
Acta Mech. Sin. (2011) 27(4):488–493
DOI 10.1007/s10409-011-0478-0

RESEARCH PAPER

Second mode unstable disturbance measurement of hypersonic boundary layer
on cone by wavelet transform

Jian Han · Nan Jiang · Yan Tian

Received: 27 January 2010 / Revised: 10 August 2010 / Accepted: 16 December 2010
©The Chinese Society of Theoretical and Applied Mechanics and Springer-Verlag Berlin Heidelberg 2011

Abstract Experimental investigation of hypersonic bound-
ary layer instability on a cone is performed at Mach num-
ber 6 in a hypersonic wind tunnel. Time series signals of
instantaneous fluctuating surface-thermal-flux are measured
by Pt-thin-film thermocouple temperature sensors mounted
at 28 stations on the cone surface in the streamwise direction
to investigate the development of the unstable disturbance.
Wavelet transform is employed as a mathematical tool to
obtain the multi-scale characteristics of fluctuating surface-
thermal-flux both in the temporal and spectrum space. The
conditional sampling algorithm using wavelet coefficient as
an index is put forward to extract the unstable disturbance
waveform from the fluctuating surface-thermal-flux signals.
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The generic waveform for the second mode unstable distur-
bance is obtained by a phase-averaging technique. The de-
velopment of the unstable disturbance in the streamwise di-
rection is assessed both in the temporal and spectrum space.
Our study shows that the local unstable disturbance detection
method based on wavelet transformation offers an alternative
powerful tool in studying the hypersonic unstable mode of
laminar-turbulent transition. It is demonstrated that, at hy-
personic speeds, the dominant flow instability is the second
mode, which governs the course of laminar-turbulent transi-
tion of sharp cone boundary layer.
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1 Introduction

Hypersonic boundary layer instability and laminar-turbulent
transition is one of the most important problems in aeronau-
tic and astronautic engineering as it is characterized by at-
tendant increases in wall heat transfer and skin friction drag
of hypersonic vehicles [1]. These increases have significant
impact on the performance control, fuel consumption, struc-
tural design and thermal protection system of hypersonic ve-
hicles because the aerodynamics performances are very sen-
sitive to the changes in wall thermal and aerodynamic load-
ings that accompany laminar-turbulent transition. There-
fore, understanding the laminar-turbulent transition mecha-
nism and predicting the transition location accurately are the
keys to achieve the desired aerodynamic performances [2].
Unlike the case of subsonic flow, the mechanisms underly-
ing the laminar-turbulence transition in hypersonic flow still
remain poorly understood both in experiment and theory [3].
The uncertainty in the prediction of the transition location
results in overly conservation designs that are not optimally
efficient in the budget of propulsion and payload capacity.
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At hypersonic velocities, for Mach numbers greater than 4–
4.5, the dominant disturbance are termed the Mach mode.
The Mach mode is an inviscid instability that is driven by
a region of mean flow and is supersonic relative to the dis-
turbance phase velocity. Besides the first vortex instability
for the Mach mode, there arises a new, acoustic type of in-
stability (the so-called second mode instability) [4]. Deme-
triades [5], Kendall [6], Stetson et al. [7] were among the
first to find the Mach mode in experiments, while Kimmel
et al. [8], Lachowicz et al. [9], and Doggett et al. [10] also
observed the second mode later in their experiments sepa-
rately. According to theoretical and numerical studies, the
second mode in hypersonic flows is the dominant instability
and is expected to govern the occurrence and development
of laminar-turbulent transition [11]. Therefore, identifying
and understanding the second mode mechanism is of consid-
erable importance. However, in the experimental measure-
ments, it is difficult to distinguish the second Mach mode
from the large-bandwidth high frequency background [12].

Wavelet transform [13] is a relatively new digital signal
processing technique that combines the dual time-frequency
analysis of unstationary signals with enormous applications
in many fields of science and engineering. The wavelet
transform employs an analytic basis function named mother
wavelet and convolutes time series signals with the mother
wavelet function at a definite time and a definite scale by
means of dilations and translations of mother wavelet. It pro-
vides a two-dimensional unfolding of one-dimensional sig-
nals resolving both on the time and the temporal scale as in-
dependent variables. So this method comprises a decompo-
sition of signals both on time and scale plane simultaneously.
The ability of displaying both time and frequency informa-
tion for wavelet transform makes it well suited for isolating
the Mach mode disturbance causing hypersonic boundary
layer transition from experimental transient measured sig-
nals.

2 Experimental technique

The experiment is conducted in a hypersonic blow-down
wind tunnel. This tunnel is designed for the Mach numbers
M∞ = 5–15 and the unit Reynolds numbers Re1 = (5 × 105–
7 × 107) m−1; There is a set of changeable profiled and conic
axis-symmetric nozzles. An ohmic heater is used for main-
taining air temperature in the settling chamber up to 700 –
1 300 K. The open-jet test section has the length of 1 600 mm
with the nozzle end diameter of 480 mm. The stagnation
pressure P0 and stagnation temperature T0 were measured
during the run and kept at constant. All the results of P0 mea-
surements were within the range of no more than 2.69 MPa.
The stagnation temperature T0 was 702 K. The unit Reynolds
numbers Re1 = 1.3 × 107 m−1.

The model is a 5◦ half-angle sharp cone of 600 mm in
length. It consists of a sharp cone nose of 1 mm in blunt-

ness radius and the base part equipped with 28 Pt-thin-film
thermocouple sensors to measure the wall temperature. The
thermocouple sensors are located along the bottom genera-
trix. First thermocouple is located at 90 mm from the cone
apex; the other ones are situated with uniform spatial separa-
tion from each other along a bottom generatrix in streamwise
direction.

The output signals were digitized by 12 bit analog-
to-digital converter data acquisition card with ±5 V range
and 1MHz sampling rate. At each station of measurement
524 288 samples are recorded.

3 Experimental data processing method

Relative to an analytic basis function termed mother wavelet
ψ(t), ψab(t) is the shift (by factor b) and dilatation (by factor
a) of ψ(t)

ψab(t) =
1√
a
ψ
( t − b

a

)
, with a, b ∈ R and a > 0. (1)

The continuous wavelet transform of signal f (t) with respect
to a set of wavelet ψab(t) for different factors b and a is de-
fined as their inner product

ψ f (a, b) =
∫ +∞
−∞

f (t)ψab(t)dt, (2)

where “—” indicates the complex conjugate operator.
Wavelet analysis is an extension of the Fourier analysis
by shift time windows with proper time interval (window
width). This is appropriate for spectrum analysis of non-
stationary signals with multi-scale local disturbance and sin-
gular structure whose power spectral characteristic is simul-
taneous in time [14]. The occurring positions and scale of lo-
cal disturbance can be identified accurately by wavelet analy-
sis. As a new tool, wavelet transform can be devoted to iden-
tifying singular structure in time series signals by presetting
a conditional threshold level on wavelet coefficients [15]. If
the wavelet coefficient satisfies the sampling conditions (its
modulus is exceeding the threshold level), the wavelet co-
efficient will be preserved, which means the wavelet coeffi-
cient is in the incidence of the singular structure. Otherwise,
the wavelet coefficient will be set to zero, which means that
the wavelet coefficient is independent of the singular struc-
ture [16].

ψ fs (a, b) =

⎧⎪⎪⎨⎪⎪⎩
ψ f (a, b), if |ψ f (a, b)| > L,

0, otherwise.
(3)

The singular structure segments can be recovered from the
preserved wavelet coefficients by wavelet inverse transfor-
mation.

fs(t) =
2

Cψ

∫ +∞
0

1
a2

∫ +∞
−∞

ψ fs (a, b)ψab(t) db da. (4)

Once the transient signatures have been segmented from the
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experimental output signals, the eigenfunction waveform of
the universal signature signals can be obtained by superposi-
tion and average these conditional sampled signals

〈 f (t)〉 = 1
N

N∑
i=1

fs(bi + t), t ∈ [−a, a]. (5)

4 Experimental results

Figure 1 shows the wavelet coefficient magnitude contour of
the temperature signals at different stations along one gener-
atrix. The corresponding acquired wall thermal flux signals
and the unstable disturbance signals extracted from the ac-

a

b

c

d

Fig. 1 The wavelet coefficient magnitude contour (left), signals (middle) and the corresponding unstable disturbance (right) extracted from
the signals by wavelet inverse transform at different stations along one generatrix on the cone surface. a X = 195 mm; b X = 285 mm;
c X = 375 mm; d X = 480 mm
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quired signals by wavelet inverse transformation (4) are also
presented in the same figure to compare the disturbance oc-
currence locations. From the plane representation of the
wavelet coefficients, it can be seen that some local high mag-
nitudes of the wavelet coefficients exist at different times in
the scale range of 200 kHz to 300 kHz pointing out the distur-
bance corresponding to the second-mode. The second mode
disturbance is dominant in a hypersonic laminar boundary
layer. More and more large-amplitude disturbances are trig-
gered downstream involving mode nonlinear interaction of
the disturbance. And then at the last station X = 480 mm,
the disturbance is fully developed and the transition reach
its peak. It can be seen that there exist some local high-
magnitude unstable disturbances occurring at different times.
More and more large-amplitude unstable disturbances ensue
downstream with the development of the instability.

A conditional phase-averaging method has been pro-
posed for obtaining the universal eigenfunction waveform

of the unstable disturbance. Therefore a detection and seg-
mentation algorithm has been developed. First it searches
for wavelet coefficient values that reach its maximum, and
then a segment of the fluctuating surface-thermal-flux sig-
nals centering at the time that corresponding to the wavelet
coefficient maximum index is cut out of with a certain time
scale length. All the segments around all found unstable
disturbances have been superposed and averaged for gain-
ing a universal eigen-waveform of the unstable disturbance.
Figure 2 shows the conditional phase-averaging waveform
of the second mode unstable disturbances at 8 stations. It
can be seen that the second mode unstable disturbance de-
velops at the beginning with its amplitude grows gradually.
The magnitude reaches its peak at the 3rd station where
X = 240 mm. From then on, the magnitude begins to de-
crease and its shapes change from anti-symmetric to sym-
metric.

Fig. 2 Conditional phase-averaging generic waveform for the second mode unstable disturbances at 8 stations along one generatrix on the
cone surface. a X = 165 mm; b X = 195 mm; c X = 240 mm; d X = 285 mm; e X = 330 mm; f X=375mm; g X = 420 mm; h X = 480 mm

The power spectrum that is calculated for the extracted
unstable disturbance signals and presented in Fig. 3 provides

developing details of the unstable disturbance in the spec-
trum space. At the initial stage of transition, there is no signi-

Fig. 3 Power spectrum of the extracted unstable disturbance at 8 stations along one generatrix on the cone surface. 1: X = 165 mm,
2: X = 195 mm, 3: X = 240 mm, 4: X = 285 mm, 5: X = 330 mm,6: X = 375 mm, 7: X = 420 mm, 8: X = 480 mm
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ficant frequency in the spectrum while the second mode
gradually develops from X = 195 mm. With the develop-
ment of the unstable disturbance, the second mode becomes
dominant with its amplitude growing quickly. The signif-
icant frequency peak is observed at the 4th station where
X = 285 mm. The dominant frequency band center is
f = 270 kHz including the second mode at this station. This
means that the unstable disturbance is fully developed and
the hypersonic boundary layer begins to transit from laminar
to turbulence. The second mode begins to decay at the 7th or
8th station where X is 420 mm or 480 mm. This implies that
the transition reaches its peak. Our results are in consistent
with Nodaona Chokani’s [12] conclusion shown in Fig. 4.
Figure 4 shows the second mode is centered at f = 280 kHz
for the adiabatic wall which is very close to our results. Our
results also support Lachowicz et al.’s [9] conclusion that the
dominant instability is quite pronounced at f = 230 kHz for
the most amplified Mach mode in the transitioning hyper-
sonic laminar boundary layer (Fig. 5).

Fig. 4 Streamwise evolution of power spectral density on adiabatic
wall [12]

5 Conclusion

A new analysis method based on wavelet transform is pre-
sented for investigating the evolution mechanism of the sec-
ond mode unstable disturbance during the hypersonic bound-
ary layer transition. The local unstable disturbance detec-
tion method based on wavelet transformation is a powerful
tool in studying the laminar-turbulent transition. The second
mode instability of the disturbance is demonstrated to be the
important mechanism in the course of hypersonic boundary
layer laminar-turbulent transition. At hypersonic speeds, the
dominant flow instability is the second mode, which gov-

erns the course of laminar-turbulent transition of sharp cone
boundary layer. This second mode instability precedes the fi-
nal breakdown of the hypersonic laminar boundary layer and
transition to turbulence.

Fig. 5 Evolution of the power spectral density on the Lachowicz
fared-cone model. For the sake of clarity, successive spectra are
offset by one decade. The frequency of the most amplified Mach
mode is 230 kHz [2]
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