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Abstract:Recently H omo lle and H adjiconstant inou present ed a new pa rticle simulat ion method, i. e. LVDSMC

method[ 1] which incorpo rates the variance r eduction idea thus attaining significant computational efficiency for low

speed flows. In the present paper tw o improvements of this LVDSMC method ar e propo sed. F irstly, additional aux�

iliary par ticles different fr om dev iational particles used in t he original LVDSMC are suggested t o be intr oduced and

the numerical err or caused by the accumulation of the net number of deviational particles created can be restr ained

through employing such auxiliar y particles, w hich is especially crucial in treating problems in and near free molecula r

reg ime. Secondly, an alternat ive pr inciple used to determine the increment o f the velo city parameter in the increment

of t he underlying Maxwell Bo ltzmann dist ribution in LVDSMC collision pro cess is propo sed to make easier the calcu�

lation o f the moment um and energ y fluxes acro ss the sur face o f the bounda ry.
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0 � Introduction

� � For m icro scale low speed gas flow problems

especially those in MEMS/ NEM S applicat ions, the

Nav ier�Stokes equation is no longer valid and the

Bo ltzmann equat ion is an appropriate one to t reat

them. Although the linear ized Boltzmann equat ion

can be used in place of the Boltzmann equation for

low speed gas flow problems, it remains a formida�
ble task to solv e the former fo r its high dimensional�
ity and huge t ime consumpt ion to t reat it s col lision

integral. DSMC[ 2] method is a reliable method to

tr eat g as f low pr oblems but is very t ime consum ing

to t reat low speed problem for the small informat ion

to noise rat io. A method of variance reduct ion, em�
bedded in the finite dif ference method, w as pro�
posed to solve Boltzmann equation in [ 3] , in w hich

the collision integ ral is w ritten as the sum of a linear

term and a quadrat ic term ( small in case of slow mo�
t ion) and only the former is taken into considerat ion

for low speed problems. A lthough the method o f

v ar iance reduct ion show s significant computat ional

ef ficiency compared to tradit ional M onte Carlo

method used to t reat the co llision integral in solving

Boltzmann equat ion, it retains the disadvantages o f

the f inite difference method compared to part icle

methods like DSMC method.

� � Recent ly, T . M. M. H omol le and N. G. Had�
jiconstant inou [ 1] propo sed a new part icle method�
LVDSMC method which incorporates the idea of the

var iance reduct ion method and retains the algo rith�
mic st ructure of DSMC method. By simulating only

the deviat ion f rom equilibr ium, it achieved a signifi�
cant computat ional ef f iciency for low speed problem�
scompared to DSMC method and at the same t ime en�
joy s many advantages of part icle method like DSMC
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method. Based on LVDSMC method, tw o natur al

impr ovements are propo sed in this paper. F irst , a

new kind of computat ional part icles is propo sed in

sect ion 1 to be employed to o ver come the accumula�
t ion o f numerical er ror caused by the net number of

deviational part icles in and near f ree mo lecular

flows. Then, the pro cedure used to determine �UMB

in LVDSMC collision process is pr opo sed in sect ion

2 to be altered a lit t le to make easier the calculat ion

of the momentum and energy fluxes at the boundary.

1 � A new kind of computational particles
used to avoid the accumulation of sta�
tistical error

� � During the simulation process of LVDSMC

method , there are three cases where new deviat ion�
al part icles w ill be intr oduced into computat ional do�
main. Firstly , deviat ional part icles are created in�

side cel ls according to { �t[ K 1 �K 2 ] f
d��f MB

} in the

col lision process. Her e and throughout the w ho le

paper the notat ions of
[ 4]

are used. Secondly, devia�
t ional part icles are created at the interfaces betw een

two neighboring cells according to ( c  n) [ f
MB( l)

( c)�
f

MB( r)
( c) ] in the advect ion process. T hirdly, devia�

t ional part icles are created at the interfaces betw een

boundary and its adjacent cells according to ( c  n)

[ f
MB( bdary)

( c)�f MB( cell)
( c) ] , ( c  n) > 0 in the advec�

t ion process in the case Ubdary  n= 0, w here Ubdary is

the velo city o f the boundary and f
MB( bdary) ( c) is the

equivalent underly ing distr ibution function o f the

boundary and f
MB ( cell)

( c) is the underly ing dist ribu�
t ion funct ion of it s adjacent cell and n is the inner

no rmal vector of the boundar y. Ther e ar e tw o cases

w here ex ist ing deviat ional par ticles w ill be removed

from computat ional domain. In the collision process

ex ist ing deviational part icles ar e deleted w ith a

probability proport ional to v( �) �t and in the advec�
t ion process ex ist ing deviat ional par ticles are deleted

w ith equal numbers of positiv e dev iat ional part icles

and negative deviational part icles among tho se dev i�
at ional part icles ar riving at a same part o f the

boundary during a same time step.

� � As defined and discussed in[ 4] , the mass con�

serv at ion equation of the col lision process is:

!
+ ∀

- ∀
{ �t[ K 1 - K 2 ] f

d
- �f MB

}dc = 0 ( 1)

� � In the case UMB  n= 0 ( UMB is the velo city pa�
rameter of f

MB ( cell) ) , the mass conserv at ion equat ion

o f the advect ion pr ocess at boundary leads to a new

equat ion related to the pr ocess of cr eat ing deviation�
al part icles at boundary :

!
( c n) > 0

( c  n) [ f MB( bdary)
( c) - f

MB ( cell)
( c) ] dc = 0

( 2)

� � A lthough the condit ion UMB  n= 0 is v ery se�
vere, it is a convenient choice to meet this condit ion

in LVDSMC simulation process, w hich w ill be dis�
cussed in sect ion 1. 2. Eq. ( 1) and ( 2) demand that

the net numbers o f deviat ional part icles created dur�
ing a t ime step is zero:

n
( 1)
net, creat = n

( 2)
n et, creat = #

j

i= 1

sgn( i ) = 0 ( 3)

� � where j is the number o f deviational part icles

created according to the integ ral kernel of Eq. ( 1) or

( 2) during a t ime step and sgn( i) equals 1 if the de�
viat ional part icles i is po sit ive and equals �1 if nega�
t ive. T he existence of numerical error usually makes

the net number n
( 1)
net, cr eat and n

( 2)
net, creat not zero and devi�

at ional part icles co rresponding to the net number

may remain inside the computational domain and

their persistent movements lead to the accumulat ion

o f numerical error w hich is r emarkable especially for

problems in and near fr ee molecular regime ( see the

numerical ex ample at the end of this par ag raph) .

� � T he author s suggest here to employ new kind

o f computational part icles ( named auxiliary part i�
cles) to counteract the net number of deviat ional

part icles created during each t ime step. T he idea o f

int roducing aux iliar y par ticles is that if n
( 1)
net, creat ( or

n
( 2)
net, creat ) no t equals zero, a number ( the absolute

v alue of n
( 1)
net, creat , or o f n

( 2)
net, cr eat ) of aux iliary part icles

are created according to the same principle as dev ia�
t ional par ticles. A nd sgn( i ) of aux iliary part icles is

assigned to 1 if n( 1)
net, creat ( o r n

( 2)
net, creat ) is smaller than ze�

ro or to �1 if big ger than zero. It is stipulated that

the movements of auxiliary part icles do not contr ib�
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ute to the t ransportat ions of mass, momentum and

energy and auxiliary part icles are no t used to calcu�

late integ rals[ 4] like!F ( c1) f
d
( c1) d c1 in the col lision

pro cess. Aux iliary part icles are used only to alter

the net number of computat ional part icles arr iv ing

at a par t of the boundary during a t ime step now in�
cluding dev iat ional part icles and auxiliary part icles.

It is impor tant that auxiliary part icles ar e created

acco rding to the same principle as deviat ional parti�
cles so that they can move along w ith dev iat ional

part icles and may arrive at a same part of the bound�
ary during a same time step as tho se deviational par�
t icles created during the same time step.

� � In o rder to show the accumulation pr ocess of

numerical error caused by the net number and the

ef fect of using aux iliary part icles, the Couet te flow

problem in f ree mo lecular regime is simulated by

LVDSMC method. The upper plate is stat ionary

and the velocity of the low er plate is 10m/ s and the

temperature of the tw o plates is T = 300K. T he dis�
tance betw een the tw o plates is 10 nm and diffuse

reflect ion boundary condit ion is used. T he number

density of gas ( A rgon) is n= 2 ∃ 10
25
and the molec�

ular mass is m= 66. 3 ∃ 10�27g. T he theo ret ical shear

st resses subjected by the upper plate and low er

plates are[ 5] :

 
upper

= -  
low er

= m( U1 - U2 ) n
kT
2!m

= 1322. 2Pa

(4)

� � In LVDSMC simulat ion o f this problem, the

init ial under lying f
MB for each cell is:

f
MB

( c) = n(
m

2!kT
)
3/ 2exp -

m( c)
2

2kT
(5)

� � which remains unchanged fo r no collision be�
tw een mo lecules in fr ee molecular problems and e�
quals to the equivalent underlying dist ribut ion func�
t ion of the upper plate throughout the simulat ion

pro cess. During each time step, deviational part icles

ar e created only according to the differ ence betw een

f
MB( bdary) ( c) of the low er plate and F

MB ( cell) ( c) of it s

neighboring cell. The reco rded data of the simula�
t ion process by original LV DSMC method indicates

that:

#
400

l= 1

( n
+
1, creat ) l = 765153

#
400

l= 1

( n
-
1, creat ) l = 763636

n
+
400, existing = 4656

n
-
400, existing = 3139

#
400

l= 1

( n
+
1, creat ) l - #

400

l= 1

( n
-
1, creat ) l

= n
+
400, exis ting - n

-
400, existing ( 6)

where ( n+
1, creat ) l ( or ( n-

1, creat ) l ) is the number o f posi�
t ive ( o r negat ive) dev iat ional part icles created at the

low er plate during t ime step l and n
+
400, existing ( or

n
-
400, existing ) is the number of po sit ive ( or negative )

deviat ional part icles remained inside the computa�
t ional domain after 400 t ime steps. It is noted that

small relat ive err or ( only about 0. 2 percents) be�

tw een #
400

l= 1
( n

+
1, creat ) l and #

400

l= 1
( n

-
1, creat ) l leads to big r ela�

t ive erro r betw een n
+
400, exis ting and n

-
400, existing , w hich w ill

incr ease w ith t ime step. The net number of n
+
l, exis ting

- n
-
l, exis ting can not be cancelled during simulat ion

process of o riginal LVDSMC method and those devi�
at ional part icles cor responding to n

+
l, existing - n

-
l, exis ting

w ill come and go incessant ly betw een the tw o

plates, w hich results in addit ional t ranspo rtat ions to

the tw o plates. Figure 1 show s that the stat ist ical

solut ions of the tw o shear str esses by o riginal

LVDSMC method deviate f rom their analy t ical val�
ues of Eq. ( 4) and are big ger than the analyt ical val�
ues because n

+
l, existing is bigg er than n

-
l, existing after about

400 time steps. T he sampling process usual ly needs

to last enough t ime steps to get smoo th solut ions,

w hich makes the deviation f rom correct values mo re

r emar kable. But after int roducing the suggested

auxiliary par ticles, the LVDSMC simulat ion results

o f the shear st resses acting on the tw o plates ag ree

w ell w ith analyt ical v alues ( see Fig. 2) .

� � For problems near the f ree mo lecular regime,

the accumulat ion of net number is also obvious be�
cause only few of dev iat ional part icles corresponding

to the net number can be deleted w ith probability

proport ional to v( �) �t in collision pr ocess.
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Fig. 1 � The shear stresses acting on the two plates calculated

by the original LVDSMC method ( free molecular

Couette flow, Argon, n= 2 ∃ 1025 , U= 10m/ s, T= 300K)

图 1� 原始 LVDSMC方法给出的作用在上下平板的

切应力(自由领域的 Couette流 ,氩气,

n= 2∃ 1025 , U= 10m/ s, T= 300K)

Fig. 2� The shear stresses acting on the two plates calculated by the

LVDSMCmethod after employing auxiliary particles ( free molecular

Couette flow, Argon, n= 2 ∃ 1025 , U= 10m/ s, T= 300K)

图 2� 采用辅助粒子后 LVDSMC方法给出的作用在

上下平板的切应力(自由领域的 Couette流, 氩气,

n= 2∃ 1025 , U= 10m/ s, T= 300K)

2 � An alternation used in the procedure
to determine �UMB

� � In the advect ion pro cess, the movement corr e�
sponding to f

MB can be neg lected if f
MB is independ�

ent of space. When considering a cell k in the cases

w here f
MB is dependent o f space, the movement cor�

r esponding to f
MB of all cells can be div ided into tw o

parts: part % is o f the case in w hich the underly ing

dist ribut ions of all cells are the same as f
MB ( k)

and

part & is of the case in w hich the underly ing distri�

but ion of any cell h equals f
MB ( h) - f

MB( k) . T hen,

part % can be neg lected fo r it s independence o f

space and only part & needs to be taken into consid�
erat ion. The method proposed in Ref. [ 4] to deal

w ith the movement co rresponding to f
MB deals in

fact w ith only part & and only takes into considera�
t ion the neighboring cells o f cell k instead of all

cells. When cell k is adjacent to the boundary , the

boundary can be considered as a neighbor ing cell in

the case Ubdary  n= 0. The effect of part & can be

implemented by dist ribut ing deviat ional part icles at

the surface o f cell k and then moving them fo r a ran�
domly cho sen fr act ion of a t ime step.

� � As discussed above, the advect ion process o f

LVDSMC contains three parts: first, the move�
ments o f the ex ist ing deviat ional part icles last ing for

a time step; second, the movements of new ly crea�
ted deviational part icles last ing for a randomly cho�
sen fraction o f a t ime step; thir d, the movement

corresponding to part % of each cell. T he move�
ment co rresponding to part % is neg lected in

LVDSMC method because it does not contr ibute to

the change o f dist ribut ion function. But , it must be

taken into considerat ion w hen calculat ing the f lux es

o f any quant ity of interest acr oss the boundary. In

fact , compared to the movements of existing dev ia�
t ional part icles and new ly created deviat ional part i�
cles, the movement corresponding to par t % con�
t ributes most to the normal pr essure of the bounda�
ry . T aken the calculat ion sample described in sec�
t ion 1. 1 again, the f luxes o f normal momentum

across the surfaces of the tw o plates carried by the

movements o f deviat ional part icles, denoted by

p
upper
par ticle and p

low er
particle , are show n in figure 3. The calcu�

lat ion result show s that p
upper
par ticle and p

lower
particle fluctuate a�

round zero and their abso lute values are much smal�
ler than the actual f lux o f normal momentum nkT ∋

8. 28 ∃ 10
4
pa, w hich is about the f lux carried by the

movement cor responding to part % ( see Eq. ( 8) ) .

Af ter cognizing the contribut ion of part % to f lux es

across the surface of the boundary, it is desirable to

know how to calculate f lux es contributed by part %
and how to simplify the calculat ion of those flux es.
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Fig. 3 � The fluxes of normal momentum carried by the

movement of deviational particles ( free molecular Couette

flow, Argon, n= 2 ∃ 1025 , U= 10m/ s, T= 300K)

图 3� 由偏差粒子运动实现的法向动量的

输运(自由领域的 Couette流, 氩气,

n= 2∃ 1025 , U= 10m/ s, T= 300K)

� � In the case Ubdary  n= 0, the expression o f the

flux ∀%
(Q) of Q( c) in unit t ime across unit area of

the boundary carried by the movement correspond�
ing to part % is:

∀
%
(Q) = !

∀

- ∀
- Q( c) ( c n) f

MB( cell)
dc (7)

where n is the inner no rmal vector of the boundary

and f
MB( cell) is the underly ing dist ribut ion o f the cell

adjacent to the boundary. Let Q( c) be the momen�
tum component mcn normal to the boundary, the

momentum component mc parallel to the boundary

and the translat ional ener gy mc
2
/ 2, r espect ively,

the f lux ∀%
( Q) w ill be a par t of the no rmal pres�

sur e, the shear st ress and the heat f lux, respect iv e�
ly. The so lut ion o f ∀%

(Q) is usual ly complicated if

UMB  n( 0. If UMB  n= 0, Eq. ( 7) has simple so lu�
t ions for different Q( c) of interest :

∀%
( mc n) = nMBkT MB

∀%
( mc ) = 0

∀%
( mc

2
/ 2) = 0 (8)

� � where nMB and TMB are the number density and

temperature o f f
MB( cell) .

� � In LVDSMC collision process, the increment

�UMB used to determine �f MB and update UMB of f
MB

is calculated[ 4] :

�UMB =
�t
nMB!�1#( �1) f

d
( c1) d c1 ( 9)

� � which usually lead to UMB  (n) (0 for numeri�
cal error. As �UMB ( also �nMB and �cMB ) can be de�
termined by ar bit rary methods different f rom Eq.

( 9) , using the tangent ial par t �UMB - (�UMB  n) n

o f �UMB calculated by Eq. ( 9 ) in place of �UMB

would have some advantages. In the case w hen the

initial UMB is zero or par al lel to the boundar y,

adding �UMB - ( �UMB  n) n to UMB assures UMB  n

= 0 throughout the simulat ion pr ocess. If the init ial

UMB is not zer o and no t parallel to the boundary, it

is simple to assign �UMB to - ( UMB  n) n at any a

t ime step, w here UMB is the velocity parameter at

that t ime step. Then, using the tangent ial part

�UMB - ( �UMB  n) n o f �UMB calculated by Eq. ( 9)

in place o f �UMB can also make Eq. ( 8) valid during

the follow ing time steps.

� � For problems of complicated configurat ion, let

UMB and TMB of the underlying dist ribut ion of cells

adjacent to the boundary be the same as the bounda�
ry , in w hich the advect ion pro cess at the complicat�
ed boundary related to part & can be neg lected be�
cause the f

MB( bdary) ( c) o f the boundary is the same as

the f
MB( cell) ( c) o f it s neighboring cells.

3 � Conclusions

� � Addit ional computat ional part icles ( named aux�
iliary part icles) dif ferent f rom deviat ional part icles

used in the o rig inal LVDSMC method are int roduced

to counteract the net number of deviat ional part icles

created during the simulat ion process, w hich can o�
vercome the accumulat ion of numerical error in

problems near f ree molecular regime. An alternat iv e

principle used to determine �UMB in LVDSMC colli�
sion process is proposed, w hich makes easier the

calculat ion of the to tal flux es o f momentum and en�
ergy acr oss the surface of the boundar y.

References:

[ 1] � HOMOLLE T M M, H ADJICONSTANTINOU N G .

Low�variance deviational simulation Monte Carlo [ J] .

242 空 � 气 � 动 � 力 � 学 � 学 � 报 � � � � � � � � � � � � � � � � � 第 28 卷



P hy s. Fluids, 2007, 19( 4) : 1�4.

[ 2] � BIRD G A . Molecula r g as dynamics and the dir ect simu�

lat ion of GAS flow [ M ] . larendon P ress, 1994.

[ 3] � Baker L L , H ADJICONSTANT INOU N G. Var iance

r educt ion for Monte Car lo solutions of the Boltzmann e�

quation[ J] . Phy s. Fluids, 2005, 17 ( 5) : 041703( 1�4) .

[ 4] � HOMOLLE T M M, H ADJICONSTANTINOU N G .

A low�variance deviational simulation M onte Carlo fo r

the Bo ltzmann equation[ J] . J . Comp utational Phy sics ,

2007, 226: 2341�2358.

[ 5] � SHEN C. Rarefied gas dynamics�fundamentals, simula�

tions and micr o�flows[ R] . Spr inger , 2005.

对 LVDSMC方法的改进

李 � 军,沈 � 青,樊 � 菁
(中国科学院力学研究所 LHD实验室,北京 � 100190)

� � 摘 � 要:最近, Homolle和 Hadjiconstantinu 提出了新的粒子模拟方法 ) ) ) LVDSMC方法[ 1] ,该方法采用了减

少方差的思想从而提高了低速流动问题中的计算效率。本文针对 LVDSMC方法提出两点改进: 第一,除了方法

中原来已采用的偏差粒子,在计算近自由分子流问题时建议额外地采用一些辅助粒子,从而可以约束计算过程

中原始算法在生成偏差粒子时计算误差的累积效应;第二,提出一个可选的用于计算潜在 Maxw ell Bo ltzmann

分布函数中的速度参数的增量,从而使得表面的应力及热流的计算变得简单。

� � 关键词:DSMC; LVDSMC; 偏差粒子; 辅助粒子
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