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The virial theorem in refined Thomas—Fermi—Dirac theory for the interior of atoms in a solid is given and proven.
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1. Introduction

For the structures and properties of nano-
materials, and the behaviours of micro- and nano-
systems, the quantum effects are known to be of
more or less importance. The semi-classical Thomas—
Fermi-Dirac (TFD) theory is one of those theories
simplified to treat the quantum effects. In TFD the-
ory, there is no quantum tunnelling effect, i.e. there
is no possibility of electrons being detected in the ar-
eas where the potential is higher than the energy of
In the 1990s, Cheng and co-workers
proposed the refined TFD theory,['=5 in which the

quantum tunnelling effect for atoms in a solid is in-

the electrons.

cluded by a pseudo-potential for the system. Cheng
and Chengl®! and Chen et all”! have shown that the
pseudo-potential will affect the properties of materi-
als, so that to discuss this theory and its deductions
in detail will be useful for the study of the structures
and properties of nano-materials, and the behaviours
of micro- and nano-systems, as well as the structures
and some properties of some materials and their sur-
faces.

In Ref.[8], the important virial theorems for the
electrons on the atomic surface and for the whole atom
in the refined TFD theory have been proven. In the
present paper, the virial theorem for the interior of

the atom in the same theory is given.

2.The proof of the virial theorem
in refined TFD theory for the

interior of atoms in a solid

According to Ref.[8], consider an atom in a solid
in the basic state as a Fermi ball with radius R having
the surface charge density o = Q/47R? on its surface
S(R), contributed by the tunnel electrons belonging
to this atom, where @ is the total charge of the tunnel
electrons.

Let p(r) be the pressure at r from the nucleus. To
deduct p(r) at r < R, we draw a surface S(r) with ra-
dius r and the centre at the nucleus. The total energy

FE of the system can be written as
E= Ein + Eout + Eifo + Qsa (1)

where E;,, Eout, Fi_, and @ are respectively the en-
ergy of the part inside S(r) including the nucleus, that
of the part outside S(r) except the surface charge,
the interaction energy between the two parts, and the
pseudo-potential, which includes the self-energy of the
surface charge and the interaction energy between it
and both of the nucleus and all the volume charges.

We have

Ein == / (Ek + Ecin + Eex)dvla (2)

r<r
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Eout - / (Ek + Ecout + Eex)dvla (3)
r<ri<R

R
Ei_,= —/¢(T1)en(T1)th (4)

® =—-Q°/2R, (5)

where e is the absolute value of the charge of an elec-
tron, n(ry) is the density of electrons at distance r;
from the nucleus, Ex(r;) is the density of kinetic en-
ergy of electrons at 1 from nucleus, E.,(r1) is that of
Coulomb energy provided by all the charged particles
inside S(r), Ecout(r1) is that of Coulomb energy pro-
vided by all the charged particles outside S(r) except
the surface charge, Fox(r1) is that of the exchange en-
ergy among electrons, and ¢(r1) is the potential at rq
provided by all the charges inside S(r). Eq.(5) can be
found in Ref.[8]. We have

Ei(r1) = (3h%/10m)(3/87)*/3n(r)?/3,  (6)

Eein(r1) = — (Ze? /r1)n(r) + (1/2)
X / [n(r1)n(re)e? /ria]dVa, (r1 < r)(7)

ro<7

Beont(m) = (1/2) / [n(r)n(ra)e? fris]dVa,

(r1>r) (8)
Eoy(r1) = —(3/4)€2(3/70)Y 3n(r )43, (9)

where 715 is the distance between two electrons at r;
and 7, Z is the number of the nuclear charges, and
m is the mass of an electron. Egs.(6) and (9) can also
be found in Ref.[8].

In order to obtain the virial theorem for the in-
terior of the atom under the refined TFD theory, we
reduce S(r) to S(r + dr) slowly with the volume den-
sity and surface density of the electrons outside S(r)
remaining unchanged, while the electrons inside S(r)
change adiabatically so as to be kept inside S(r+dr).

For this process, we have

(dE)ad = —p(’r)(dV(’l"))ad, (10)

where V(r) is the volume included by S(r) and the
subscript “ad” denotes adiabatic. Obviously we have

dFE,ut = 0, and because of the spherical symmetry and

according to the static electricity theorem, we have
dE;_, =d® = 0. So Egs.(1) and (10) give

p(r) = —(dEin/dV (r))ad- (11)

By the application of Egs.(2) and (11), we have
() = = { B + Buslr) = en)o(r)]

+ [ O+ B+ Ean)om)

ri<r

X (8n(r1)/8V(r))addV(r1)]}. (12)

On the other hand, for the basic state under con-
sideration, the energy functional (1) should take the
least value under the restriction condition of the total

number of the electrons inside the surface S(R)
N = / n(ry)dVy (13)
r1<R

being constant, so that the functional with Lagrangian

multiplier A
L=E+) / n(r1)dVi (14)
r<R

should take the least value for the function n(rq). The
condition of variation of the functional L by n(ry) be-

ing zero gives the equation
O(Ex(r1) + Eex(r1) + Ecin(r1))/0n(r1) = —A.  (15)

Substituting Eq.(15) into Eq.(12), we obtain
) = {IBr) + Buslr) — entr)o(r)

- (an<r1>/av<r>>addvm>]}. (16)

™ <r

The conservation of the number of the electrons

inside the surface S(r) gives

0:a< / n(rl)dV>/8V(r)

ri<r

=n(r) + /(8n(r1)/8V(T))dV(r1). (17)

ri<r

Using Eq.(17), Eq.(16) becomes

p(r) = —{Ex(r) + Bex(r) — en(r)¢(r) + An(r)}. (18)
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From Eqs.(6), (7), (9) and (15), we obtain

An(r) = —(5/3) Ex(r) = (4/3) Eex(r)+en(r)é(r). (19)

Substituting Eq.(19) into Eq.(18) gives the virial

theorem for the interior of the atom in a solid

p(r) = (1/3)[2Ex(r) + Eex(r)], (20)

which differs from Eq.(13) in Ref.[8] by a term
&/ (4T R3).
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