Kn=0.125, (c) Kn=1.25. 
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CONCLUDING REMARKS 

The supersonic flow over a flat plat nuum-based approach and the DSMC 
method. After having the numerical re  and Knudsen numbers, we can draw 
some conclusions. 

wn can be identified using a nonequilibrium parameter NE  that evaluates the difference among 
the

efficient whereas the later decreases it. The total drag on the plate can be well estimated using a bridging 
for

s are not included. 
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