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An approach which combines direct numerical simulation (DNS) with the Lighthill acoustic analogy theory is
used to study the potential noise sources during the transition process of a Mach 2.25 flat plate boundary layer.
The quadrupole sound sources due to the flow fluctuations and the dipole sound sources due to the fluctuating
surface stress are obtained. Numerical results suggest that formation of the high shear layers leads to a dramatic
amplification of amplitude of the fluctuating quadrupole sound sources. Compared with the quadrupole sound
source, the energy of dipole sound source is concentrated in the relatively low frequency range.

PACS: 47. 27. Sd, 47. 27. Ek, 47. 27. Nb

Supersonic boundary layer transition flows are po-
tential noise sources for flying vehicles. Therefore, a
clear understanding of the sound source mechanisms
associated with unsteady flow dynamics during the
boundary layer flow transition is of great importance
in the aerodynamic sound control of the flying vehi-
cles. With the development of supercomputers, nu-
merical simulation is playing a more and more impor-
tant role in the study of sound radiation from turbu-
lent flows (see Ref. [1] for a review). Since the sound
energy is often several orders less than the kinetic en-
ergy of a fluid, it is not easy to compute the sound
radiation directly without pollution by numerical er-
ror. Then, acoustic analogy theory[2] is usually used.
Acoustic generation by transition fluids for incom-
pressible flow has been studied by Wang et al.[3] by
using the Lighthill acoustic analogy theory[2] based
on the unsteady flow from direct numerical simula-
tion (DNS). The acoustic calculations were focused
on the quadrupole source functions. Compared with
the quadrupole sound source, the dipole sound sources
related to the wall boundary are more complex. In
Curl’s solution[4] to the Lighthill equation, both wall
pressure and wall shear stress appear in the dipole
sound source’s integral expression. Then the dipole
source related to the wall pressure is often called the
“left dipole”, because it is related to the left force of
the body. However, as pointed out by Powell,[5] wall
pressure is not a true sound source in the inviscous
flow, but represents the effects of image quadrupoles.
This conclusion is not strictly true for viscous flow,
whereas it is approximately true in the boundary layer
flow because 𝜕𝑝′/𝜕𝑛 = 0 holds approximately in the
wall. Besides wall pressure, the role of wall shear
stress to the sound source is still a source of argu-
ment. To clarify whether the wall shear can indeed
be a valid sound source, Shariff et al.[6] directly com-
puted the sound radiation from a tangential oscillat-
ing wall by solving compressible Navier–Stokes equa-
tions, and compared these results with the result of
the Lighthill analogy theory. The study of Shariff et

al. shows that the unsteady wall shear stress is a valid
source of sound radiation. Hu et al.[7] have studied
the sound radiation from a turbulent incompressible
channel flow by using sound analogy theory and us-
ing the flow database from DNS as the source terms.
Their radiation pressure spectrum agrees well with the
experimental data[8] in higher frequencies, but about
15dB higher than the experimental spectrum in low
frequencies.

Most studies on sound radiation from turbulent
boundary layers are based on incompressible or low-
Mach-number flows, and the study of supersonic or
hypersonic boundary layer sound radiation is rela-
tively few. As a typical turbulent boundary-layer
case, the DNS of spatially evolving compressible flat-
plate boundary layer flows with 𝑀∞ = 2.25 and
𝑅𝑒 = 635000/inch has been performed by Rai et
al.,[9] Pirozzoli et al.[10] and Gao et al.[11] In this
study, a new DNS with the same flow condition is
performed to study the sound radiation. Compared
with the original DNS,[11] the current DNS is care-
fully designed using higher mesh resolution, less dis-
sipative and less dispersive numerical methods under
better outlet boundary conditions with less artificial
disturbance. Based on the present DNS results, the
quadrupole and dipole sound sources produced in the
process of transitions are studied by using the Lighthill
acoustic analogy theory. The relationship between the
sound source and high shear layers is studied, and the
frequency spectra of the quadrupole and the dipole
sound source are also analyzed.

The physical model is a spatially evolving com-
pressible turbulent flat-plate boundary layer with
𝑀∞ = 2.25 and 𝑅𝑒 = 635000/inch, and an im-
posed bow-and-suction perturbation is used to trig-
ger the bypass transition. Details of this flow can be
found in Refs. [9–11]. In this DNS, the compressible
Navier–Stokes equations are solved numerically by us-
ing the WENO-SYMBO method with limter[12] for
convection terms together with a eighth-order accu-
rate central different for the viscous terms. A three-
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step TVD type Runge–Kutta method is used for time
march. WENO-SYMBO[13] is a bandwidth optimized
WENO scheme in the stencil of an eighth-order cen-
tral scheme and its dissipation is further restrained
by using limiters.[12] This scheme shows very low dis-
sipation features in a DNS test for shock-turbulent-
boundary-layer interaction.[12]

The three-dimensional computational domain con-
sists of 4.0 ≤ 𝑥 ≤ 9.6 in the streamwise direc-
tion; 0 ≤ 𝑦 ≤ 0.2 in the wall normal direction, and
0 ≤ 𝑧 ≤ 0.175 inch in the spanwise direction. In
this work, unless otherwise specified, all lengths are in
inches. The flow and grid parameters are shown in Ta-
ble 1. Compared with the authors’ original DNS,[11]
the grid number of the current DNS is increased to
2.5 times, and the spanwise computational domain is
reduced to one-half (𝐿𝑧 = 0.175, the same as that in
Ref. [10]), therefore the numerical resolution is much
improved.

In order to obtain the inflow boundary conditions
and initial conditions for the three-dimensional com-
putation, a steady computation of two-dimensional
laminar compressible flat-plate boundary layer flow
including the leading-edge is carried out by using
the same numerical method. The computed two-
dimensional results at 𝑥 = 4.0 inch are used as the
inflow boundary conditions for the three-dimensional
computation. Non-reflecting boundary conditions are
used on the normal upper boundary and the down-
stream boundary. The non-slip and isothermal condi-
tion with constant wall temperature 𝑇 = 𝑇𝑤 are used
on the wall. In order to trigger the transition, a peri-
odic blowing and suction disturbance on the upstream
local wall (4.5 ≤ 𝑥 ≤ 5.0) is imposed, and details of
the imposed disturbance can be found in Refs. [9–11].
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Fig. 1. Schematic of the computational domain, mesh
and the integration field of 𝑄.

Figure 1 shows the schematic of the computational
domain and mesh. Concentrated meshes are used in
the full turbulent region 8.0 ≤ 𝑥 ≤ 9.6 to obtain the
best turbulence statistics. Gradually coarser meshes
are used at 𝑥 > 9.6 as a buffer region to minimize
the numerical error generated by the outlet bound-
ary condition. The numerical refraction of the outlet
boundary is dissipated in the buffer region and has
little effect to the computation region 𝑥 ≤ 9.6. The
integration field of 𝑄 (sound source) is also shown in
Fig. 1 by the dashed line. The outlet boundary of the
integration field is set in the buffer region, which is
helpful to minimize the artificial sound generated by
the outlet boundary.[3] Flow and grid parameters are
shown in Table 1. In the current DNS, a total of 40

million meshes are used, which is approximately 2.5
times the mesh number of our previous DNS.[11]

Table 1. Flow and grid parameters.

𝑅𝑒 (inch) 635000
𝑀𝑎∞ 2.25
𝑇𝑤 1.9

Mesh number (𝑥× 𝑦 × 𝑧) 2193× 72× 256

Δ𝑥+ ×Δ𝑦+
𝑤 ×Δ𝑧+ 14.1× 1.1× 6.6

Figure 2 shows the distribution of skin fraction
coefficient 𝐶𝑓 ,[10] and the fast increase of 𝐶𝑓 de-
notes the occurrence of transition. The theoretical
value predicted by the Blasisus turbulence equation
based on the momentous thickness and Van Dirst II
transform[10] is also given in this figure. Figure 2
shows that our DNS results agree very well with the
theoretical values.
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Fig. 2. Distribution of skin fraction coefficient.
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Fig. 3. Mean velocity profile normalized by wall shear
velocity (𝑥 = 8.8 inch).

Figure 3 shows the mean Van Dirst velocity[10] pro-
files normalized by the wall-shear velocity at 𝑥 = 8.8
results in the current DNS. This figure shows that
the current results agree very well with the results
of Pirozzoli et al,[10] which validates the current re-
sults. This figure also shows that the current DNS
have higher resolution than our previous DNS.[11]

The contours of the spanwise vorticity in the (𝑥, 𝑦)
plane with 𝑧 = 0.0875 at different times are shown in
Fig. 4. This figure shows that high shear layers appear
at 𝑡 = 3.0 in the region 5.5 ≤ 𝑥 ≤ 6.7. The span-
wise vorticity in the high shear layer is much higher
(about 3–5 times) than the environment flow. Then
the high shear layers go downsteam and become un-
stable. The instability of this high-shear layer leads
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to laminar breakdown.
The above transition description shows that the

transition process of the supersonic flat-plate bound-
ary layer flow under the present conditions is the
process which skips the T-S and second instability
through the instability of the high gradient shear layer
and leads to laminar breakdown. It means that the
transition process is a bypass type transition process.
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Fig. 4. Contours of the spanwise vorticity on the plane of
(𝑥, 𝑦) at 𝑧 = 0.00875 at different times.
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Fig. 5. Instantaneous contours of Lighthill stress fluctua-
tion 𝑇 ′𝑖𝑗 at 𝑡 = 3.0.

According to the Lighthill acoustic analogy theory,
the fluctuating quadrupole sound sources obtained
from Reynolds stress fluctuation can be written as[3]

�̈�𝑖𝑗 =
𝜕2

𝜕𝑡2

∫︁
𝑉

𝑇𝑖𝑗(𝑦, 𝑡)𝑑3𝑦, (1)

where

𝑇𝑖𝑗 = 𝜌(𝑢𝑖 − 𝑈𝑖)(𝑢𝑗 − 𝑈𝑗) +
𝛿𝑖𝑗

𝑀2

(︁ 𝑝

𝛾
− 𝜌

)︁
− 𝜏𝑖𝑗 ,

is the Lighthill stress tensor. 𝑉 denotes the integration
field (see Fig. 1), and 𝑈𝑗 denotes the free stream veloc-
ity. In our DNS the integration field is 4.0 ≤ 𝑥 ≤ 𝑥𝐵 ,
here 𝑥𝐵 = 14.14.

The dipole sound sources arising from the fluctu-

ating surface stress of the flat plate are

�̇�𝑖 =
𝜕

𝜕𝑡

∫︁
𝑆

𝑛𝑗𝜏𝑖𝑗(𝑟, 𝑡)𝑑𝑆, (2)

where 𝑛𝑗 denotes the normal vector of the surface 𝑆;
𝜏𝑖𝑗 = 𝜇

𝑅𝑒

(︀
𝜕𝑢𝑖

𝜕𝑥𝑗
+ 𝜕𝑢𝑗

𝜕𝑥𝑖
− 2

3𝛿𝑖𝑗
𝜕𝑢𝑘

𝜕𝑥𝑘

)︀
is the shear stress ten-

sor; 𝑆 denotes the wall in the region 4.0 ≤ 𝑥 ≤ 𝑥𝐵 .
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Fig. 6. Instantaneous contours of Lighthill stress fluctua-
tion 𝑇 ′𝑖𝑗 at 𝑡 = 3.4.

In order to eliminate the non-physical boundary
effects which are produced when vortical structures
pass out of the computational domain in the calcula-
tion of sound sources, the corrective formula derived
by Wang et al.[3] is used. Denote �̈�′𝑖𝑗 as the modified
quadrupole sound source with the corrective formula
which is expressed as

�̈�′𝑖𝑗 = �̈�𝑖𝑗 + �̇�𝑖𝑗 , �̇�𝑖𝑗 =
∫︁

𝐸

𝑢𝐵
1 𝑇𝑖𝑗𝑑

2𝑦, (3)

where 𝐸 denotes the downstream boundary plane of
the integration field (see Fig. 1), and 𝑢𝐵

1 is the stream-
wise velocity on this plane. The downstream bound-
ary of the integration field is set in the buffer region
(see Fig. 1). Since the flow fluctuation is very weak in
the buffer region due to strong dissipation, artificial
sound due to the downstream boundary is not strong
and is easily removed using Eq. (3).

Instantaneous contours of the Lighthill stress fluc-
tuation 𝑇 ′11 , 𝑇 ′12 and 𝑇 ′13 on the (𝑥, 𝑦) plane at
𝑧 = 0.00875 and at 𝑡 = 3.0 and 3.4 are shown in
Figs. 5 and 6, respectively. Here 𝑇 ′𝑖𝑗 = 𝑇𝑖𝑗 − 𝑇𝑖𝑗 , and
𝑇𝑖𝑗 is the spanwise averaged Lighthill stress. Com-
pared with Fig. 4, we can find that high-shear-layer
regions are also high-Lighthill-stress regions, i.e. there
is a clear correlation between a high-shear-layer and a
high-Lighthill-stress region. This means that a high-
shear layer is an important sound source.

Figure 7 shows the time history of the modified
quadrupole sound source �̈�′11 and the dipole sound
source �̇�1. It can be seen that both quadrupole and
dipole sound sources are very weak at time 𝑡 < 3.0.
The amplitudes of �̈�′11 and �̇�1 increase suddenly dur-
ing 3 ≤ 𝑡 ≤ 3.8 and become statistically steady at
𝑡 > 4. Compared with Fig. 4, we can see that the time
of sudden increase of the sound source is just the time
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of the high shear layer breakdown. Thus there must
be a strong relationship between the sound source and
high shear layers.

Fourier spectrum analyses based on the time serial
(𝑡 ≥ 4) of �̈�′𝑖𝑗 and �̇�𝑗 are performed. Figures 7 and 8
show the frequency spectrum of the quadrupole sound
source �̈�′𝑖𝑗 and dipole sound source �̇�𝑗 , respectively.
The frequency spectra of the quadrupole sound source
�̈�′𝑖𝑗 are wide-band spectra, which are typical charac-
ters of the turbulent flow. However, the frequency
spectra of the dipole sound source �̇�𝑗 decays very fast
in the high frequency region, and most energy is con-
centrated in the low-frequency region (𝑓 ≤ 30). Fig-
ure 8 shows that the streamwise dipole �̇�1 is much
stronger than the spanwise dipole �̇�3, and the wall-
normal dipole �̇�2 is the weakest one. According to

Eq. (2), it can be deduced that wall shear stress 𝜏𝑥𝑦

has the largest contribution to the dipole sound, and
𝜏𝑦𝑦 has the lest contribution to the dipole sound. Since
𝜏𝑦𝑦 = 4/3∇·𝑉 on the wall, this means that dilatation
has little contribution to the wall dipole sound source.
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Fig. 7. Time history of modified quadrupole sound source
�̈�′11 and the dipole sound source �̇�1.
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Fig. 9. Frequency spectra of the dipole sound sources.

In summary, we have carried out a direct numer-
ical simulation (DNS) of spatially evolving compress-
ible flat-plate boundary layer flow with free-stream
Mach number 𝑀∞ = 2.25 and Reynolds number
𝑅𝑒 = 635000/inch. The result is well validated by
compararison with theoretical and other numerical re-
sults. Based on the DNS data and Lighthill’s acoustic
analogy theory, the quadrupole sound source due to
the inner flow and dipole sound source due to the wall
shear stress is computed and analyzed. The instability
of high shear layers are important quadrupole sound
sources. The energy of the dipole sound source is con-

centrated in the low-frequency range, and its character
frequency is much lower than the quadrupole sound
source. Shear stress 𝜏𝑥𝑦 has the most important con-
tribution to the dipole sound source, and the contri-
bution of 𝜏𝑦𝑧 to the dipole sound source is relatively
weak. Dilatation has little contribution to the dipole
sound source.
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