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An analysis based on the energy conservation is presented for the self-propelled droplet during
coalescence of two droplets of the same size over a superhydrophobic rough surface. The
self-propelled behavior occurs only for the coalescence of droplets with a certain range of radius. An
analytical relation is established among the coalescence-induced velocity, surface energy, viscous
dissipation, and droplet size if gravity is negligible. The coalescence-induced velocity increases with
increasing droplet size to a maximum and then decreases with the size, which is in good accord with
the experimental observation reported in the literature. © 2011 American Institute of Physics.
�doi:10.1063/1.3553782�

Depending on the bonding energy between liquid mol-
ecules and surface atoms/molecules of a solid, a solid surface
can be wettable or nonwettable. Through chemical treatment,
such as the grafting of hydrogenated or fluorinated chlorosi-
lanes onto the Si–OH groups of a glass surface,1 one can
control the wettability of a solid surface. In general,
wettability determines the detachment and wetting of drop-
lets or bubbles on a solid surface, which is of practical im-
portance for many applications in self-cleaning, microfluid-
ics, lab-on-a-chip devices, and liquid-based cooling of
microelectronics.

Recently, there has been a great interest in developing
techniques to achieve the transition of the Wenzel state2 to
the Cassie–Baxter state3 for separating liquid from solid sur-
faces, which include vibration-induced dewetting4 and im-
pulse heating.5 All these works involved the use of external
energy, such as mechanical energy and electric energy, to
overcome the energy barrier between these two states. To
reduce the energy barrier and the wetting of liquid, hydro-
phobic or superhydrophobic surfaces are desired and differ-
ent methods have been developed to form synthetic superhy-
drophobic surfaces. The use of superhydrophobic surfaces in
the dropwise condensation has led to the observation of the
rapid motion of liquid droplet driven by the coalescence.6–9

Such a phenomenon is believed to be powered by the surface
energy released during the drop coalescence. Boreyko and
Chen6 did a simple scaling analysis by assuming that all the
released surface energy is converted to kinetic energy of the
merged droplet. However, a quantitative understanding of the
relationship between energy and kinetics has not been re-
sulted.

In this work, a quantitative approach is proposed,
whereby the kinetics of the coalescent droplet is governed by
an equilibrium balance of surface energy, kinetic energy, and
the viscous dissipation energy. The gravitational-potential
energy can be neglected in the analysis since the scale of the
droplets is much smaller than the capillary length

lc=��lv /�g �2.7 mm for water�, in which g is the gravita-
tional acceleration, � is the density of the liquid, and �lv is
the surface tension of the liquid-vapor interface. The interac-
tion energy between two droplets with radius of r1 and r2,
respectively, can be calculated as W=−AHr1r2 /6D�r1+r2�,10

where AH is the Hamaker constant and D is the separation
distance between the two droplets. The interaction energy is
about six to seven orders of magnitude less than the surface
energy and the viscous dissipation energy. Thus, the interac-
tion energy between two droplets is negligible in the analy-
sis.

The concept developed will be for the coalescence of
two quasistationary liquid droplets of the same size on a
superhydrophobic rough surface. The method can be applied
with some modifications to more complicated situations in-
volving the coalescence of multiple droplets. Consider two
droplets of the same radius r, which coalesce to form a new
droplet of radius R, as shown in Fig. 1. Under the assumption
of the absence of gravity �the typical Bond number Bo
=�gr2 /�lv�1�, the equilibrium shape of a droplet is a
spherical cap with an apparent contact angle �.

The surface energy of each stationary droplet on a hy-
drophobic rough surface is given by

ES = �lvAlv + �slAsl + �svAsv, �1�

where A is the interfacial area and the subscripts s, l, and v
denote the solid, liquid, and vapor, respectively. For a rough

a�Authors to whom correspondence should be addressed. Electronic ad-
dresses: fyang0@engr.uky.edu and yzhao@imech.ac.cn.

FIG. 1. �Color online� Schematic of the coalescence of two droplets to one
big droplet on a superhydrophobic rough surface. The transition of the Wen-
zel state to the Cassie–Baxter state is shown.
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surface, the surface energy can be written as11

ES = �lv�r2�2 − 2 cos � − ��f�sin2 �� + �svAtot, �2�

in which Atot is the total area of the solid surface and

��f� = rf f cos �Y + f − 1, �3�

where rf is the roughness ratio of the wet surface area, f is
the fraction of the solid surface area wetted by the liquid, and
�Y is the Young contact angle as defined for an ideal surface.
Before coalescence, the droplets are in the Wenzel state,
which means f =1. A transition from the Wenzel to the
Cassie–Baxter state due to the coalescence can be observed.6

Thus, the surface energy of the droplet after coalescence has
a similar expression as Eq. �2�, while the parameters rf and f
should be changed. �W�f� and �C�f� would be used to dis-
tinguish the coefficients for the Wenzel and the Cassie–
Baxter state, respectively.

During the coalescence, there exists the energy dissipa-
tion due to the flow and mergence of the liquid droplets
against viscosity. Approximately, the viscous dissipation en-
ergy for each droplet can be estimated as12

Evis = �
0

� �
	�


d	�dt � 
	� , �4�

in which 
 is the dissipation function
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	 is the volume of each droplet, � is the viscosity of the
liquid, and the characteristic capillary time scale � is given
by

� � ��r3/�lv. �6�

As the coalescence starts, the capillary pressure inside the
droplet ��p=2�lv /r� will accelerate the droplet along the
horizontal direction.13 Thus, the average velocity U of each
droplet can be obtained as

U � � · �p · �r2 1

4��r3/3
=

3

2
��lv

�r
. �7�

Combining Eqs. �4�–�7� yields

Evis � 36����lvr3

�
. �8�

The total energy of the system after coalescence consists of
surface energy and kinetic energy of the coalescent droplet.
Then, balancing the change in the total energy of the system
due to the coalescence and introducing the mass conserva-
tion, i.e., R3=2r3, one obtains the kinetic energy of the coa-
lescent droplet as

EK = �lv�r2��2 − 22/3��2 − 2 cos �� + �22/3�C�f�

− 2�W�f��sin2 �� − 64����lvr3

�
, �9�

which depends on the size of the starting droplets and the
wetting condition of the rough surface. Some portions of the
surface energy released upon the coalescence will be used
to balance the viscous dissipation energy. To have the
coalescence-induced self-propelled droplet, it requires EK

0. It can be seen from Eq. �9� that the coalescence-induced

kinetic energy is the result of the competition between the
viscous energy and surface energy, which can be described
by the Ohnesorge number On=� /���lvr.14 For droplets of
small size �submicron�, the Ohnesorge number is larger than
the critical value 0.1,15 which indicates that the viscous dis-
sipation dominates during the coalescence and, consequently,
there is no energy available for the self-propelled behavior.
Interestingly, this corresponds to the “immobile coalescence”
reported by Boreyko and Chen.6

Once the self-propelled phenomenon emerges, the
coalescence-induced velocity V of the coalescent droplet can
be found from Eq. �9� as

V =��lv

�r 
3

8
C�f ,�� − 24

�

���lvr
�1/2

, �10�

where C�f ,�� is the term in the curly brackets of Eq. �9�.
The water properties at 20 °C are used for the following

calculation, such as �=998.23 kg /m3, �lv=72.75 mN /m,
and �=1.0087 mPa s.16 Without loss of generality, the other
parameters are assumed to be �=170°, �Y =160°, rfW=1.5,
fW=1.0, rfC=1.0, and fC=0.5. Moreover, the choice of these
parameters has only a limited effect on the final results and
does not change the trend observed from the analysis. Using
these parameters, one can calculate the coalescence-induced
velocity of water droplets. Figure 2 shows the dependence of
the coalescence-induced velocity on the radius of water drop-
let. Obviously, the self-propelled behavior is not present for
droplets of small size. This is due to the larger Ohnesorge
number than the critical value 0.1. For water droplets of large
size, the coalescence-induced velocity first increases with the
droplet radius to a maximum velocity and then decreases
with the droplet radius. It should be noted that our analysis is
based on the assumption that the gravity can be neglected.
For droplets of larger size than the capillary length lc, the
variation of the gravitational-potential energy likely con-
sumes the surface energy released upon the coalescence of
droplets and then no coalescence-induced self-propelled be-
havior can be observed.

Our modeling analysis, with the viscous dissipation in-
volved, captures several features of the experimental results

FIG. 2. Dependence of the coalescence-induced velocity on the radius of the
droplet �the parameters used in the calculation are �=170°, �Y =160°, rfW

=1.5, fW=1.0, rfC=1.0, and fC=0.5; the properties of water at 20 °C are
used, such as �=998.23 kg /m3, �lv=72.75 mN /m, and �=1.0087 mPa s
�Ref. 16�.
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reported by Boreyko and Chen,6 which includes: �i� the
coalescence-induced velocity increases with the droplet size
to a maximum and then decreases with the size, �ii� the
maximum velocity can be found for the coalescence of drop-
lets with the radius of about 50 �m, which is in accord with
the experimental observation, and �iii� although the theoret-
ical velocities are about two to three times larger than those
measured in Boreyko and Chen’s experiments, they are on
the same order of magnitude.

In summary, this work has attempted to emphasize the
importance of the viscous dissipation in examining the self-
propelled behavior during the coalescence of droplets over a
superhydrophobic rough surface. The theoretical analysis re-
veals that the self-propelled behavior can only occur for the
coalescence of droplets with the radius ranging from several
microns to a few millimeters, in which the surface energy
dominates compared with the viscous dissipation and the
gravitational-potential energy. In particular, the study has
shown that an equilibrium approach involving the conserva-
tion of energy can lead to a prediction of the coalescence-
induced velocity for the coalescence of two quasistationary
liquid droplets of the same size. The coalescence-induced
velocity is a function of the droplet size, which is consistent
with the experimental results. By modifying the surface
properties of liquid droplets through chemical treatment and
controlling the droplet size, one can use the coalescence-
induced self-propelled behavior for the applications in self-
cleaning, microfluidics, and lab-on-a-chip devices.
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