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The work done during indentation is examined using dimensional analysis and finite element
calculations for conical indentation in elastic-plastic solids with work hardening. An approximate
relationship between the ratio of hardness to elastic modulus and the ratio of irreversible work to
total work in indentation is found. Consequently, the ratio of hardness to elastic modulus may be
obtained directly from measuring the work of indentation. Together with a well-known relationship
between elastic modulus, initial unloading slope, and contact area, a new method is then suggested
for estimating the hardness and modulus of solids using instrumented indentation with conical or
pyramidal indenters. €1998 American Institute of Physids$S0003-695(98)02931-3

Indentation experiments have been performed for nearlgtrain (c—¢) curves of the solids under uniaxial tension are
one hundred years for measuring the hardness of matérialsassumed to be
Recent years havg.seen_lncreased mtt_ere;t in |nd.entat|on' be- s=Ke" for e=Y/E. &
cause of the significant improvement in indentation equip-
ment and the need for measuring the mechanical propertieshere K is the strength coefficient and is the work-
of materials on small scales. It is now possible to monitorhardening exponerit.To ensure continuityK =Y (E/Y)".
with high precision and accuracy, both the load and displaceConsequently, eithef, Y, andK or E, Y, andn are sufficient
ment of an indenter during indentation experiments in theo describe the stress-strain relationship. We use the latter set
respective micro-Newton and nanometer rar?gésUsing of parameters extensively in the following discussions.
these instrumented indentation techniques, the hardness aM¢hen n is zero, Eq.(1) becomes the model for elastic-
Young’s modulus may be obtained from the peak load andPerfectly plastic solids. For most metatshas a value be-
the initial slope of the unloading curves by the method oftween 0.10 and 0.58.

Oliver and Pharror that of Doerner and Ni%Both methods, During loading, the forcef;, on the.ir;d%(lenter can be writ-
however, depend on estimating contact area under load®n: &ccording to dimensional analysis; as
which is sometimes difficult, especially when “piling-up” F=EhI(Y/E,v,n,0), 2)

occurs.
Using a scaling approach to indentation problems develwherell, is a dimensionless function of four dimensionless

oped recently:® we reveal, in this letter, an approximate Parameterst/e, », n, and the indenter half anglé From

relationship between the ratio of hardness to elastic modulu§d- (2); the total work done by the indentéy, to cause

and the ratio of irreversible work to total work in indentation. elastlc and plastic dgformatlon when the indenter reaches a

Consequently, the ratio of hardness to elastic modulus maEPaX'm“m depthpy,, is given by

be obtained directly from measuring the work of indentation. him Ehfn

Together with a well-known relationship between elastic Wtot:f Fdh=—=11,

modulus, initial unloading slope, and contact area, a new 0

method is then suggested for estimating the hardness arfthus, the force and work are proportional hﬁl and hﬁv

modulus of solids using instrumented indentation with coni-respectively.

cal or pyramidal indenters. Since unloading takes place after loading during which
We consider a three-dimensional, rigid, conical indenteithe indenter reaches the maximum deptl, the force,F,

of a given half angleg, indenting normally into a homoge- on the indenter can be written, according to dimensional

neous elastic-plastic solid with work hardening. The frictionanalysis, ak®

coefficient at the contact surface between the indenter and Y h

the solid is assumed zero. Below the initial yield stress, F=Eh2H7(E, h—,v,n,@), (4)

the solid is elastic and is characterized by the Young's m

modulus, E, and Poisson’s ratioy. After yielding, stress- wherell, is a dimensionless function of five dimensionless

parametersY/E, h/h,,, v, n, andd. The force is, in general,

E

Y
—,V,n,ﬁ). 3)

aElectronic mail: YangT._Cheng@notes.gmr.com no longer proportional to the square of the indenter displace-
YElectronic mail: zhengzm@LNM.imech.ac.cn ment. It can, in principle, depend dw'h,, through the di-
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FIG. 1. Scaling relationship for Wo,—W,)/W,o,=11(Y/E,v,n,0) for 6 FIG. 2. Scaling relationship fad/E=II,(Y/E,v,n,#) for 6=68°.
=68°.
) . ) H Y
mensionless functioil,,. Furthermore, the final depthy, E:Hh E,v,n,a , W)
at which the force on the indenter first becomes zero during
unloading, can be obtained by solving wherell,, is a dimensionless function of/E, v, n, and 6.
Y h The value ofIl,, calculated using the same finite element
F=Eh2II (_, _f,,,,n,9> -0. (4)  method is shown in Fig. 2. As expected, the valueHoE
"\E' hny increases with increasing/E andn.

While much of the physics of hardness and irreversible
work of indentation are contained in Eq$) and (7), it is
instructive to investigate the relationship betwé#tfE* and
1—W, /W,q, whereE* =E/(1— v?). In Fig. 3, we replot all

Clearly, h; /h,, is a function ofY/E, », n, and 6.
The work done by the solid to the indenter during un-
loading,W,, can now be expressed as

B 1 Y the data points shown in Figs. 1 and 2 in the fornHdE*
Wuzf Fdh=Eh§J xzﬂy(E,x,y,n,a)dx vs 1-W,/W,,. It is evident from Fig. 3 that all the data
r e /N points lie approximately on a single curve. Consequently, we
5 Y may write
EEhmHU(E,V,n,0>, (5)
H Wigi— Wy
. 1 w2 N g ~ Mol —w— /- ®)
where the mtegrathf,hmx IT,(Y/E,x,v,n,0)dX, is obvi- tot
ously a dimensionless functiohl,, of Y/E, », n, and 6.
Consequently, the work done on the indenter during unload- 0.20 .
ing is also proportional th3. The ratio of irreversible work . o N0l vos
to total work for a complete loading-unloading cycle, 1 0.16 | ® o n=05v=03
. 0N =0.0, v=0.
—W,/W,, can be written as o2 %, 5 me00,v=03
w Fused silica A
W'[Ot WU =1-3 HU(Y/Evvynre) =11 I vnol. X 0.08 | /dlgg
Wit II,(Y/E,v,n,0) ME" ' ‘e, W
(6) 0.04 | Sapphie & \Va
. o . @ e\l
This ratio is, therefore, independent g, . 0.00 . , , L l
Because there is, as yet, no analytical solution to the 000 020 040 060 080 1.00
problem of conical indentation in elastic-plastic solids, we 1-W /W,
chose to use finite element calculations to evaluate the di-
mensionless functionI,,. Since there are only a few in- 0.020 ;
denter angles of experimental interest, we fix 68° as in 0016 i S N
early studiede.g., Ref. 11 and evaluate the dependence on R N S aovssl]
_Y/ E, v, andn to reveal_ the essen'giql physics of the work of . 0012} ° R el
indentation. The details of the finite element model have w o 5
been given previousl¥ In Fig. 1 the functionll,, is evalu- T 0.008 | W e
ated for many values of/E, », andn. Consistent with com- o
mon experiences, the ratio of irreversible work to total work 0.004 ¢ Cu %o
decreases with increasing E andn, i.e., when the solid is ®) N
“ i 0.000 - . ‘ ‘ s
more “elastic. _ . 090 092 094 096 098 1.00
In a previous stud§l,we have examined the functional
1-Wu/Wtot

dependence of hardnebk defined as the force divided by FIG. 3. Relationship betweeH/E* and Mo WMy, including dat
. . 3. Relationship betwee an hot— W)W, including data
the prOJected contact area under full load, B, Y, andn. from finite element calculations for conical indenters and experimental re-

Using Eq.(18) in Ref. 8, the ratio of hardness to Young's gyis for a few materials using pyramidal indentefa. For 0.0< (Wi,

modulus,E, can be written as —W,)/W,<1.0 and(b) details for 0.9 (W,g— W)W <1.0.
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The functional dependence bff, is displayed in Fig. 3. The count by using the reduced modulus commonly defined as:
subscript, 8, denotes a possible dependence on indentet/E* =(1— v?)/E+(1— viz)/Ei , where E;=1140 GPa and

angle, since Eq8) and Fig. 3 were obtained for a particular »;=0.07 are the Young’s modulus and Poisson’s ratio of the
indenter angle. Nevertheless, E§) shows that, for a given diamond indenter, respectively. Since these experimental
indenter angle, there is an approximate one-to-one corrgeoints lie approximately on the same curve as the finite ele-

spondence betweed/E* and 1-W,/W,,. Consequently,

ment results, Eq(8) seems thus applicable to indentation

the valueH/E* may be obtained from the measurement ofusing these pyramidal indenters. Furthermore, since(8g.

W, and W,,, which can be determined readily by simple

has been shown to hold true for the pyramidal indenters with

numerical integration based on force and displacement meamall (<3%) corrections® it appears that Eq(11) would,

surements.
The ratio of hardness to elastic modull$/E*, is of

significant interest in both tribology and fracture mechanics.

This ratio multiplied by a geometric factor is the “plasticity

therefore, be applicable to indentation using pyramidal in-
denters.

We would like to re-emphasize that the relationship be-
tweenH/E* and the work of indentation shown in FiggaB

index” which describes the deformation properties of aand 3b) as well as Eq(8) is an approximate one based on

rough surface in contact with a smooth surfat&hen the

observation of a large number of finite element calculations

plasticity index is much less than unity, the deformation ofand a few experimental data points. Nevertheless, it appears

asperities is likely to be entirely elastic. When it is signifi-

to be sufficient for estimatingd/E* to within about 15%

cantly greater than one, the deformation is predominantlysing the mean value at eacWg,—W,)/W,,; shown in Fig.

plastic. In fracture mechanics, the quantitytfE* appears
in various fracture toughness equatidhsA few methods

3. The accuracy may be improved by noticing the work-
hardening dependency especially whefE* is small[Fig.

have been proposed to obtain this ratio, including that by3(b)], provided that the work-hardening exponemt, is
Marshall et al® from the measurement of the diagonals of known. Alternatively, the Oliver and Pharr procedure may be
Knoop indentation. The present method provides an alternaised to estimate the contact area to deternkinand E*,

tive method for measuringl/E* on micro- and nanometer
scale for both metals and ceramics.

In the following, we show that it is possible to obtain
both H and E* using Eq.(8) and the well-known relation-
ship,

dF
dhl, _

2
:—E*

N

wheredF/d h|h:hm is the initial unloading slope andl is the

projected contact area evaluatedhgt. Equation(9) was
initially derived for indentation into elastic solid8.Using

VA, (9)

hm

since this method is reasonable for materials that moderately

work harderf® However, we encourage additional experi-

ments, as well as modeling efforts, to truly ascertain the ac-
curacy of the method.
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